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A TOY MODEL FOR THE LANDSCAPE
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Abstract. Motivated by recent discussions of the string-theory land-
scape, we propose field-theoretic realizations of models with large num-
bers of vacua. These models contain multiple U(1) gauge groups, and
can be interpreted as deconstructed versions of higher-dimensional gauge
theory models with fluxes in the compact space. We find that the vac-
uum structure of these models is very rich, defined by parameter-space
regions with different classes of stable vacua separated by boundaries.
We find that this landscape picture evolves with energy, allowing vacua
to undergo phase transitions as they cross the boundaries between dif-
ferent regions in the landscape.
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1. INTRODUCTION

Recent developments in the study of string-theory compactifications sug-
gest that there exist huge numbers of string vacua, with different cosmologi-
cal constants and different low-energy phenomenological properties [1]. The
resulting picture, dubbed the “landscape” [2], has stimulated a statistical
analysis of the number of string vacua, the supersymmetry-breaking scale,
and other phenomenological features. Anthropic principles have even been
advanced to resolve difficult issues such as the cosmological constant prob-
lem [3].

One of the problems facing this landscape picture of string theory is
that of calculating physical parameters. This is, to a large extent, due to
the limited technology for performing string calculations in the relevant flux
vacua. It is therefore useful to present field-theoretic counterparts of such
constructions, i.e., field-theoretic models which naturally give rise to very
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large numbers of vacua, and to be able to quantitatively determine statis-
tical distributions of relevant physical quantities such as the cosmological
constant, the scale of supersymmetry breaking, the Higgs mass, gauge and
Yukawa couplings, and the like.

The purpose of this talk is to present such field-theoretic examples based
on multiple Abelian gauge groups and multiple charged scalar fields. As we
shall see, such models naturally lead to large numbers of vacua, and allow us
to quantitatively address many of the pressing questions that such pictures
raise.

2 CONSTRUCTING A TOY MODEL.

We shall now turn to a simple model which, as we shall see, will exhibit
almost all of the relevant features which we shall encounter when we proceed
to consider more complicated situations in subsequent sections. In particu-
lar, we shall see that this toy model gives rise to a non-trivial “landscape”
consisting of multiple stable (or metastable) vacua with different low-energy
phenomenologies, unstable extrema, phase transitions, etc. Moreover, even
though this toy model is relatively simple, we expect that the resulting land-
scape is literally a component of the full string-theory landscape in cases of
string models with multiple U(1) gauge factors.

Our model consists of two U(1) gauge symmetries, denoted U(1); and
U(1)2, and three N' = 1 chiral superfields, ®;—123. The charges of these
chiral superfields under the U(1) gauge symmetries are chosen as in Table 1.
In a string-theory context, such U(1) gauge factors can be imagined as aris-
ing from different D-branes, and the ®; fields can arise as strings stretched
between these branes. We shall also assume that the A/ = 1 supersymme-
try is broken by Fayet-Iliopoulos D-term coefficients & and &, and by a
renormalizable Wilson-line superpotential of the form

W = \d;Dyd5 . (1)

Our model is thus defined by three parameters, {£1,&2, A}, and our goal
will be to study the vacuum structure of this model as a function of these
parameters. Of course, the resulting physics is unchanged if A — —\. We
shall therefore restrict ourselves to A > 0 for simplicity.

It is straightforward to analyze the vacuum states of this theory. As
usual, the scalar potential is given by

V= Y@+ Y IR? e)
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P, -1 0
Py 1 -1
D3 1

Table 1: U(1) charge assignments for chiral superfields in our toy model.

where the D- and F-terms are given by

ow
0¢;

Do = S ¢ + &, F = (3)

Here a = 1,2 is the index of the gauge group U(1) factor, g, is the gauge
coupling corresponding to the U(1), factor, and 7 = 1,2,3 is the index of
the chiral superfield. Thus, ql(a) denotes the U(1), charge of ®;. In most
of our considerations the gauge couplings g, will not be important, so we
will henceforth consider g; = go = 1 for simplicity. We will reinstall gauge
couplings whenever relevant for our analysis. Our task is to determine the
extrema of V' by seeking solutions to the simultaneous equations

ov ov

= - =0, (4)
a¢i a¢i

and then to determine whether these extrema represent stable (or metastable)

vacua by calculating the eigenvalues of the corresponding mass matrix

o’V 0V
0¢;0¢;  0970¢;
M2 = aZV ! aQV / (5)

