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Abstract. We consider dynamics of a free relativistic particle at very short distances,
treating space-time as archimedean as well as nonarchimedean one. Usual action for
the relativistic particle is nonlinear. Meanwhile, in the real case, that system may be
treated like a system with quadratic (Hamiltonian) constraint. We perform similar
procedure in p-adic case, as the simplest example of a nonarchimedean space. The
existence of the simplest vacuum state is considered and corresponding Green function
is calculated. Similarities and differences between obtained results on both spaces are
examined and possible physical implications are discussed.

1. INTRODUCTION

It is generally believed that the notion of space-time as a continuous manifold should
break down at very short distances of the order of the Planck length A, ~ 10~°m. This
would arise from the process of measurement of space-time points based on quantum
mechanics and gravity arguments [1]. Among many different possibilities for a mathe-
matical background of a quantum theory on very small distances, noncommutative [2]
and nonarchimedan [3] spaces appear as the most promising ones. The simplest example
of a nonarchimedean space, and the most suitable mathematical machinery for describing
it, comes from the theory of p-adic numbers and p-adic analysis.

Since 1987, there has been an important interest in application of p-adic numbers in
many branches of theoretical and mathematical physics (for a review, see [4]). Founda-
tions of p-adic quantum mechanics [4] and quantum cosmology [5] were worthwhile
achivements in the attempt at deeper understanding of fundamental processes at very
short distances. The adelic connection between ordinary and p-adic quantum theory has
been proposed for strings [6] and quantum mechanics [7]. Appearance of the nonar-
chimedean structure in frame of deformation quantization is also a very intriguing point [8].

It is very convenient to study some technically simpler cases as the free relativistic
particle (FRP) on a nonarchimedean space. Generally, it is valuable for better under-
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standing of physical processes at such "exotic" spaces. Also, it is known that relativistic
quantum mechanics possesses many of the essential features of quantum cosmology. It is
the one of the main reasons for further investigation of the FRP, including computation of
the corresponding Green function. Although usual action for the FRP is nonlinear, as in
the real case [9,10], that system may be treated like a system with quadratic constraint.
This paper is concerned with p-adic aspects of such a system. Some attention is paid to
the comparison with standard (over the field of real numbers) counterpart.

The paper is organised as follows. After the Introduction in Section 2 we recapitulate
basic facts about p-adic mathematics. Section 3 is devoted to standard FRP. In Section 4
p-adic quantum mechanical propagator and conditions for the existence of the simplest
vacuum state are briefly reviewed. The main result, p-adic counterparts of Green function
are studied in Section 5 for all different p-adic cases. We complete this paper with re-
marks and conclusions concerning space-time structure from ordinary and p-adic, rela-
tivistic and non-relativistic point of view. Aspects of (non)adelicity in our approaches are
briefly discussed.

2. P-ADIC MATHEMATICS

Let us note that all numerical experimental results belong to the field of rational num-
bers Q. The completion of this field with respect to the standard norm |- |, (absolute
value) leads to the field of real numbers R = Q.. According to the Ostrowski theorem,
besides absolute value and p-adic norms (p is a prime number) |- |,, there are no other
non-equivalent and nontrivial norms on Q. The completion of QO with respect to (a con-
crete prime number p) the p-adic norm leads to the (corresponding) p-adic number field
0,

Any p-adic number x €0Q,, can be presented as an expansion [11]
x=x"(x,+x,p+x,p° +), yeZ, (1)

where x; are digits x;=0,1,...p — 1, xo # 0. The p-adic norm of any term x,pYH in (1) is
p 7. The p-adic norm is nonarchimedean (ultrametric) one, i.e. |x + y| p < max(|xl,, V),
and as a consequence, there are a lot of exotic features of p-adic spaces. This way, a
choice of the acceptable formalism in quantum theory is constrained.

Generally speaking, there are two analyses over ,. One of them is connected with
the map ¢: O, — O, (mainly used in classical sector of the p-adic dynamics), and the
second one is related to the map y: 0, — C (in quantum dynamics).

