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ON SOME NEW HADAMARD-LIKE INEQUALITIES FOR COORDINATED
s-CONVEX FUNCTIONS

M. Emin Ozdemir, Mevlit Tunc* and Ahmet Ocak Akdemir

Abstract. In this paper, we prove some new integral inequalities of Hadamard-like type
for s-convex functions in the second sense on the co-ordinates.

1. Introduction

Let f : 1 € R — R be a convex function defined on the interval | of real numbers
and a < b. The following double inequality

a+b 1 (" f(a) + f(b)
(11) f(T) < m‘fa f(X)dX < T

is well known in the literature as Hadamard’s inequality. Both inequalities hold in
the reversed direction if f is concave. In [2], Alomari and Darus defined s-convex
functions on the co-ordinates as following:

Definition 1.1. Consider the bi-dimensional interval A = [a,b] X [c,d] in [O,oo)2
with a < band ¢ < d. The mapping f : A — R is s—convex in the second sense on A
if

1.2 f(AX+ (L= Az, Ay + (L= A)w) < A3f(x, y) + (L — A)*f(z, w)

hold for all (x, y), (z, w) € A with A € [0, 1].and for some fixed s € (0, 1].

A function f : A — IR is s-convex in the second sense on A is called co-ordinated
s-convex in the second sense on A if the partial mappings fy : [a,b] — R, fy(u) = f(u,y)
and fx : [c,d] — R, fx(v) = f(X, V) are s—convex in the second sense for all y € [c,d] and
X € [a,b] with some fixed s € (0, 1]. Moreover, in [2], Alomari and Darus established
the following inequalities of Hadamard’s type for coordinated s-convex functions
in the second sense on a rectangle from the plane R?.
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Theorem 1.1. Suppose that f : A = [a,b] X [c,d] C [0,oo)2 — [0, 00) is s—convex
function in the second sense on the co-ordinates on A. Then one has the inequalities;

1 ¢(a+bh c+d
(1.3) 4 f( AT )

b d
2S-Z[ﬁf f(x, ﬂdmd% f(a;—b,y)dy]
e ofiff“ywwx
2(s+1)[biaf f(xc)dx+—f f (x,d)dx

d
+—§1ff@wmy+e;1ffmmm4

f(a,c)+ f(ad)+ f(bc)+ f(b, d)
(s+1)

Similar results can be found in ([1]-[13]).

However, Ozdemir et.al.[7] established the following lemma for twice partial
differentiable mapping on A = [a,b] x [c,d].

IA

IA

IA

<

Lemmal.l. Let f:A =[ab]x[c,d] = IR be atwice partial differentiable mapping on
A =1[ab]x[cd].If (;9;7; € L (A), then the following equality holds:

d d
Wl(d_c)[A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv
b C b t: d
_(d—y)ff(u,d)du—(y—c)ff(u,c)du+fff(u,v)dudv]
_ x=ay? ()/—C)Zfl 2
I CEEICET) X

(x—a)’(d-y)
(b-2a)(d-c)

f
(tx+(1-t)a Ay + (1 - A)c)dAdt

t-DA -1 57

o

2

t-1DA-21) 57 Al

31 (tx+(1-t)a, Ay + (1 — A)d)dAdt

2

2
1-00-D557

(b—x)?(y —c)?

(b-a)(d—c) (tx+ (1= t)b, Ay + (1 - A)c)dAdt

(b-x)?(d-y)’ 9
e R Q-1 -A) =

597 (E+ (L= Db, Ay + (1 - ) d) dact

R s
O%H ogw S
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where
x-a)(y-c)f(ac)+(x—a)(d-y)f(ad)

A =

(b—a)(d—c)
(b x)(y—c)f(bc)+(b-x)(d- y)f(bd)
(b—a)(d-c)

The main purpose of this paper is to prove some new inequalities of Hadamard-
type for s—convex functions in the second sense on the co-ordinates.

2. Main Results

Theorem2.1. Let f : A = [a,b] x[c,d] — R be a partial differentiable mapping on
A =[a,b] x[c,d] and ;tz—a; eL(A). If |;t2—9;| is a s—convex function in the second sense on
the co-ordinates on A, for some fixed s € (0, 1], then the following inequality holds;

(2.1)

1
(b-a)(d-c)

b b b d
—(d—)’)ff(U,d)dU—(y—c)ff(u,c)du+fff(u,v)dudv‘

(b—a)(d—c)(s+2)?

