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Abstract. In this paper, the boundedness for some Toeplitz type operator related to the
singular integral operator on LP spaces with variable exponent is obtained by using a
sharp estimate of the operator.
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1. Introduction

As the development of the singular integral operators(see [5][14][15]), their
commutators have been well studied. In [1][12][13], the authors prove that the
commutators generated by the singular integral operators and BMO functions are
bounded on LP(R") for 1 < p < oo. In[7][9][10], some Toeplitz type operators associ-
ated to the singular integral operators and strongly singular integral operators are
introduced, and the boundedness for the operators are obtained. In the last years,
a theory of LP spaces with variable exponent has been developed because of its
connections with some questions in fluid dynamics, calculus of variations, differ-
ential equations and elasticity(see [2][3][4][6][11] and their references). Karlovich
and Lerner study the boundedness of the commutators of singular integral opera-
tors on LP spaces with variable exponent(see [6]). Motivated by these papers, the
main purpose of this paper is to introduce some Toeplitz type operator related to
the singular integral operator and prove the boundedness for the operator on LP
spaces with variable exponent by using a sharp estimate of the operator.
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2. Preliminaries and Results

First, let us introduce some notations. Throughout this paper, Q will denote a
cube of R" with sides parallel to the axes. For any locally integrable function f and
0 > 0, the sharp function of f is defined by

1 1/6
fi(x) = Sup(|—Q| f [f(y) - fqlédy) ,
Q3x Q

where, and in what follows, fq = |Q|™ fQ f(x)dx. Itis well-known that(see [5][14])

1 1/6
#(x) ~ sup inf —f f(y) - c|°d ) :
HQ) Qa‘jcec(|Q| fO) —cr'dy
We write that f* = f/ if 6 = 1. We say that f belongs to BMO(R") if f* belongs
to L*(R") and define ||f|lgmo = ||f¥|lL~. Let M be the Hardy-Littlewood maximal
operator defined by

M(f)(x) = sup|QI~: f £(y)ldy;
Qax Q

For k € N, we denote by M¥ the operator M iterated k times, i.e., M(f)(x) = M(f)(x)
and
MK(F)(X) = M(M*2(£))(X) when k > 2.

Let ® be a Young function and ® be the complementary associated to @, we
denote that the ®-average by, for a function f,
Y

. o1 [f(Y)I
||f||q>,Q_|nf{A>0.@fQCD(T)dy

and the maximal function associated to @ by

Mo (F)(x) = sup || flloq-
Q3ax

N

The Young functions to be using in this paper are ®(t) = t(1 + logt)" and Ot) =
exp(t'/"), the corresponding average and maximal functions denoted by | - [l togLy, Qs
Miogy @nd || - llexpLrr, @ Mexprrr.  Following [12][13], we know the generalized
Holder’s inequality:

1

= f I (Y)gIdy < [Ifllollglle,o

IQl Jo

and the following inequality, forr,rj > 1,j=1,--- Iwith1/r=1/ry +---+1/r, and
any x € R", b e BMO(R"),

I Fllgogtyr,@ < Migogtyr (f) < CMygogy (F) < CMY(H),
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I = follexpLr,@ < Cllfllsmo,
|f2k+1Q - f2Q| < CkaHBMO

The non-increasing rearrangement of a measurable function f on R" is defined
by
) =inf[A>0:|{xeR":[f(X)] > A} <t} (0<t< o).
For A € (0,1) and a measurable function f on R", the local sharp maximal function
of f is defined by

M3 (F)(x) = Séup Inf((f = )xQ) (AR

Let p : R" — [1,00) be a measurable function. Denote by LPO(R") the sets of all
Lebesgue measurable functions f on R" such that m(Af, p) < oo forsome A = A(f) >
0, where

m(f,p) = | [f(x)IP¥dx.
RN
The sets becomes a Banach spaces with respect to the following norm
(Il = inf{A > 0:m(f/A,p) <1}

Denote by M(R") the sets of all measurable functions p : R" — [1, o) such that the
Hardy-Littlewood maximal operator M is bounded on LPO(R") and the following
holds
1<p-=essinfp(x), esssupp(x)=ps+ < oo. 1)
XeR" xeRN

In recent years, the boundedness of classical operators on spaces LPO(R") have
attracted a great attention (see [4-7],[10],[19] and their references).
In this paper, we will study some integral operators as following(see [14][15]).

Definition.LetT : S — S’ be alinear operator such that T is bounded on LP(R")
for some 1 < py < oo and weak (LY, LY)-bounded and there exists a locally integrable
function K(x,y) on R" x R" \ {(x,y) € R" X R" : x = y} such that

T(09 = [ Ky

for every bounded and compactly supported function f, where K satisfies: for fixed
6> 0,
KX, VI < Clx —yI™"

and
K(y, X) = K(z,X)| + [K(x, y) = K(x, 2)| < Cly = 2|°[x = 2| "~°
if2ly—z| < |x—2|.
Moreover, letb be alocally integrable function on R". The Toeplitz type operator
related to T is defined by

m
To= ) TIM,T?,
k=1
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where T*! are the singular integral operator T or +I(the identity operator), T%? are
the linear operators fork =1, ...,m and My(f) = bf.