In the case of mapping y: O, — C there is not standard derivative, and some types of
pseudodifferential operators have been introduced [4,12,13]. However, it turns out that
there is a well defined integral with the Haar measure. In particular, the Gauss integral
will be employed

J, 1, (0" +bx)dr =2, (@) | 281, 3, (40, @ #0, )

where (1) = exp(2mi{u},), an additive character on 0, is a complex-valued continuous
function. Recall that in the real case one has y.(x) = exp(-2mix). Here, {u}, denotes the
fractional part of u € O,. By definition, A,(c) is an arithmetic complex-valued function
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[4]. Also, let us state the notation for the ring of p-adic integers, p-adic circle and disc,
respectively:

Z,={xeQ,:|x], <1},
S,(a)={x€Q, |x~al,=p'}, veZ, 3)

B (a)={xeQ,:|x—al,<p"}, veZ, LyJSy(a)=By(a).

In the following, we will use the integral formula
p'd=p™h), if |e ,<p™
[,y =4 —p™', if |el,=p™" . (4)
S.

: 0, if [g|,>p

Real and p-adic numbers can be considered simultaneously by concept of adeles. An
adele [14] a € A is an infinite sequence a = (G, a>,..., @p,...), Where a, € R and a, € 0,
with the restriction that a,, € Z, for all but a finite set M of primes p. The set of all adeles
A can be written in the form

A=, 40, AM)=Rx]] _,0,%]1,..,Z, - (5)

A is a topological space and it is a ring with respect to componentwise addition and mul-
tiplication.

3. STANDARD FREE RELATIVISTIC PARTICLE

The free relativistic particle belongs to a class of reparametrization-invariant theories,
described by an action of the form [15]

S=["dilp,q* - NH(p,.q")]. (6)

Here N is Lagrange multiplier which enforces the constraint #=0." The propagator for
such (reparametrization-invariant) systems is represented by expression [15]

G(g™ |4”) = [dN(t'—')[ Dp,Dg" exp(i[ f," dt(p,q“ — NH)), ™

where we have an ordinary integration over N and path integration over p,, and g*.
The functional integral part of (7) has the form of an ordinary quantum-mechanical
propagator with the "time" Nt

o . " s o no ”n [[*4 ’
[ Dp,Dg" exp(i | di(p,q" — NH)) = K(¢"* ,Nt" | g ,NY'). ®)

! The simplest examples of systems described by such action, beside FRP, are a nonrelativistic point particle in
parametrized form, and minisuperspace models of quantum cosmology [16].
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Introducing 7 = N(¢t"-t') , equation (7) becomes

G(q,,q | q.(x ) _ IdTK(qna T | q‘a ’0) . (9)

How can we see that FRP is a system of this type? The action for a FRP (in the flat
configuration space) is usually written as

S =—me[ dvi*5n,, ., (10)

(where u=0,1,2,3, and """ is the usual Minkowski metric with signature (—,+,+,+)) and it
is highly non-linear and unsuitable for quantum-mechanical investigations (a dot denotes
a derivative with respect to t, where T parametrizes worldline).

As we already said, a free relativistic particle can be treated as a system with the con-
straint [10,17]

L.ar +m*c’ =k +m’c* =0, (11)

which leads to the canonical Hamiltonian

H, =Nk +m’c?), (12)
and to the Lagrangian
L=xk"-H, =%—m202N, (13)
where x, = —= . Therefore, corresponding action for FRP is
s=| T"d{i—mzczN] (14)
v | 4N
It is not too hard to prove that this action is invariant under reparametrization
T f(1), ie. x(1)—>X()=x(f(1)). (15)
Namely, the infinitesimal version of (15) is
() =1t+¢(1), (16)
with corresponding change in the action
88 = —mey i3, ¢, (17)
which vanishes for arbitrary x(t"), x(t') if and only if
e(t)=¢(t")=0. (18)

In the case of the proper time gauge ( N = 0) the Green function (7) can be presented as