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

IN

(x—ay + b -x?)((y—o + @ -y)?))| o
(s + 1)° o %)
x—a)*((y =)’ +(d-y)*))| o2t
* G+1) o @Y)
(b—x7((y - ) +(d-y)))| 021 .
* G+1) atoa oY)
(y—cf ((x—a)° + (b - x7))| 921
- c+1) o1 %0
(d -y (x=a)* + (0 -x7))| 921
- (s+1) ] dtoA % d)|
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+(x—a)’ (y — )’ I @)+ x- a)’ (d-y)°

1)

2 §

oA

8t8)\
2f

(b, ©) otoA

o

+(b-x)°(y-c) +(b-x?(d-y)
where A is as above.

Proof. From Lemma 1.1 and using the property of modulus, we have

1
m A—(x- a)ff(av)dv (b - x)ff(bv)dv
—(d- Y)ff(u d)du—(Y—c)ff(u c)du+fff(u V)dudv]
< w
- (b-3a)d-c)

2
=] (tx+(1-t)a,Ay+(1-A)c)

1 1
o°f
x!kanm—m———

e dAdt
(x —a)* (d - y)’

(b-a)(d-c)
1 1
9% f
X (- A -A)||=—=(tx+ (L -1t)a Ay + (1 - A)d)|dAdt
[ fie-va-sl
(b= (y o)’
ECEDICENR

1
2
o) (tx+ (1 -t)b,Ay+ (1 - A)c)

1
o4 f
gf!mfom—nw——

ot
0

(b-x)7°(d-y)
(b-a)(d—c)
2

1
o) (tx+ (1 -t)b, Ay + (1 — A)d)|dAdt.

xfjkrna—mrii

ot
0 0

dAdt

Since |M | is coordinated s—convex in the second sense, for some fixed s € (0, 1],
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we can write

1
(b-a)(d-c)

b b b d
—(d—)’)ff(U,d)dU—(y—c)ff(u,c)du+fff(u,v)dudv‘

(x x-a(y-cf
P f -

[ Jras
o f

+ [ t-1)@a-ty

I

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

IA

dt

&ta/\ X, Ay+(1-A)c)

ataA (ar/\Y"‘(l—/\)C)

dt‘ dA

(x a)’ (x-2a)7(d-y) y)
R f L= )

[ [e-ve|2

(b x)? (b=x)"(y-¢)° c)’
oo f 1)

[ [a-ve|Zt
+f(1—t)(1—t)S

(b x)? (b-x)7(d-y) y)
S f L= )

2

a—(a Ay+ (1 -A1)d)

1
dt+f( R

0

ETERY (X, Ay + (1 -A)d)

dt] dA

dt

88A X, Ay+ (@1 -A)c)

2
ataA (b,AY"‘(l—A)C)

dt‘ dA

2
o (x, Ay + (1 —A)d)|dt

o0 f
x| | @-t)t|—
Lf

d
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1
+ | @Q-v@a-v°
/

By computing these integrals, we obtain

JdtoA

2§
(b, Ay + (1= 1) d)‘ dt|dA

1
(b—a)(d-c)

b b b d
—(d—y)ff(u,d)du—(y—c)ff(u,c)du+fff(u,v)dudv‘

(x-a)(y-c o2 f
= b-a@d-0 fM 4 oA
82

oA

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

-1
(s+1)(s+2)

] 2

1
(x—a)>(d - y)’ -1 92 f
Tb-a@d-o fll_)\|[(s+l)(s+2)

X, Ay+ (@ -A)c)

1
T s+2

@ Ay+(1-A)c)

X, Ay+ (@1 -A1) d)'

JtdA
1 | o%f
512 am(a Ay +(1- /\)d)' dA
(b-x)(y-c) -1 92 f
*mfm‘l'[(s”)(m) S (x Ay + (- 1)0)
0
. il b, A 1-A dA
S+2 3t3A( y+( )C)]
i

31 X, Ay+ (1 - A)d)'

1
(b—x)?*(d-y)’ -1
TTb-a@d-9 f'l_A|[(s+1)(s+2)
0
P
oA

_1
S+ 2

(b,Ay+(1-A1) d)H dA.

