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ON ESTIMATES FOR THE DUNKL TRANSFORM IN THE SPACE
L2(IRY, wi (x)dx)

M. El Hamma, R. Daher and A. Khadari

Abstract. Two useful estimates are proved for the Dunkl transform in L2(IRY, wy(x)dx),
where wy is a weight function invariant under the action of an associated reflection group,
on certain classes of functions characterized by the generalized continuity modulus.

1. Introduction and preliminaries

In [2], Abilov et al. proved two useful estimates for the Fourier transform in the
space of square integrable functions on certain classes of functions characterized
by the generalized continuity modulus, using a translation operator .

In this paper, we prove two useful estimates in certain classes of functions character-
ized by a generalized continuity modulus and connected with the Dunkl transform
in the space L%(IRY, wy(x)dx) analogs of the statements proved in [2]. For this pur-
pose, we use a generalized spherical mean operator.

We consider the Dunkl operators D;; 1 < i < d, on RY, which are the differential-
difference operators introduced by C.F. Dunkl in [4]. These operators are very
important in pure mathematics and in physics. The theory of Dunkl operators pro-
vides generalizations of various multivariable analytic structures, among others we
cite the exponential function, the Fourier transform and the translation operator.
For more details about these operators see [3, 4, 5]. The Dunkl Kernel Ey has been
introduced by C.F.Dunkl in [6]. This Kernel is used to define the Dunkl transform

Let R be aroot system in IRY, W the corresponding reflection group, R, a positive
subsystem of R (see[3, 5, 7, 9, 10]) and k a non-negative and W-invariant function
defined on R.

The Dunkl operators is defined for f € C1(RY) by
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of f(x) = f(0n .
D;f(x) = a_><,~(x) £y k(a)ajw, xeR!(1<j<d).

aeR,

Here (, ) is the usual Euclidean scalar product on R? with the associated norm
|.l and o, the reflection with respect to the hyperplane H, orthogonal to «, and

aj = <a/ ej>/ (el/ €2, ...s ed)

being the canonical basis of RY.
The weight function wy defined by

w9 = [T KE0P®, x e R,

CeR,

where wy is W-invariant and homogeneous of degree 2y where

y=y(R) =) kO >0.

CeRy

The Dunkl Kernel E, on R x RY has been introduced by C.F. Dunkl in [6]. For
y € RY the function x — Ey(x, y) is the unique solution on RY of

Dju(x, y) = yju(x,y) for 1<j<d
u@©,y)=1 forall yeR“
Ey is called the Dunkl Kernel.

Proposition 1.1. [3]
Letz,we Cand A € C. Then

[EN

. Ek(Z, 0) =1
. Ex(z,w) = Ex(w, 2).

. Ex(Az, w) = Ex(z, Aw).

A WD

. Forallv = (vy,...,vq) € N9, x € RY, z € CY, we have
195Ex(%, 2)| < [X|"exp(XI[Re(2)I),

where

) ol

=, |V =vi+..+1g.
z 82?...825‘*'
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In particular

|97Ex(ix, 2)| < |X[",

for all x,z € RY.
The Dunkl transform is defined for
f e LI(R?) = LY(RY, wi(x)dx)
by
o=t [ 109E-ic mod,
R

where the constant ¢ is given by

iz
Ck :f e 2 wy(z)dz.
IRd

The Dunkl transform shares several properties with its counterpart in the clas-
sical case, we mention here in particular that Parseval Theorem holds in

L2 = L2(RY) = L2(RY, wi(x)dx),

when both f and f are in L&(le), we have the inversion formula

F0 = f F(O)E(ix, OWL(E)de, x € RY.
R¢

The Dunkl Laplacian A is defined by

In Lﬁ(]Rd), consider the generalized spherical mean operator defined in [8] by

M9 = o f (AR, (x € R%h > 0)
Sd*l

where 7, Dunkl translation operator (see [10, 11]), n is the normalized surface mea-
sure on the unit sphere $9-1 in RY and set dn(y) = wk(X)dn(y), 7« is a W-invariant
measure on S41 and dy = 7(S%).