G(x"|x') = [ dN(t"~t) [ Dk Dxexp(i[ " difki — NH])). (19)
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Redefining 7' = N(t"-1'), this may be written explicitly [10]

G ) = — 5 [ar[d*k explh(x"—x") =T (k> +m*c?)]). (20)

2n
If the range of T is from —oo to +oo, integration may be performed yielding
d'k

an)y S(k* + m*c?) exp(ik(x"-x")) . (21)

G("|x) =]

In this case, G(x"| x') is a solution of the Klein-Gordon equation
2

(V" —
= o

Y+ m*c?)G(x" x") =0. (22)

If the range of integration is 7 €[0,+ ) , then

d*k  exp(ik(x"-x"))
@)t (k> +m’c* —ig)’

G(x"| x') = —i[ (23)

where factor ie ensures convergence at the upper end of the 7 integration. In this case we
get the Feynman Green's function, which satisfies

(— (V"Z o j+ mzcz)G(x"| x') = =8 (x"-x"). (24)

CZath

4. QUANTUM FREE P-ADIC RELATIVISTIC PARTICLE

The above expresions from (12) to (14) are valid in the real case and they have place
in the p-adic one. The model of quantum free p-adic relativistic particle was studied in
details in Ref. 18. We will briefly recapitulate a few main lines from this article. The
classical trajectory reads explicitly

X = xn_xl T+ a Tn_xv : 2 (25)
T'—1 T'—1
and the classical action is
H_ 1 2
S(x",T;x',0) :%—m%% . (26)

Also, it should be noted that classical (real and p-adic) action maybe represented in the
(4-dimensional) form

(0 y0)? 22T ! —x! )2 22T
S=- - + -
4T 4 AT 4 27)
20242 31332
(X" _xv 2 2T (X" _xv 2 2T _ _ _ B
+ el _nme =50+5'+5%2+5°,

AT 4 AT
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(x" and x' are 4-vectors). Then, quantum mechanical propagator (kernel of the operator of
evolution) might be factorised as a product of the four propagators

3
K, (x".T"x',T") = HK;(x"” LM, T . (28)
pu=0
Because action of the system is quadratic, the quantum mechanical propagator, for each

index u=0,1,2,3, has the form [19]

K, (8, Tyt ) = N}i(T,,Ti)Xp(—%L?“(X” T;:x'. 1)), (29)

Jrlirtie

where N, (T",T) is a normalization factor, S*(x"*,7";x'",T") is a p-adic classical action

(quadratic in respect to x"" and x"), and /4 is the Planck constant. The p-adic quantum
mechanical propagator (29) (as in the real case) has the property

[RAGem T x" T)KE (2, Tx™  T)Dx* = Kb (2™ T x™ 7). (30)
9,

After integration and using general form of the normalization factor [18,19]
N, (T".T") = |Np(T",T')|wAp(T",T') ,

we have

7\,2 4h(7T"-T" n_ 12 2.2
Kp(x",T"|x',T'): p( ( )) p[_l (x x) +m C

D R W T A =t ')J' G

The vacuum state is such a functions y, for which

JK, G T 2, T () x; = g (x) (32)
o

holds. Conditions for existence of the simplest p-adic vacuum state in the form

1, xeZ,
Q(x[,)= 0 xe&Z , are:
’ P
1)for p=2
mZCZ " ' T mZCZ " '
= WT"-T") <1, with e <1, and |W(T —T)|p£1, (33)
P 14
2) for p=2
m202
|n(1"-T")|, <1, and o <1. (34)
2

We will return to this point in the conclusion.
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5. P-ADIC PROPAGATOR IN CONFIGURATION SPACE (GREEN FUNCTION)

In article [18] the kernel of the operator of evolution for the FRP was calculated. Here
we continue examination of this model by calculating corresponding Green function. In
accordance with discussion in Section 3 and using the gauge ~ =0, p-adic propagator in
configuration space (Green function) is defined as

G,(x"|x') = deKp(x",T|x',0), (35)
\hr\pgl
ie.,
22 (4hT ") mic?
G,(x"|x)= [ dr A z)xl,(—(x X)  me T]. (36)
pia AT 4Tk

We note that for the x' = 0, this expression leads to the appropriate p-adic Hartle-Hawking
(HH) wave function. It underlines a necessity of calculation p-adic Green function for
deeper understanding of the quantum model of FRP and possible application in quantum
cosmology.