2
Using coordinated s—convexity in the second sense of ';t—a;' again and computing
all integrals, we obtain

1

d d
m A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv




On Some Hadamard-like Inequalities 303

—(d- y)bf‘f(u d)du - (y - c)vf‘f(u c)du—+~fljnf(u v)dudv‘

. &= a)’ (y - )’
- (b-a)(d-¢)
1
1 P
x{fM_l|[(s+l)(s+2)( ataA(Xy)J’(l_A) 'M(XC))]
A—1f|-— p oy 2
jw |[s+2( 8@A®y)+( )§§X@Cﬁ]
(x—a)* (d - y)°
(b—a)(d-c)
1
1 ot
X{f|l_/\|[(s+l)(s+2)( 8t8A(X y)+@-Ay 8t8A dA
1-4]-—2 T K B d/\
f\ -2 (% e @+ - 27 5
(b—x)* (y—c)’
(b—a)(d-c)
1
-1 % f 9% f
X{[M_“@+n@+m( 8@Aay)+a AY a@ﬂXQH
0

1
1 (| 9*f .| P?f
+f|A—1l[—S+—2(A ‘m(b,y)|+(l—A) S0 (b, c)
0

o

(b-x)?(d-y)’
To-a)@d-c

{f” eroeralt
ool

2
o1 %)

8t8A & d)|

)]}

2§

0= 550

ataA (®.Y)
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Computing the above integrals,

1
(b-a)(d-c)

b b b d
—(d—)’)ff(U,d)dU—(y—c)ff(u,c)du+fff(u,v)dudv‘

(x—a)°(y-c)

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

(b—a)(d-rc)
| (x )‘ AN
s+ 17 (s +2) s 0 G+ 1) (s 27 |or &
1 % f 1 02§
" (s+1) (s + 2)* |tdA @)+ 2| Jtor (ac) }
(x-a)’(d-y)’
“b-ad-c
1 I f 1 o2t
8 {(S + 1)2 (S + 2) ata/\ (X, y)| + (5 + l) (5 + 2) JtoA (X/ d)'
1 1 9% f
" (s+1)(s + 2)° 3&9/\ @ y)‘ 2 | JtdA (a d)‘
+(b—><)2(y—c)
(b—a)(d-rc)
X{ 1 0% f x )' 2 f " C)'
s+ 102+ 22 |01 P s (s o7 |atoa &
1 o’ f 1 | o
cr D627 |aor ™ y)‘ Y2y oo ¢ )|
(b—x)°(d-y)’
(b—a)(d-c)
1 82f aZf
d
><{(s +1)? (s +2)* |dtdA & y)‘ (s+1) (s +2)? |9tdA & )‘
1 0°f 1 aZf
+(s +1)(s+2)? |dtdA b y))+ 7 | 7t9n @ )
Thus
1 : p
m A—(x—a)ff(a,v)dv— (b—X)ff(b,v)dv
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b b b d
—(d—y)ff(u,d)du—(y—c)ff(u,c)du+fff(u,v)dudv‘

[«x—®2+m—93«y—®2+w—yfn 1

IN

(b—a)(d—c)(s+1)°(s+2)° T Y)|

(x=a)*((y = 0)° + (d - y)) )| 02 o)
(b—a)(d—c)(s+1)(s+2)°||JtIs Y

(b—x?((y - 0)* + (@ - y)) | o2
+ > (by)
(b—a)(d—c)(s+1)(s+2)*||dtds

(v - o) ((x—a)? + (b - x)?) )| 921
i (%)
(b—a)(d—c)(s+1)(s+2)?*]|dtIs

d-y)y ((X —a)’ +(b- x)z) 92 f |
" (x, d)
(b—a)(d—c)(s+1)(s+2)?*]|dtds

+

1

aos & d)‘
Pt
dtds

2 (x—a)* (d - y)’
otds @ C)| " (b—a)(d—c)(s+2)?
2 (b—x°(d-y)
dtds (b—a)(d —c) (s + 2)

(x —a)’ (y — c)’
(b—a)(d —c) (s + 2)?
(b-x)?(y—c)’
(b—a)(d—c)(s+2)°

which completes the proof. O

(b, c)| +

(b, d)

|

Corollary 2.1. In Theorem 2.1,
(1) if we choose x = a, y = ¢, we obtain the following inequality;

f(b d) — (b—a)ff(bv)dv (d—c)ff(u d)du+fff(u v) dudv

5969
(b-2)(d-©)
(s + 2)
1 2 1 | o°f A 1 o d b d
4@Hyam@®+azam“®+wlﬁﬁ‘) ﬁﬁ“’}

(2) if we choose x = b, y = d, we obtain the following inequality;

d b b d
Wl(d—c) f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv

(b-2a)(d-c)
(s + 2)
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[1
(s +1)°