00i0¢;  0h0¢;

evaluated at the extrema. Note that in general, there will be a zero eigen-
value for each spontaneously broken U(1); these eigenvalues correspond to
the resulting Nambu-Goldstone bosons. The extrema defined by Eq. (4) rep-
resent stable (or metastable) vacua only if each of the remaining eigenvalues
is positive.

It will prove convenient to group the extrema of V into classes depending
on which combinations of chiral superfields receive non-zero vacuum expec-
tation values. This classification will help in determining such features as
whether the sources of SUSY-breaking are primarily D-terms or F-terms,
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and whether they are likely to lead to R-symmetry breaking when incorpo-
rated into a supergravity framework. Since there are three chiral superfields
in this example, there are correspondingly 8 = 23 classes of extrema of V.
Denoting (®;) = v;, we shall define our classes of extrema according to their
values of v;, using the notation {ijk...} to indicate the class of vacua in which
Vi, Vj, Uk, ... are all non-zero (with {0} denoting the vacua in which all v;
vanish). Note that in this toy model, we can choose all v; to be real without
loss of generality.
2.1 THE CASE A <1

We consider here only the case A < 1, whereas the general case can
be found in [4]. We find that class {0} extrema exist for all (£1,&2) and
continue to be unstable everywhere. Class {1} extrema, by contrast, exist
for all & > 0, but are now stable only within the smaller region |2 < A\2¢;.
Similarly, Class {2} extrema exist for all {, > & and are stable only within
the region defined by

1-X)& < —(NP+D)&, FP+D&E > MP-1)&,  (6)

while Class {3} extrema exist for all {&, < 0 but are stable only within the
smaller region |&1] < A2?|€2]. All of these results reduce to the previous case
as A — 1. In general, these results indicate that the {1}, {2}, and {3} regions
become smaller as A — 0, occupying narrower and narrower “pie-slices” in
the (&1,&2) landscape plane. Specifically, each of these “pie-slices” has total
angle 9{1}7{2}7{3} = 29,\, where

0y = tan"!' A%, (7)

and differ only in their orientations in the (£, &2) plane, with the Class {1}
pie-slice centered around the positive £1-axis, the Class {2} pie-slice centered
around the & = —¢&; > 0 diagonal axis, and the Class {3} pie-slice centered
around the negative {s-axis. Thus, as A — 0, the {1}, {2}, and {3} regions
disappear entirely.

Just as in the A = 1 case, extrema in Classes {12} and {23} continue
to exist in the gaps between the {1} and {2} regions, and {2} and {3}
regions, respectively. Each of these regions has angle 0119} 123y = 37/4 —20,.
Moreover, these extrema are stable everywhere within these regions. The
new feature for A < 1 compared to A = 1 is the emergence of new Class {13}
extrema which populate the gap that has opened up between the {1} and
{3} regions, with angle 03y = 7/2 — 20,. Just as with the extrema in
Classes {12} and {23}, extrema in Class {13} are stable wherever they exist.
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2.2 RENORMALIZATION-GROUP FLOW AND BOUNDARY CROSSINGS

One of the interesting features of the vacuum structure we are seeing
in this toy model is the fact that all of the boundaries between different
vacuum regions are actually energy-dependent (or temperature-dependent
in the early universe). Therefore, it is possible that a vacuum can cross a
boundary between regions as the result of renormalization group evolution,
either because the landscape location of the vacuum changes, because the
boundary changes, or both.

In order to understand this observation, let us now analyze the evolu-
tion of our toy model under renormalization-group (RG) flow. As we have
seen, this model actually contains several quantities which are potentially
renormalized: these include the FI coefficients &; and the Yukawa coupling .
However, we must remember that our toy model also depends on the U(1);
gauge couplings g; that were implicitly dropped from Eq. (2). In this model,
the RGEs for the two gauge couplings g1, g2, and the Yukawa coupling A are
given by

d 93 2
4 = Ty 2
/’Ldugl 167'('2 r 7
d A
M@)\ = 1672 (3)\2 - 49% - 49%) ) (8)

where Tr Q? is the sum of (squared) charges under U(1);.