The nature of integration [4] enforces us to inspect three different cases:

1) p=l(mod)4, 2> (a)=1,
2) p=3(mod)4, N (a)=+1, (37)
3) p=2, R (a)=(-D"i.

5.1. p =1(mod)4

As the range integration we choose p-adic ball | AT |,<1. We introduce the substitu-

tions

n_1\2
T =z=dzh|, dT, z=~=dz=-2 mgr=—L1 D 2 OX)

, .(38)
y Iyl |hl, |y, 4

The Green function, using (4), is calculated

" , 1 +00
G,(x"|x)=——> [x,(-¢*»)dy. (39)
hl, 35

Let |¢*|,> p®, than |¢*|,> p7", Vy=20, yeN+{0}. In respect to the third line of
the (4) it follows that
> [, 0dy=0=G,(x) =0, for |[(x"=x)| =p°. (40)

y=0s,
Letnow | ¢*|,=p°,8€Z\N

5 [1,a' iy = 3 = p )= = @

v=0s,
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That means

G, (x"| W=t L |(x"—x')2| <p®, 8cZ\N. (42)
plhl, P

On the light cone e.g. ¢*> =0 Zjldy:Zp*’(l—pfl)zlzpy(l’—l)~

1=0g, =0 =0

In the real case above expression would be regarded as divergent one. But keeping in

mind that in p-adic case, for any p, holds z p'(p—-1)=-1, we represent Z jldy as

y=0 V:OS:«
= 1
> Ildy =——
1=0s, p

This way, these results can be presented in a compact form

L ey <p
? .

Gp(x"|x'): p|h|p (43)
0, if |-xy| >p
P
5.2. p=3(mod)4
The only important difference in respect to p =1(mod)4 is
N,(4hT) =1, (2) =2, =", |y|,=p". (44)

Therefore, we calculate Green function as the sum of two parts (for detailed calculation
see [20])

G, (1) = (D [y, g LA (D [dvr, (-a70) . (495)
v=0 S, v=0 S,,

7+l

Let |g*|,= p°, for §>2 .1t follows that

G,(x"|x")=0, for |x"—x‘|p >p. (46)

For 5=1 = Gp(x"|x'):_—1,and for =0 = Gp(x"|x'):L(z—lj.
plh| | 7], P

P

Forodd 8, 8<0

G, (x" ') =l k! (Z (—1)VS£ dyi,(~*) A} ﬁ[%l— 2p5“j. 7)

Similary, for even 5, 8<0

G,(x"|x) =l (p+1) (pT‘l + 2p“} (48)
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On the light cone, i.e. ¢° =0, we find G,(x" | x") = —0. We can collect all the above re-
sults, for p = 3(mod)4, in some more compact form.

0’ lf |(xv|_xv)2| > pZ
p
-p if |(X"—x’)2|p =p
_ 1 . n_ 2|
G, (") =l hl; 2-p7 o fo] = . (49)
(p+1)7l(p__l+(_1)52p‘5‘+1)’ lf‘ |(xn_xv)2| :pé’ §5<0
p P

-, if |(x"—x')2|p:0

53. p=2
In this case, Green function has the form

G (x| x)=2| kL' [l (ea(—4"y) - (50)

7,22

For y=27"(1+2y,+...), yeN, A(y)=(-1)"i.Then

G (" ¥)=H 2 [dvra(-a* )= [dvna(-a*»). (51)
y=1 S, »=0 Sy n=1

Let us compare [4] page 257-258

L= [dvia(=¢*y), and 1= [dyx,(-¢’y). (52)
Sy» =0 S,,n=l
1) Ifg*=0, I,=1,=G,(x,|x)=0.
2) If|q¢*|,=2°, 8eN, and |y|,<27°, I,=1, .