(3) if we choose x = a, y = d, we obtain the following inequality;

f(bc)—(b- a)ff(bv)dv (d—c)ff(uc)du+fff(uv)dudv

% f
JdtoA

9% f 1

(b,d) + 0% f 1
ItIA s+1

dtoA (@, d)| * s+1

(b, c)| +

()

|

&t¢9/\

(b-a)(d-c) a)(d c)
(b—-a)(d—-c)
(s + 2)2
1 |0 1 | o?f b,d 1 | Pf o?f
[(s 1) ata)\(’) s+1 ata)\( N+ s+1|JtoA HEZ ]

(4) if we choose x = b, y = ¢, we obtain the following inequality;

f(a,d)—(b- a)ff(av)dv (d—c)ff(ud)du+fff(uv)dudv

(b-a)(d-c) 61)(0I c)
(b—a)(d-c)
(s + 2)?
1| %t X 1 |2 1 |2 g
“lee e |o0r @Ot st |aea @O si1|aea ataA @ )

Remark 2.1. From sum of four inequalities above, we obtain;

d b b d

f(b,d)—(b—a)ff(b,v)dv—(d—c)ff(u,d)du+fff(u,v)dudv
: d : b : bc d

+ f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
Cd ab ab Cd

+ f(b,c)—(b—a)ff(b,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
Cd ab abcd

+ f(a,d)—(b—a)ff(a,v)dv—(d—c)ff(u,d)du+fff(u,v)dudv

2 2
(b—a)°(d-c) v

(22

(s + 1)
i i i
[ataA (b’d)‘J' aon @O+ 5er @9 * 8to7)\ @ d)‘
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Corollary 2.2.
following inequality;

f(ac)+ f(ad)+f(bc)+ f(bd

)

4(b-a)(d-c)

1 0% f

a+b c+d

(b—a)(d—c)[

(s + ]_)2 dtoA (
d*f

1

2 72
i

c+d

)l

I
o

ac+d
oA\ 2
82f(

a+b
oA\ 2

2

4(s+2)2
+2(s+l)
1

+2(s+1)

{
o

JtoA
Theorem 2.2. Let f :
A =[a,b] x

(a,0) + oA

A = [a,b] x

f
(a d) +

dtoA (b'
% f
JdtoA

2f

oA

a+b
2

2

In Theorem 2.1, if we choose x = &2,y = &

d
B 2(dl— C)cf

ata)\

c+d

(b, d)‘

307

in (2.1), we obtain the

d
1
2(d_cff(b,v)dv
b b b d
;ff(u d)du—#ff(u c)du+;fff(u v) dudv
2(b-a) ! 2(b—a) ’ (b—a)(d-c) ’

)
I

(b, c)| +

[c,d] — R be a partial differentiable mapping on

2 2¢ |4 A . .
[c,d] and ;_a; eL(A). If |%| ,q > 1,is as—convex function in the second

sense on the co-ordinates on A, for some fixed s € (0, 1], then the following inequality holds;

(2.3)

1
(b-a)(d-c)

b b b d
—(d—y)ff(u,d)du—(y—c)ff(u,c)du+fff(u,v)dudv‘

< X

(p+1)F (s+1)8

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

(aP(y-of (|1 |2r |
{ b-a)([d-oc) (ataA( |+ 557 0 * 55 @Y} *
(x—a)?(d—y)? (| 2f | 92f b 92t
b-a)@d-0 (ataA(X’y) *aen %I *+5Er @) *
(b —x)?(y —c)* (| 9%f | 92f b 92t
Th-ad-o (ataA( Y| 30 %9 (G O+

q

q

q

ata)\

2
oA

2

oA

f
(b, c)

(ac)

f
(a, d)

)
)

)

Q-

1
q

al-
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q a a

2

82
oA

82

% f
oA (b,y) +

f
Ston xy)| + (x,d)| +

d
oA b

(b—x)°(d-y)?
Th-a@d-09 (

Q)%}
wherept+qt =1

Proof. From Lemma 1.1, we have

1
(b—a)(d-c)

b b b d
—(d—y)ff(u,d)du—(y—c)ff(u,c)du+fff(u,v)dudv‘
2

1
L (x= x-a’(y-o°
= (b—a)(d—c) B[

1
L -y y)?
I(t—1)(1-A)
(b a)(d-c) Off

0

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv

2

Ston dAdt

I(t-1) (A -1

(tx+(1-t)a, Ay+(1-A)c)

o
N —

82
8t8)\(tx+(1 t)a, Ay + (1 - /\)d)'d/\dt

% f

1 1
LO-%(y—cf
BCEDICESE ff' — DA =Dl 555 (tX+ (1 -9b, Ay + (1 - A) ¢)] dAdt
0 0
1
Gl (b-x*@d-y)’ y)
BCEDICED) ff'ﬂ 3% —t)b,)\y+(l—)\)d)‘d/\dt.

