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Noncommutavity in the presence of the dilaton field
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Abstract. The open bosonic string is placed in gravitational Gµν , an-
tisymmetric Bµν and linear dilaton field Φ = Φ0+aµxµ. We investigate
here the contribution of the background fields to the noncommutativity
parameter in two cases: a2 6= 0 and a2 = 0. We consider the bound-
ary conditions like constraints and use the canonical method. The case
a2 6= 0 is equivalent to the dilaton free case formally. In the second case
a first class constraint appears and it generates a local Weyl symmetry.
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1. INTRODUCTION

At the beginning we define the model introducing the action. The exact
solution exists in the case when Gµν and Bµν are constant fields and the
dilaton field is linear. The crucial technical point is extension of the space
time i.e. adding of the conformal part of the intrinsic metric F to the
coordinate xµ. In this way we transform the starting action into the form
of the dilaton free case. The vector aµ can be either light cone or not.

The case when the dilaton field gradient is not light cone vector is the
subject of the next section. It is almost like dilaton free case. There is one
commutative coordinate and that is x = aµxµ.

In the second case it turns out there is a first class constraint(FCC) in
the theory. According to the Dirac theory of the constrained systems, the
FCC generates the local symmetry. We recognize easily the two dimensional
Weyl symmetry. The action is the same as dilaton free one formally, but
expressed in terms of the gauge invariant variables.

At the end we gave some concluding remarks.
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2. STRING THEORY WITH THE DILATON FIELD
2.1. Definition of the model

Let us consider the open string action given by the following expression:

S = κ

∫

Σ
d2ξ

√−g

{[
1
2
gαβGµν +

εαβ

√−g
Bµν

]
∂αxµ∂βxν + ΦR(2)

}
(1)

where Gµν(x) is the space-time metric, Bµν(x) is antisymmetric tensor field,
Φ(x) is dilaton field and R(2) is scalar curvature of the two dimensional
world-sheet. Here, ξα(α = 0, 1) are coordinates of the world-sheet Σ and
xµ (µ = 0, 1, 2, ..., D − 1) are coordinates of the space-time M. Metric gαβ

is intrinsic world-sheet metric . We use the following notation in the whole
article: ∂α = ∂

∂ξα , ∂µ = ∂
∂xµ , ξ0 = τ and ξ1 = σ (σ ∈ [0, π]).

We use the conformal gauge gαβ = e2F ηαβ . For simplicity, we split the
space-time coordinates xµ in the Dp-brane part xi (i = 0, 1, ..., p) and the
rest xa (a = p + 1, p + 2, ..., D− 1). The background fields are chosen in the
following way:

Bµν → Bij aµ → ai (2)

Gµν = 0 µ = i ∈ {0, 1, .., p} ν = a ∈ {p + 1, ..., D − 1} (3)

where aµ = ∂µΦ.
If we aplly these conventions we split the action (1) in the free theory

action (xa directions) and the action (4) interesting for our further analysis

S2 = κ

∫

Σ
d2ξ

[(
1
2
ηαβGij + εαβBij

)
∂αxi∂βxj + 2ηαβai∂αxi∂βF

]
. (4)

2.2. Solution of the space-time equations
The condition for preserving the Weyl symmetry on the quantum level

represents the next set of conditions

βG
µν ≡ Rµν − 1

4
BµρσBν

ρσ + 2Dµaν = 0 (5)

βB
µν ≡ DρB

ρ
µν − 2aρB

ρ
µν = 0 (6)

βΦ ≡ 4πκ
D − 26

3
−R +

1
12

BµρσBµρσ − 4Dµaµ + 4a2 = 0 (7)

aµ = ∂µΦ, Bµρσ is field strength of the field Bµν .
When Gµν(x) and Bµν(x) are constant fields and dilaton field is linear

Φ(x) = Φ0 + aµxµ, there is an exact solution and that is a2 = κπ 26−D
3 .
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2.3. Extending of the space-time
We introduce the coordinates yA = (xi, F ) and the fields

GAB =

(
Gij 2ai

2aj 0

)
, BAB =

(
Bij 0

0 0

)
. (8)

The action (4) gets the form of the dilaton free action:

S2 = κ

∫

Σ
d2ξ

[
1
2
ηαβGAB + εαβBAB

]
∂αyA∂βyB (9)

3. CASE a2 6= 0
3.1. Basic quntities

When a2 6= 0, there is an inverse matrix of GAB

GAB = (G−1)AB =

(
P ij

T
ai

2a2

aj

2a2 − 1
4a2

)
, (10)

where P T
ij = Gij − aiaj

a2 .
It is usuful for practical reasons to introduce the quantity Π±AB = BAB±

1
2GAB. The effective open string metric is defined:

(Π±Π∓)AB = −1
4
Geff

AB = −1
4

(
G̃ij 2ai

2aj 0

)
, (11)

where G̃ij = (G− 4BP T B)ij . Inverse of the Geff
AB is equal to

GAB
eff = (G−1

eff )AB =

(
P̃ ij

T
ãi

2ã2

ãj

2ã2 − 1
4ã2

)
, (12)

where P̃ ij
T = G̃ij − ãiãj

ã2 , ã2 = G̃ijaiaj and ãi = G̃ijaj .

3.2. Canonical analysis
The momenta are defined in a standard way

πA =
∂L

∂(∂τyA)
= κ(GAB ẏB − 2BAByB ′) . (13)

According to the definition, canonical hamiltonian is equal to

Hc =
∫ π

0
dσHc =

∫ π

0
dσ(πAẏA − L) , (14)
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where Hc = T− − T+, T± = ∓ 1
4κGABjA±jB± and j±A = πA + 2κΠ±AByB ′.