We see that M f € LZ(R?) whenever f € LZ(R?) and
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||th|||_§ < ||f|||_§,
forallh > 0.
For p > —3, we introduce the normalized Bessel function of the first kind j;
defined by

—1)i(2)2
=15~ cC

i =r 7 AN/ .
in(2) (p+l); TarpsD

The first and higher order finite differences of f(x) are defined as follows

Zyf(x) = (Mh = D (x),

where | is the identity operator in LZ(R?).

ZPH(X) = Zn(ZP () = (M = )™ F(x) = Y (=)™ M £(x),
i=0

where ) .
Mﬁf(x) = f(x), MLf(x) = Mh(ML‘lf(x))

fori=1,2,...mandm=1,2,.....
The m™ order generalized modulus of continuity of function f € L2(IRY) is defined
as

Qm(f,6) = sup ||thf(X)||L2.
0<h<s k

Let Wg"q;(Ak) denote the class of functions f € LZ(RY) that have generalized
derivatives satisfying the estimate

Qm(Af,0) = O(@(©d™), 6 — 0

WA = (f € LIRY) / ALf € LARY  and Qu(ALf,6) = O(@(™), 6 — 0},

where ¢(t) is any nonnegative function given on [0, co). For the Dunkl Laplacian
Ay, we have AXf = f, ALf = A(A7H),r=1,2, ...

In view in [8]:

(MaF)(E) = i) g_; (NIEDT(E)
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i.e
M1 = [ 052 CIED OB, )
]Rd
and
() = f FOEi%, W (E)dE.
IRd
We have
(1.1) Mpf(x) — f(x) = f(jy+g_1(hlél)— 1) F(E)Ex(ix, )Wi(&)dE.
RY
Invoking Parseval’s identity (1.1) gives
IMA () = I, = f s (hIED — PIF()Pwi(E)de.
RY
In view [3, 5] we can write
(12) ©iD) =iyif(y); i =1,....d; y e R

From formula (1.2), we obtain

ZIATH() = 1EP (g -y (MIED — DF (),

By Parseval’s identity we have

(1.3) IIthALf(X)IIZLE = flél“rlj},+g_1(hlél) - 1|2m|ﬁ5)|2Wk(§)d5~
]Rd
2. Estimates for the Dunkl transform

Theorem 2.1. Givenk,¢,r,mand f € Wg:;(Ak), then there exists constants C,C’ > 0
such that the following inequality holds, for all N > 0

f| | TePmE)s < CN (e
E|>N
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Proof. In the terms of jy(x), we have (see [1])

(2.1) 1-jp(x) =0(@), x> 1.,
(2.2) 1-jp(x)=0(x?), 0<x<1,
(2.3) VhxJs(hx) = O(1), hx > 0.

where Jp(x) is Bessel function of the first kind, which is related to Jy(x) by the
formula

2T(p+1
(2.4) b(x):%%(x), forall xeR".

For a given f ¢ W;':;(Ak) and N > 0 let I(N) = f\é\ZN du(&) where dy = du(é) =
|F(&)Pwi(£)de.

In the rest of the proof all integrals are over the |£] > N.

Firstly, we have

25) 0 < [ i+ [ 12 g

with j = jy(hif)andp =y + % — 1. The parameter h > 0 will be chosen in an instant.
In view of formulas (2.3) and (2.4), there exist a constant C; > 0 such that

ljl < Ca(hlgly P2
Then
[ i < catomy )

Choose a constant C, such that the number C3 =1 - Clcgp_l/z is positif.

Setting h = C,/N in the inequality (2.5), we have

(2.6) Cal(N) < f|1 — jldp.

By Holder inequality the second term in (2.6) satisfies
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[ (4]

1/2m
(flél“"ll—jlz”‘lél‘”du) I(N)*-/2m

IA

f|l—j|dy:f|l—j|.l.dy

IA

IA

1/2m
N—2I’/m (f|1 _ J|2m|§|4rd}l) I(N)l—l/Zm

In view of (1.3), we conclude that

[ 1= gemerdn < iz AL 01

Therefore

fll — jldp < N_Zr/mIIZLnALf(X)IIﬁil(N)l_l/zm
For f € W;":;(Ak) there exist a constant C > 0 such that
IIthAﬂf(X)Ilﬁi < C(p(h™)2.
For h = C,/N, we obtain

C3|(N) < N—2r/m(c¢((C2/N)m)1/mI(N)1_1/2m.