By using the well known Hdolder inequality for double integrals, then one has:

1
(b—a)(d-c)

—(d- y)ff(u d)du—(y—c)ff(u c)du+fff(u v)dudv]
1 p
W[ f f (t-1) (A - 1)|pd/\dt]
1 1 q
X dAdt
= |

(2.4)

A-(x-— a)ff(av)dv (b - x)ff(bv)dv

1
q

ETERN (tx+(1-taAy+(1-A)c)
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1 1 p
(x - a) (d - y)[ ]
0 — I(t—1) (1 - A)[dAdt
(b-2a)(d-c) Bf Bf
X dAdt
[0 0 ]
b-xP(y—cf( [ ( E
e -ty (A -1)P d/\dt]
(b—a)(d—c) {Of Of
1 1 q
X dAdt
b-x2@d-y7P [ [ | ’l’
e |(1—t)(1—/\)|pdAdt]
(b—a)(d-c) [Of Bf

1 1 q %
[ [ [l dm]
0 0

Since 'am , 0> 1, is s-convex function in the second sense on the co-ordinates
on A, for some fixed s € (0, 1], we know that for t € [0, 1]

Q-

(tx+(1-taAy+(1-A)d)

ata)\

ata)\ (tx+(1-t)b,Ay+ (1 -A)c)

(x+(1-t)b,Ay+(1-A)d)

oA

2 a

(tx+(1-t)aAy+(1-A)c)

oA
2§ a 2 f q
8t8/\(x Ay+@L-A)c)| +(@-1t)° 8t8A(a Ay+ (1 -A)c)
92 f a 2§ q
S S
< t(/\ _8t8/\(x y)| +@-A) 8t8/\(x c) )
&2 q q
f— S —
+a-y (A a1 @) 8t<9/\ @9 )

Hence it follows that

(2.5)

al

ETER (tx+(1-t)aAy+(1-A)c)

e

g
dAdt
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L q q
S3s S (1 _
[f f {” ap V)| FEA-AY ataA
0 0
92f q q i
—_t)¥ AS —_
+(1-t°A ata/\(ay) +(1-1)°1-A)° &a/\(ac) }dtdA)
1 o2f g 2¢ q 2 g 2 N
T 1) (8t8A( |+ |57 ®0) * 55 @Y)| * 557 @0 )

. . . o |¢ . .
A similar way for other integral, since ,q > 1, is co-ordinated s-convex func-

JtoA
tion in the second sense on A, we get

(2.6)
1 1 . %
[f f soq X+ A -Daty+(1-2)d) dsdt]
0 0
1 azf a 82 q &2 q Zf q %
ﬂ( atax V) ¥ |aar % D) *{5Er @) *5er @9 )
2.7)
1 1 . %
[f f 3t (X+ (1= 0b Ay +(1-2)c) dsdt]
0 0
1 92 f 9| 927 L O | a2 ol
= M(am( V| + 1537 %O *+ 57 OV *+ |55 09 )
(2.8)
1 1 . %
[f f Soq X+ A -0b Ay +(1-A)d) dsdt]
0 0
1 o2 f 9| g2f (I O | a2 ol
= e (8&9A( V| |5z @D+ 557 OY) +i5E 6 )

By the (2.5)-(2.8), we get the inequality (2.3). O

Corollary 2.3. In Theorem 2.2,
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(1) if we choose x =a, y = ¢, or x = b, y = d, we obtain the following inequality:

(2.9)
d
1 b
CEDICED) f(b,d)—(b—a)Eff(b,v)dv—(d—c)fa f (u,d)du
b d
+fff(u,v)dudv
(p+1)§(s+1)§
22 f 9 2§ g 2¢ 4| 52 a:
(m("’“’) 8t8/\( D +1557 ©9) * |55 @9 )

(2) if we choose x = b, y = d, we obtain the following inequality;

d b
Wl(d—c) f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du
b d : :
(2.10) +fff(u,v)dudv
< (b—az(d—c)2
(p+ 1) (s+1)
22f @ | 2f @ | 25 9| g2 a0\
(ata/\(’ 2 oA (b ©) &taA( ad HEEN @) )