The algebra of the currents j±A can be calculated easily ant it holds the
following

{j±A, j±B} = ±2κGABδ′(σ − σ) , (15)
{j±A, j∓B} = 0 . (16)

3.3. Boundary conditions like constraints of the theory

If we vary the action(1) we obtain the Euler-Lagrange equations of mo-
tion and boundary conditions. When the equations of motion are obeyed,
it holds

δS =
∫ τf

τi

γ
(0)
A δyA

∣∣∣
π

0
, (17)

where γ
(0)
A = ∂L

∂σyA = Π−ABjB
+ + Π+ABjB− . We can obtain the same result

using the hamiltonian approach. If we demand the differentiability of Hamil-
tonian we get the regular terms(proportianal to the δyA and δπA) and one
extra term which is the same like boundary term obtained in Lagrangian
approach.

There are a few choices of boundary conditions. We choose the Neuman
boundary conditions i.e. γ

(0)
A = 0 at the string endpoints. The boundary

conditions are considered like constraints here.
3.4. Consistency conditions

Boundary conditions are considered like constraints and we must exam-
ine the conistency conditions. We obtain

γ
(n)
A =

{
Hc, γ

(n−1)
A

}
= Π−AB(−1)n∂n

σ jB
+ + Π+AB∂n

σ jB
− . (18)

Using Taylor expansion, the infinite set of consistency conditions turns
into one condition. At the point σ = 0, we have:

ΓA(σ) =
∑

n≥0

σn

n!
γ

(n)
A (σ = 0) = Π+ABjB

− (σ) + Π−ABjB
+ (−σ) . (19)

Similarly, at the point σ = π:

Γ̃A(σ) =
∑

n≥0

(σ − π)n

n!
γ

(n)
A (π) = Π+ABjB

− (σ) + Π−ABjB
+ (2π − σ) . (20)
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The Poisson bracket between the canonical hamiltonian and quantity ΓA

is equal to σ derivative of ΓA, so there are no more constraints in the theory.
From the constraints’ algebra

{ΓA(σ), ΓB(σ)} = −κGeff
AB δ′(σ − σ) , (21)

we conclude all constraints are of the second class(assumption ã2 6= 0).
3.5. Solution of the boundary conditions

For some field W we can define the symmetric and antisymmetric part
under transformation (σ → −σ)

w(σ) =
1
2

[W (σ) + W (−σ)] w̄(σ) =
1
2

[W (σ)−W (−σ)] . (22)

On this way we define the symmetric and antisymmetric parts of the coordi-
nates (qA, q̄A) and momenta (pA, p̄A). Using the definition of the current j±A

(14), boundary conditions (19) and new coordinates and momenta, we can
rewrite the boundary conditions in terms of the new variables. We solve the
boundary conditions equalizing separatly the symmetric and antisymmetric
part with zero. The final result is

πA = pA , yA(σ) = qA − 2ΘAB
∫ σ

dσ1pB , (23)

where ΘAB = − 1
κ(G−1

effBG−1)AB.

3.6. Noncommutativity
Using the algebra of the ”old” canonical variables, we can calculate the

algebra of the ”new” variables:

{qA(τ, σ), pB(τ, σ)} = δA
Bδs(σ, σ) , (24)

where δs(σ, σ) = 1
2 [δ(σ − σ) + δ(σ + σ)].

From the (24) and (23), we obtain the final result:

{yA(τ, σ), yB(τ, σ)} = 2ΘABθ(σ + σ) (25)

where the function θ(x) is defined:

θ(x) =





0 if x = 0
1/2 if 0 < x < 2π
1 if x = 2π

(26)
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In component form we have:

{xi(σ), xj(σ̄)} = 2Θijθ(σ + σ̄) , (27)

{xi(σ), F (σ̄)} = 2Θiθ(σ + σ̄) , (28)

{F (σ), F (σ̄)} = 0 . (29)

where Θij = − 1
κ(P̃ T BP T )ij and Θi = (aBG̃−1)i

2κa2 = (ãB)i

2κã2 .
It is not so difficult to see that:

aiΘij = 0 , aiΘi = 0 (30)

Because of that, we have one commutative coordinate x = aix
i.

4. CASE a2 = 0
Because of detGAB = −4a2detGij , metric of the extended space-time is

singular. If we use the definition of the momenta πA = (πi, πF ) (13) and
currents, we obtain that, for a2 = 0, the following identity holds

j = aiπi − 1
2
πF + 2κaiBijx

′j = aij±i − 1
2
j±F = 0 . (31)

This is a primary constraint. We can prove by definition that the com-
ponents of the canonical hamiltonian are T± = ∓ 1

4κGijj±ij±j . The total
hamiltonian is

HT = Hc + λj , (32)

where λ is an Lagrange multiplier. Using the currents’ algebra (15) and
the total hamiltonian (32), we can conclude easily that j is a first class
constraint. As a consequence of that, it generates a simmetry. The local
symmetry generator and its action on variables are defined like

δηX = {X,G} , G ≡
∫

dση(σ)j(σ) , (33)

where η(σ) is a parameter of the gauge transformation. If we act with G on
zi = xi +2aiF and Pi = πi +4κF ′ajBji, we obtain they are gauge invariant.
Poisson bracket of these variables tells us they are canonically conjugated.
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