By raising both sides to the power 2m and simplifying by I(N)?™! we finally
obtain

C2MI(N) < N~ (CH((Co/N)™)?,

for all N > 0. The theorem is proved with C" = CJ.
O

Theorem 2.2. Let ¢(t) = t”, then

( f ‘ |R5)|2wk(5)dé) = O(N7"™) &= f € WT(AY),
&=N

where,r=0,1,..m=1,2,...;0<v < 2.
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Proof. We prove sufficiency by using Theorem 2.1 let f € W, (A,) then

([l |ﬁ£)|2Wk(§)d§)2 = QN2
SI=N

To prove necessity let

1

( f |f“(5)|2wk(5)d5)2 = O(N2~™)
|E[=N

[ | 1F(E)Pwi(£)dE = O(N~4r-2m),
[4=\

It is easy to show, that there exists a function f € L2(IR") such that Al f € L2(R%)
and

-1 = .
2.7) ALF(x) = % f [EPF(E)Ex(IE, x)wi(€)dE.
IRd
From formula (2.7) and Parseval’s identity, we have

IZPALOE, = [ (A= g DI TP (e

This integral is divided into two:

f = f +f =l + |2,
Rd [El<N IEI=N

where N = [h~!]. We estimate them separately.

I, = f &1 (L = j)*™du(é),
|E]=N

with j = s 4(hlE]) and du(&) = |F()Pwi(E)de.
From (2.1) and (2.2), we have the estimate

L < C f gl du(e) = C ) | f £ du(e)
[£1=N =0 ¥ N+I<IEISN++
< CZH|(U|—U|+1),
1=0
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witha = (N +1+1)* and u = f|5|zN+l du(&)

For all integers n > 1, the Abel transformation shows

n
agUo + Z(al —a_1)U| — AnUns1
=1

n
doUp + Z(al — a_1)u
1=1

Z a(u — Upy1)
1=0

IA

because anun.1 > 0. Moreover by the finite increments theorem, we have a; —a_; <
4r(N + | + 1)*~1. Furthermore by the hypothesis of f there exists C’ > 0 such that,
forall N > 0,

f dy(é) < C/N—Ar—va.
[EI>N
For N > 1, we have

1 4r ) n 1 4r-1 1-2
C'(1+—) N~ 4 4rC’ E (1+—) (N + D~ —=m
N — N +1

IA

Z(a| — 1)y
1=0

IA

n
24I‘Cl N—va + 4r24r—lcl Z(N + I)—l—va.
1=1

Finally, by the integral comparison test we have

n 00

1
Z(N + I)—l—ZmV Sf X—l—ZdeX — N—2mv.
— N 2mv

Letting n — co we see that, forr > 0and m, v > 0, there exists a constant C”” > 0
such that, forall N > 1 and for h > 0,

|2 < C//N—va
Now, we estimate |; = f\é\<N IE14T(1 - j)®™du(&). For hl&] < 1 we use
11— jl < C/h?|E.

Then, we have
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flrgy
A

N-1
< C;_hAmf |é|4m+4rd‘u(é) — C;_h4m Zf |é|4m+4rd‘u(é)
[&]<N =0 VI<lI<I+1

N-1

CHR™ Y1+ ¥4~ viaa)
1=0

IA

with v, = fmzl du(&).
Using an Abel transformation and proceeding as with I, we obtain

N-1
Il < C;thlm [VO + Z((I + 1)4r+4m _ |4I’+4m)vl\]

=1

N-1
< chm [Vo + (4r + 4m)C;, Za - 1)4f+4m-1|-4f-2mV)J
I=1

since v| < C,1=4~2™ by hypothesis. From the inequality | + 1 < 2 we conclude

N-1
! 2‘ 4m-2my—1
|1SC1hm[Vo+Cé |rm—emy \]
1=1

As a consequence of a series comparison for « > 1 and a < 1 we have the
inequality,

N-1

aZI“‘l <N¢, fora>0andN > 2.
1=1

If « = 4m — 2mv > 0 for v < 2 then we obtain

I < CLh*™ (vg + C”/N“M2™) < Ch#™ (vg + Ch-4m+am”)

"

since N < 1/h. If hiis sufficiently small then vy < C”h™*m*2™ Then we have

I, < C4h2mv.
Combining the estimates for I; and I, gives
1Z3 AT (X)llz = O(™).

The necessity is proved. O
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