(3) if we choose x = a, y = d, we obtain the following inequality;

d b
1
9@ f(brC)—(b—a)Cff(b,V)dV—(d—C)aff(u,c)du
b d
+fff(u,v)dudv
211) < _b-a)@d-¢)
- (p+1)§(s+1)§
92 f q 2§ q 92 f q 92t q %
(ataA( ) +1557 @9 (57 OO + 551 O C))
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(4) if we choose x = b, y = ¢, we obtain the following inequality;

d b
1
Gonag(@D-06-9 [Tavw-@-o [ 1udd

b d
+ff f (u, v) dudv
a C

212 < £=¥@-9
C (1) s+ D)

( o2 f q 02 f

a q

1
q

82
* 151 @9

2
* 1501 @9

, We obtain the following inequality;

o1 9| +|5gx ®9

(5) if we choose x = &2y = &4

)

f@ag+f@d+fbo+fbd 1 )ff(av)dv

4(b-a)(d-c)
. d
- (d_c)cff(b,v)dv.
b
1
_—Z(b—a)ff(u d)du— )ff(u c)du
(b—a)(d C)fff(uv)dudv
(b—a)(d-c)

16 (p + 1)% (s+ l)%

1
2 f (a+b c+d)q d

'

q 2 £

* 1501 @9

oA\ 2 7 2

{

. 22 f a+bC
dtor\ 2 7

. 2?2 f ac+d
oA\ 2

. 2*f (a+b c+d q+ 2f (a+b d q+ % f ac+d q+ % f (ad)q%
dtoA\ 2 7 2 dtoa\ 2 7 oA\ 2 ator
(|2 (axb c+d) | O fax bC | b Ct | (bc)q%

dtoA\ 2 7 2 atoA ! dtoA 2 ator
I (arb crd\' |26 faxb N | £+ | (bd)q%
oA\ 2 7 2 oA\ 2 7 JdtdA 2 otar '
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Remark 2.2. From sum of (2.9)-(2.12), we obtain;

d b b d

f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
C d : b : cb d

+ f(a,d)—(b—a)ff(a,v)dv—(d—c)ff(u,d)du+fff(u,v)dudv
Cd ab ab Cd

+ f(b,c)—(b—a)ff(b,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
Cd a b a bC .

+ f(b,d)—(b—a)ff(b,v)dv—(d—c)f f(u,d)du+fff(u,v)dudv

(2.13)

< 4(b—a) (d—c)

- (p+1) (s+1)°I
2t [y folee (o [ef [\
(Eﬁ@d mmﬁm mm®) mmwm)

Theorem2.3. Let f : A = [a,b] x [c,d] — R be a partial differentiable mapping on
A =[a,b] x[c,d] and ;;A eL(A). If |aw ,q > 1, is as—convex function in the second
sense on the co-ordinates on A, for some fixed s € (0, 1], then the following inequality holds;

(2.14)
1
m A—(x- a)ff(av)dv (b - x)ff(bv)dv
(- y)ff(u d)d“_(y‘c)ff(u C)du+fff(u V)dudv]
2%

IA

—— = X
(s+1)i(s+2)

(x—a)°(y —c)’
(b—a)(d-c)

2
Jton (ay)

(x—a)’ (d-y)° (] &
Tb-a@d-o {am (xy)

a 2 q

oA

q } %
2
Jtar

+(s+1) (x,c)

ataA (x¥)

q

+(s+1) +(s+l) (a,c)

ata)\

q q

+(s+1) (x,d)
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q } %
2
oA

Q}%

2

2 q

W(HIY)
G x)’ (y — o)’ {

2

+ (s + 1) o0

+(s+1)

(a,d)

q

+(s+1)

o7 %) 0|

q

(b—a)(d-c)

2
Ston (b, y)

+(b x)’ (d - y)?
(b—a)(d-c)

2

oA (b, y)

2 f

+(s+1) Ston

+(s+1)

(b, c)

q

f
o1 %9

-(x- a)ff(a v)dv — (b — x)ff(b V) dv

+(s+1)

8t8A (%, y)

q 2

+ (s + 1) o

+(5+1)

(b, d)

Proof. From Lemma 1.1, we have

L A
(b—a)(d-c)

—(d- y)ff(u d)du—(y—c)ff(u c)du+fff(u v)dudv‘

()Eb_a;)g_ 2l ffl(t— MA —t)a, Ay + (1 A)c)|dAdt
Wfljm—l)(l—m i (tx+ (L -t)ady+ (- )\)d)'d/\dt
(b-—a)(d-c) J oA
b-xP(y—cf [ [ 24

0 0

1 1
Lb-x*@-y)y 2f ‘
e [(A-1)((1-A) (tx+ (1 -t)b, Ay + (1 — A)d)[dAdt.
(b—a)(d-c) Ofof oA