We will assume for simplicity that the entire matter content of our theory
consists of the three chiral superfields ®1, ®5, and ®3, and that the FI terms
(€1, &) are introduced at tree level. We therefore find that Tr Q? = Tr Q3% =
2. Moreover, since Tr Q1 = Tr Q2 = 0 in this case, the one-loop induced FI
coefficients are zero, and therefore the tree-level FI coefficients (£1,&2) are
not renormalized. Thus, we see that in this toy model, the location of an
individual vacuum in the landscape is invariant, and the only changes that
can occur are those which change the topography of the landscape itself
(moving boundaries, growing or shrinking regions, etc.) with respect to that
fixed location.

Let us consider initial boundary values gZ(A) = 9i2,0 and A2(A) = M2,
where A is some initial reference ultraviolet (UV) scale. In order to make
this calculation tractable, let us further assume that our gauge couplings
are originally equal at the UV scale: g19 = ¢g20 = go. We therefore find
from Eq. (8) that our gauge couplings remain equal at all subsequent energy

scales: g1(u) = g2(1) = g(p).
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The question that we wish to pursue, then, is that of determining the
evolution of the entire landscape structure as a function of the energy scale
. We shall do this in several steps.

First, since ¢g1(p) = g2(p) = g(u), we see that we can easily restore
the gauge couplings to all of our previous landscape calculations simply by
rescaling A(u) — A(u)/g(p). Of course, such a universal rescaling of A\ would
not be possible if we did not assume that g9 = g2,0.

If we wish to understand the RG flow in the landscape, we simply need
to determine the flow of the single quantity A/g which parametrizes which
landscape sketch is appropriate at which energy scale. Our original location
on the landscape doesn’t change with energy, but we simply have to look at
the correct figure corresponding to the appropriate value of A\/g.

For example, when g1(u) = g2(p) = g(i), the boundaries demarcating
the {1} + {3} overlap region for Y (u) > 1 can be specified directly in terms

of Y(p):

Y6 < & < - pars € ©)

Given Eq. (8), it is relatively straightforward to determine the RG equation
for Y'(1). We find

d Y

hY W) = e (3Y% —10) ¢*() (10)

and substituting the explicit solution for g?(p) from Eq. (8), we can integrate
Eq. (10) to obtain the solution

10 10 10
3 (3—2> [9(“)} . (11)
Y2(n) Y5 90
Thus, we see that quantity 3 — 10/Y? scales according to the ratio of gauge

couplings [g(11)/g0]'°. Regardless of the initial value Yy, our theory always
flows towards an infrared fized point

— 1
Y = 30 ~ 1.826 . (12)

Note that a generic feature of the boundaries separating two different
vacuum stability regions is the presence of a massless scalar in the spectrum.
Thus, crossing a boundary is in some sense equivalent to a phase transition,
with the appearance of long-range order as the new massless state appears
in the spectrum.
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Note that in general, there are only two generic classes of boundaries
that appear in our landscape diagrams for this toy model:

e Boundaries separating single-vev regions, such as {1}, and two-vev
regions, such as {12}, in which one of the two vev’s is the same as that
in the single-vev region.

e Boundaries separating single-vev regions, such as {1}, and overlap re-
gions, such as {1} + {2}, in which one of the overlapping vacua is
the same as the vacuum in the single-vev region. Note that near the
boundary, it is the common vacuum that has the lower vacuum energy
V in the overlap region, while the other vacuum in the overlap region
is only metastable.

It is easy to verify that the vacuum energy V is continuous across the first
class of boundaries, while for the second class, the stable and the metastable
vacua are not degenerate in energy on the boundary.

Given these classes of boundaries, let us therefore consider the kinds of
phase transitions which can result as a consequence of RG flow in our toy
model.