3) If[q"|,=2", 8eN, and |y,=2"", {¢'y}, ==, [, =1 .

1
2 b
s+ 1 1
4) If|q*|,=2°, 8eN, and |y|,=277, {¢’y}, =g tytan),
Iy=(-)"27° =1,
5) If|q¢*|,=2°, 8eN, and |y[,>27°", [, =1, .
Omitting technical details [20] we present all those possibilities as
0, if ¢*=0 or |(x"-x")*|,>1
G(x"x)=1 (=17
| h(x"=x) ],

. 53
if ¢°#0 and |(x"-x')’ |2£% (53)
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We can see that, practically in all cases, G,(x | 0) # Q(x)! It means that, except (43) i.e.
case p = 1(mod)4, there is no vacuum state in the form of ()(x) function (in Hartle-
Hawking approach).

6. CONCLUSION

The vacuum state of p-adic quantum free relativistic particle (Section 4), like in non-
relativistic case [4], is infinitelly degenerate. For example Q(p'| x |,), for y € N+ {0} are
invariant functions in respect to the corresponding operator of evolution [18]. For the
simplest vacuum state Q(| x |,) we find conditions (33) and (34). As we know, an adelic
wave function must have following form

v =y, ()" [x[)][[Q0x],). (54

peS pesS

According to the definition of Q-function and p-adic properties of rational numbers we get

2 VA
|W(x) |i: |\Vaa(x) |oo’ RS P (55)
0, xeQ,\Z,.

It would mean that probability to find free relativistic particle at some rational point is
equal to that obtained in ordinary quantum theory if x is an integer, but is equal to zero if
x is not an integer. Also we found (7" — T") € Z, i.e. corresponding differences of proper
time's points, for all p. y's that appears above represent multiples of the unity step of lat-
tice.

It should be emphasized that in HH approach to the quantum cosmology the standard
wave function of the universe is postulated to be [21]

y(x) = [dTK(x.T]0,0). (56)

p-Adic and adelic HH wave function for a class of exactly solvable minisuperspace cos-
mological models was studied [22]

In this way, keeping in mind relations (9) and (35), we calculated propagator (Green
function) G,(x" | x"). The main results of the paper are contained in the formulas (43), (49)
and (53). We note that if we know G,(x | 0) for a model, we also have information about
the corresponding wave function, at least in frame of the HH approach.

It should be noted that in the quantum model of FRP discreteness (55) that can be ob-
tained if we give up the minisuperspace/relativistic (HH) approach and neglect obtained
p-adic Green functions. By physical implication, energy spectra related to the calculated
Green functions and their interesting mathematical structure deserve further investigation.
Rather significant differences between real and p-adic approach to the simple physical
system, e.g. free relativistic particle might be suggested. Even in a different context, it is
interesting to compare our results with those presented in Ref. [23]. For p-adic models in
field theory see [24] and reference therein.
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PROPAGATOR ZA SLOBODNU RELATIVISTICKU CESTICU
NA ARHIMEDOVSKIM I NEARHIMEDOVSKIM PROSTORIMA

D. D. Dimitrijevi¢, G. S. Djordjevié, Lj. Nesi¢

Ramatrana je dinamika slobodne relativisticke Cestice na vrlo malim rastojanjima, tretirajuci

prostor-vreme kao arhimedovsko i nearhimedovsko. Uobicajeno dejstvo za relativisticku Cesticu je
nelinearno. Ipak, u realnom slucaju takav sistem se moze tretirati kao sistem sa kvadraticnom
vezom (Hamiltonovim ogranicenjem). Slicna procedura je primenjena u p-adicnom slucaju, kao
najjednostavnijem primeru nearhimedovskog prostora. Razmatrano je postojanje najjednostavnijeg
vakuumskog stanja, i izracunata je odgovarajuca Grinova funkcija. Slicnosti i razlike rezultata
dobijenih za oba tipa prostora su ispitane, a moguce fizicke implikacije su diskutovane.