By using the well-known power mean inequality for double integrals, f : A - R
is coordinated s-convex in the second sense on A, then one has:

1

(2.15) CEPIEER)

d d
A—(x—a)ff(a,v)dv—(b—x)ff(b,v)dv
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p b b d
_(d_y)ff(“fd)du_(y—c)ff(ufc)dwfff(u,v)dudv‘
( )2( )2 11 1-3
x—a)(y—-c
= m[ffl(t—l)m—mmdt] X
0 0
11
[ frve
0 0
=

1 1
-2~ y){ ]
_ — [(t—1)(1 - A) dAdt X
MCEPICED Of Of

1

q q
d)\dt]

9% f
Ston (tx+(1-t)a,Ay+(1-A)c)

1

1 1 2 q q
[ff|(t—1)(1 Al ﬁ(tx+(1—t)a,/\y+(l—A)d) d/\dtJ
0 0
Lo y-cf[ [ A
X) (y-c¢ B
(b SICED) [Ofofl(l (A - 1)|dAdt] X
1 1 f q %
[ff| -t)(A - 1)||m(tx+(1—t)b,/\y+(1—/\)c) d/\dt]
0 0
Lo-P@-y*(
S| [ fra-ve-woun)
1 1 f q %
[ff| -t)@-A) &ta/\(tx+(l t)b,Ay+(1-A7A)d) d/\dt]
0 0

Since |am is s—convex function in the second sense on the co-ordinates on A,
for some fixed s € (0, 1], we know that for t € [0, 1]

2 q

f
ETERN (tx+(1-taAy+(1-A)c)

2

q 2 a

+(1-1)° ETER (a,Ay+(1-A)c)

f
ata)\ x,Ay+ (@ -A)c)
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and

2 q

f
ETER (tx+(1-t)aAy+(1-A)c)

2 f a 2 q

2
S1S
tA 5 V) Jon

+t5(1-A)°

(x,c)

a q

9% f
+(1 _t)SAS &ta/\ (a/ y)

+(Q-1°@Q-A)°

&ta/\
hence, it follows that

(2.16)

2 q ¢
o (tx+(1-taAy+(1-A)c) d/\dt]

[fflnt—l)(a—m aa
0
11
<[Ofof{|(t—1)(A NG
2

t—-1)(A-1)Q-1)°A° o
+(t-) (A -DIL-1Y &m(ay)

q

7 q t-1)(A-1)tt(1-A 7
Ty DA DI |2 o)

q

q :
} dtd/\)

+|t-1) (A -1 aa/\ (a,c)
_ { 1 i x )“ 1 AR C)“
T s+ 1% (s+2)7 |tdA Y (s+1)(s+2)? |9 ™
1 92 f a 2 q %
T et )12y 8t8A( ay)| +2) atox @©) }
1 9 f d 2 f 4
T erDiGr2) {am Xy +6+1)|557 %0
2 02 f q %
+(s+1) m(a,y) +(s+1) &ta/\(a c) }

2¢ 14
A similar way for other integral, since '%' is co-ordinated s—convex function in
the second sense on A, we get
q
dsdt

, @
o (tx+(1-t)a Ay+(1-A)d)

11

o0°f

(2.17) [ (t-1) Q- Dl|5757
(f()f

d
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1 P f d 2¢ q

S e {am )| + 6+ D557 D
2 q , a
+(5+1) m(a,y) + (s + 1)? o1 (a, d) }

2
3 (tx+(1-t)b,Ay+ (1 -A)c)

11

o0°f

(2.18) [ I(1-1) (A = Dl| 53
Bfof

otds

1
q q
dsdt]

a 2 q

oA
Q}%

(tx+ (L - )b, Ay + (1 — A)d)

2
o1 )

q

+(s+1) (x,¢)

IN

ol
(s+l) (s+2)q
2

51 &) o)

+(5+1)

8t8A

1

q q
dsdt]

2

11
0°f
(2.19) [ I(1-1) (21— )
Il

dtoA

2 q 2 q

EIER (X/ y)

f
(x,d)

+(s+1) ETEI

IN

oo
(s+ 1)5 (s+ 2)5

2

By the (2.16)-(2.19), we get the inequality (2.14). O

Q}é

2

ator &9

+(s+1) +(s+l)

Corollary 2.4. In Theorem 2.3,
(1) if we choose x =a, y = ¢, or X = b, y = d, we obtain the following inequality;

(2.20)