If Yy > Y, then we find ourselves in a landscape containing only single-
vev and overlap regions. Thus, we have only boundaries of the second type.
Moreover, since RG flow pushes us towards landscapes with smaller values
of Y, we can only have situations in which our overlap regions are getting
smaller rather than larger. Thus, depending on our original (fixed) landscape
location, the only type of boundary crossing that may occur in this case is
one in which our location changes from being within an overlap region to
within a single-vev region.

The analysis is slightly more complicated for Yy < Y. If Yy < 1, then
our original landscape has only one-vev and two-vev regions, with the two-
vev regions shrinking as a result of the RG flow towards larger Y -values.
If we are originally located in a two-vev region of this landscape, then we
will necessarily eventually experience a second-order phase transition into
a one-vev vacuum as a result of RG flow. However, if 1 < Yy < Y, then
our landscape consists of a mixture of one-vev, two-vev, and overlap regions.
Two different types of transitions are possible: either we can be located in a
two-vev region and experience a second-order phase transition into a one-vev
region, as described above, or we can be originally located in a single-vev
region next to a growing overlap region. In the latter case, our vacuum state
in the single-vev region continues to be the truly stable vacuum state in the
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overlap region, so there is no phase transition. Finally, if Y, < Yy <Y, we
find ourselves in a landscape in which there are only single-vev regions and
overlap regions, with the overlap regions growing as a result of RG flow. In
such a case, as above, no phase transitions are possible: if we pass from a
single-vev region into an overlap region, our original vacuum state continues
to be the truly stable vacuum state in the overlap region, and no phase
transition occurs.

One important consequence of the infrared fixed-point behavior towards
Y =Y ~ 1.826 is that our theory always flows in the infrared to one in
which R-symmetry is preserved. This observation is true in our toy model
regardless of the original landscape location or Yukawa/gauge couplings.

Indeed, the emergence of an infrared fixed point has an even more sig-
nificant consequence: in such cases, the low-energy phenomenology becomes
insensitive to the plethora of (ultimately string-theoretic) variables that de-
fine the ultraviolet landscape physics. If such infrared fixed points are generic
features of the string-theoretic landscapes, their existence suggests that it
may not be necessary to understand the full ultraviolet string theory in order
to extract physically testable predictions from the landscape.

The RG evolution of the gauge couplings must clearly stop below the
scale of gauge symmetry breaking; likewise, the beta-function coefficients
depend on the scale of supersymmetry breaking in the sense that the matter
spectrum is supersymmetric above this scale and non-supersymmetric below
it. As already emphased, we stress that the possible vacuum-structure phase
transitions that we have discussed in this section must be understood in
terms of temperature phase transitions in the early universe.

3 ADDING MORE U(1) GAUGE GROUPS

In this section we shall consider generalizing the model in Sect. 3 by
adding more U(1) gauge groups. This will significantly increase the number
of vacua and the complexity of the corresponding landscape. More impor-
tantly, since the Wilson-line superpotential can in principle contain more
fields, we see from dimensional analysis that the F-terms will generically be
suppressed. Thus, R-symmetry will be tend to be broken only at very low
energies and only for relatively few vacua.

Let us consider a generalization of the two-U(1) model of Sect. 3 to
the case of n different U(1) gauge group factors, with n 4+ 1 chiral super-
fields. Inspired by deconstruction models of extra dimensions, we shall take
our charge assignments to follow the pattern indicated in Table 2. Thus,
as evident from Table 2, we are only considering bi-fundamental “nearest-
neighbor” charges; other configurations will be briefly discussed in Sect. 6.
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I [U1): U1, UQ1)s U, |
0, —1
D, 1 ~1
Dy 1 ~1
o, 1 -1
Dy 1

Table 2: U(1) charge assignments for chiral superfields, inspired by “decon-
struction” models of extra dimensions.

Likewise, we shall assume for simplicity that only the boundary U(1) gauge-
group factors, i.e., U(1); and U(1),, have Fayet-Iliopoulos coefficients &;
and &, respectively. Given these charges, we can in general write down a
Wilson-line superpotential of the form!

n+1
W =] . (13)
=1

We can continue to study the landscape of this model as a function of the
Fayet-Iliopoulos coefficients (£1,&,) for arbitrary values of the Yukawa pa-
rameter A.
3.1 ARBITRARY n AND LARGE-n LIMIT
We now turn our attention to the general-n case, with particular interest
in the large-n limit. In the general case, the D- and F-terms are now given
by

Da = Z q; |¢z|2 + gléal + gnaan y FZ = s (]-4)
i=1 09;
where a = 1,...,n. As we already remarked for the n = 3 case, the F-

term contributions coming from the Wilson line superpotential (13) in the
large-n case have a negligible effect on the vacuum structure for FI terms
smaller than the Planck (or string) scale. The field equations each have
two solutions: vy = (¢) = 0, and a solution obtained by setting the term
in parentheses to zero. This gives a large number ~ O(2"+1) of different

!This implies that the ®; superfields have R-charge 2/(n + 1), giving the F-terms
R-charge —2n/(n + 1). Thus, as claimed earlier, F-term breaking will correspond to
R-symmetry breaking in this model.
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extrema which were explicitly analyzed in Sect. 3 for n = 2 and Sect. 4.1 for
n = 3.

Since A/M£_2 — 0, we expect that the stable vacua are dominated by
the three classes {1,n+1}, {1,...,n}, and {2,...,n+ 1}. Specifically, we find
that the {1, 4 1} solution exists for & > 0, &, < 0, and is given by

{1,n+1} : ‘01’2251 , ’Un+1‘2:—€n , Va=..=v,=0. (15)

Similarly, the {1,...,n} solution exists for &, > 0, & + &, > 0, and is given
by

{17 ’n} : |U1|2 = (51 + gn)(l + 0(6721))
{1,...,n}: [02)?, o on2 = & (L + O(E2)), vy =0 (16)

where €2 ~ (\/Mp"%)%(¢,/M3)" =2, while the {2,...,n + 1} solution exists
for & <0, & + &, <0, and is given by

{2,...,n+1}: V=0, |opp]?=—(&4+&)1+O(e))
{2,...,n+1}: val?, ooy Jon > = =61 (1 + O(€})) (17)

where € ~ (\/Mp~2)2(&/M3)" 2. Note that €; and ¢, are very small
numbers for n > 1 and & < M. The vacuum in Eq. (16) was discussed in
detail in [4]. Each of these classes of vacua occupy non-overlapping regions
in the two-dimensional (§¢&,) parameter space. Note that the {1,2,...,n}
and {2,3,...,n + 1} vacua completely break all of the U(1) gauge factors,
while the {1,n + 1} vacuum is supersymmetric and A-independent for all
n > 3.

We shall also be interested in several other explicit solutions for gen-
eral n. All of the following solutions are A-independent. For example, the
{2,3,...,n} solution is given by

{2,3, ,n} : U1 = Un+4+1 = 0 X
(2,3, 0}l = % (€1 + &)k — 1) — néa] for k=2,...,n .(18)

This solution has an unbroken U(1) generator Q1 + ... + @, where Q; are
the generators of U(1);, and gives rise to the D-terms

_ §1+€n )

(D1) = .. = (D) -

(19)
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Note that this solution has a linear “profile”, in the sense that the sequence
of non-zero vacuum expectation values |v|? in Eq. (18) grows linearly with
k.

Needless to say, there are numerous other solutions which can be gener-
ated for general n. However, the above solutions will be sufficient for our
purposes.

Note that the last vacum, as well as all vacua with smaller numbers of
non-zero vev’s, are unstable at the level of our discussion (in which we are
taking \/Mp~2 — 0 and 7 = 0).

3.2 HIGHER-DIMENSIONAL FLUX INTERPRETATION

We shall now demonstrate that many of the above general-n solutions
have natural interpretations in terms of higher-dimensional flux compactifi-
cations.

First, let us consider the {1,2,...,n} and {2,3,...,n + 1} vacua. These
clearly can be interpreted as emerging from a five-dimensional supersymmet-
ric U(1) gauge theory compactified on the orbifold S'/Z;, with compactifi-

cation radii
R ~ n/V& and ~ n/\/|&], (20)

respectively. In each case, the four-dimensional zero-mode gauge field re-
ceives a mass from the four-dimensional FI term &;+&,,. The supersymmetry-
breaking scale in these two cases is controlled by the Wilson-line superpo-
tential, and all soft masses are ~ O(e,) in the first case and ~ O(e;) in the
second case. By contrast, the third vacuum {1,n + 1} is supersymmetric
and probably does not have an extra-dimensional interpretation.