1
(b—-a)(d-c)

b d
+ff f (u, v) dudv
a C

223 (b—a)(d—c){ 2t
; ; (CHY)
(s+1)i(s+2) dtdA
q

d
b
f(b,d)—(b—a)ff(b,v)dv—(d—c)f f (u, d) du

q 2 q

oA

Q}%

(a,d)

+(s+1)

2
oA

2

atn 09

+(s+1) +(s+l) (b,d)

317
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(2) if we choose x = b, y = d, we obtain the following inequality;
(2.21)

1
(b—a)(d-c)

b d
+fff(u,v)dudv
a C

%% (b—a)(d—c){ P f
(s+ 1)5 (s+ 2)5 JtdA
2 q

JdtoA

d b
f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du

a q

P
1 9

Q}%

(3) if we choose x = a, y = d, we obtain the following inequality;

(b,d)| +(s+1)

% f

+(s+1)2 St

+(5+1)

(a,d)

(ac)

1
(b-a)(d-c)

b d
+ff f (u,v) dudv
a C

2274 (b—a)(d—c){ 2t
(s+ 1)5 (s+2)§ dtdA
2 q

dtoA

d b
f(b,c)—(b—a)ff(b,v)dv—(d—c)ff(u,c)du

a a

2t
o1 @9

Q}%

(4) if we choose x = b, y = ¢, we obtain the following inequality;

(2.22)

(@ d)] +(s+1)

2

dtoA

+(5+1) (b, d)| +(s+ 1) (b, )

d b
Wl(d—(:) f(a,d)—(b—a)ff(a,V)dV—(d—C)ff(U,d)dU
b d
+fff(u,v)dudv
224 (b—a)(d—c){ 9%t ‘ 2t ‘
223) < > ; (b,c)| +(+1) |55 (bd)
( ) (s+1)i (s +2)i JtoA oA
2 q 2 a0 3
+(s+1) ;tTf/\(a’c) +(s+1)>° ;t—af)\(a,d) } .
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(5) if we choose x = &2y = &4 e obtain the following inequality;

f(a,c)+ f(a,d)+ f(b,c)+ f(bd) 1
ib-9@-0) " 2@- )ff(”)dv

d
1
——2(d_c)ff(b,v)dv
1 b 1 2
mff(u,d)du—mff(u,c)du
1 b d
+maf€ff(u,v)dudv

< (b—a)(d-c) _x
4(2(+1)(s+2))
2*f (a+b c+d q+(s+1) 2*f (a+b ] a
JtoA 2 2 JdtoA 2’
2t ([ c+d\| 0 ¢
T+l ataA(a’ 2 ) T+l ataA )
2f (a+b c+d\[ % f a
+((9t8/\( 22 ) Tl ataA( d)
2f ([ c+d\| o\ §
+(s+1) &ta/\(a — ) + (s +1)° &ta/\(ad))

. *f (a+b c+d (54 1) *f (a+b 3 d
oA\ 2 7 2 aorl\ 2 7

Pt c+d) iy

REREITRET

?f (a+b c+d 22f (a+b \[
+[&t8/\( 27 2 ) T+l &ta/\( d)
P [ c+d\ 2f [

+(s+1) 8t8/\(b > ) + (s + 1) 8t8/\(b d))

Remark 2.3. From sum of (2.20)-(2.23), we get;

d b b d
f(a,c)—(b—a)ff(a,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
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d b b d

+ f(a,d)—(b—a)ff(a,v)dv—(d—c)ff(u,d)du+fff(u,v)dudv
cd ab ab cd

+ f(b,c)—(b—a)ff(b,v)dv—(d—c)ff(u,c)du+fff(u,v)dudv
Cd a b a bC .

+ f(b,d)—(b—a)ff(b,v)dv—(d—c)f f(u,d)du+fff(u,v)dudv

4(b—a)’(d —c)’
(2(s+l)(s+2))q
92 f a 2 § q q 2 q%
{( 301 (@c) +(s+1) ETE (@ad)] +(s+1) aa/\ (0| +(+1)° ata/\(b d) )
25 q 25 q 25 N
+((s+1) T +(s+1) ETEN (@ad)] +(s+1) ETEN (b,c) Eh (b, d) )
a 2 a 2¢ q 2 G\a
+((s+1) ETE (a,c) Eh (ad)| +(s+1)° Ston (b, o) +(s+1) e (b, d) )
q 25 q 25 q a3
+ (S+1)‘¢9t3/\ (a,c) 8tz9/\ (a,d) 1500 (b, o) +(s+1) 3t¢9/\ (b, d) ) }
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