We now turn to the {2,3,...,n} solution in Eq. (18). We shall now ar-
gue that this vacuum can be given the higher-dimensional interpretation of
having magnetic flux on a torus in a six-dimensional Abelian gauge theory.
Indeed, as we will see, the smoking gun for such a magnetic flux interpreta-
tion is the presence of a linear profile in the associated vacuum expectation
values.

From a five-dimensional R* x S'/Zy perspective, where the fifth dimen-
sion is the interval 0 < y < wR, a supersymmetric Abelian gauge theory
contains a gauge field and a Zs-odd real scalar 3. The D-term from the
four-dimensional point of view in the continuous limit of the deconstruction
setup discussed above is given by

D = &2 + (<o +€)6y) + (bns1* +&)dy —7R) . (21)

The standard profile for the scalar ¥, largely discussed in the literature, is of
the form (3) = €(y)&,/2, which in the case &; + &, = 0 is the needed profile



298 Emilian Dudas

for preserving supersymmetry and the gauge symmetry. Notice, however,
that the field equations

55 {08 + 05 [053 + (6~ [0)60) + (60 + o POy — 7R)] | = 0

(22)
have another solution on the orbifold S;/Z5, namely
&t & &1 RS
B) =557y~ 5, D) =5 (23)

This solution does not describe the absolute minimum of the theory, since
it has a large positive vacuum energy, but it is an extremum of the theory.
By using R ~ n, it is clear that Eq. (23) matches the deconstructed result
Eq. (18). On the other hand, from a six-dimensional perspective, ¥ corre-
sponds to the sixth-component Ag of the gauge field. Then the flux in the
two-dimensional compact space is given by

— £1+£n

F56 = <65E> 27TR

— &16(y) — &y —7R) . (24)

The first term is the magnetic flux we were searching for, whereas the lo-
calized terms, already discussed in the literature, have the interpretation of
fluxes localized at the orbifold fixed points. Note that the integrated flux in
the compact space is actually zero,

TR
[y @2 = 0. (25)
—7mR
the magnetic flux cancelling the localized contributions at the fixed points.
4 DI1SCUSSION

In [4] we proposed a field-theoretic framework giving rise to models con-
taining large numbers of vacuum solutions. The field-theoretic nature of
these models therefore allowed us to explicitly calculate quantities as the
ratio of stable versus total numbers of vacua, the number of R-symmetry
preserving vacua, and the supersymmetry-breaking scale. Our examples
have the advantage of describing large classes of string compactifications
with Abelian gauge groups and FI terms. Moreover, within this large class,
we presented specific examples involving discretized versions of magnetic
fluxes in the internal space, as obtained by deconstructing (supersymmet-
ric) models with U(1) gauge fields on the orbifold S'/Z;. By examining
the extrema involving vanishing vev’s for bi-fundamental fields, we found
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that these solutions correspond to profiles which are linear in z5 for the
odd-scalar ¥ = Ag in the five-dimensional vector multiplet. These solutions
therefore correspond to constant magnetic fluxes 95X = Fsg from a six-
dimensional perspective. This therefore generates a field-theory landscape
which is similar in spirit and closely related to the landscapes currently un-
der discussion in string-theory contexts [2]. One of the interesting results of
the landscape picture emerging in the class of models we considered is the
possibility of passing from one vacuum to another by renormalization group
flow. This possibility arises because our fundamental defining parameters,
such as & and A, can change with the energy scale. We showed in an explicit
toy model that this renormalization group flow can indeed induce boundary
crossings. A general feature of the boundary separating two different vacua
is the presence of a massless scalar in the spectrum, which suggests an in-
terpretation in terms of phase transitions. There are clearly more general
examples that can arise in string models with D-branes. String models of
all sorts generically give rise to multiple U(1) gauge factors. We therefore
believe that the models we presented in this paper will emerge naturally in
realistic string contexts and should be viewed, quite literally, as at least one
component of the full string landscape.
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