Note that the classical Calderon-Zygmund singular integral operator satisfies
Definition(see [14][15]). Also note that the commutator is a particular operator of
the Toeplitz type operator T,. The Toeplitz type operator T, are the non-trivial
generalizations of the commutator. It is well known that commutators are of great
interest in harmonic analysis and have been widely studied by many authors (see
[12][13]). In recent years, the boundedness of classical operators on spaces LPO(R™)
have attracted a great attention (see [2-4][6][11] and their references). The main
purpose of this paper has twofold, first, we establish a sharp estimate for the
operator Ty, and second, we prove the boundedness for the operator on LP spaces
with variable exponent by using the sharp estimate.

We shall prove the following theorems.

Theorem 1. Let T be the singular integral operators as Definition, 0 < 6 < 1
and b € BMO(R"). If T1(g) = 0 for any g € LY(R")(1 < u < o), then there exists a
constant C > 0 such that for any f € L°(R") and X € R",

(To(FD4(X) < Cllbllsmo Y | MATH3(1)().

k=1

Theorem 2. Let T be the singular integral operators as Definition, p(-) € M(R")
and b € BMO(R"). If T1(g) = 0 for any g € LY(R")(1 < u < o) and T*? are the
bounded linear operators on LPO(R") fork = 1, ..., m, then T, is bounded on LPO(R"),
that is

ITo(FlIeo < Clibllemoll fllLpo-

Corollary 1. Let [b, T](f) = bT(f) — T(bf) be the commutator generated by the
singular integral operator T and b. Then Theorems 1 and 2 hold for [b, T].

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 1.([5, p.485]) Let 0 < p < g < co. We define that, for any function f > 0
and1/r=1/p-1/q,

[Ifllwee = sup Al{x € R™ 2 £(x) > AHY9, Npq(f) = sup [If xelleo/Ilxellr,
A>0 E

where the sup is taken for all measurable sets E with 0 < |[E| < co. Then
[ fllwes < Np,g() < (@/(@ = p)Pll fllwis.

Lemma 2.[12] Letr; > 1 for j=1,---1, we denote that 1/r = 1/ry +-- -+ 1/r;.
Then

1
Ql f [f10) - - - fiO)gCAAX < [ FllexpLra,@ « -+ I fllexpLn,QlIg1L oLy -
Q
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Lemma 3.([6]) Let p : R" — [1, o0) be a measurable function satisfying (1). Then
Ly (R") is dense in LPO(R").
Lemma 4.([6]) Let f € L}OC(R“) and g be a measurable function satisfying
{x € R" : [g(X)| > a}| < oo forall a>0.
Then
[T (X)g(x)ldx < Cnf Mjn(f)(x)M(g)(x)dx.
RN RN

Lemma 5.([6]) Let p : R" — [1, o) be a measurable function satisfying (1). If
f € LPOR") and g € LPO(RM) with p’(x) = p(x)/(p(X) — 1). Then fg is integrable on
R" and

[T (x)g()ldx < ClI oo llgllpe-
Rl'l

Lemma 6.([6]) Let p : R" — [1, o) be a measurable function satisfying (1). Set

Hﬂmozam{j‘H@M&Wﬂ:er“@%geL“%R%}
Rn

’

Then [[f{lo < Il < Clifllo.
Lemma7.([6][8]) Leto >0,0<A<landf e LfOC(R”). Then
MA(f)(x) < (1/A)YF2(x).

Proof of Theorem 1. It suffices to prove for f € L7’(R"), the following inequality
holds:

1/6 m
(l_clal f ITo(F)() — G dx) < Cllllawo ), M*(T¥())(R).
Q k=1

Without loss of generality, we may assume T%! are T(k = 1,..,m). Fix a cube
Q = Q(xo,d)and X € Q. By T1(g) = 0, we have

To(F)(X) = To-bye (F)(X) = To-bag)rao (FX) + Tio-bao)ipoe (F)X) = f1(X) + f2(X)

and

15
(%l fQ 7)) — o) dx)
1/6

L [ineors) o[ [ eo-uoore -
) C(|Q|fQ'f1(X)' dx) +Clig fQ 1209 - Booldx| =11+ 1z

For Iy, by the weak (L', L!) boundedness of T and Lemma 1 and 2, we obtain

1 k,1 k,2 o e
@ o |T . M(b—sz)XzQT g (f)(X)l dx
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|Q|_l |“—k’l'\/I(b—sz))(zQ-I—krz(f))(Q”L‘S
|Q|1/6—1

CIQIIT Mip-bag)raq T (Pl

C|Q|_l||M(b—b2Q)X2QTk’2( f)”Ll

cloft fz 1069 ~ gl T2

N

N

N

N

Cllb - b2Q||e><p|_,2Q||Tk’2(f)||L(|og|_),2Q
ClIbllamoM(T*2(1))(%),

VAN

thus

m o O\
Il < CZ(@L|Tk’1M(b—b2Q)X2QTk’2(f)(X)lbdx)

k=1

< Clbllswo ) MA(TH3(1)().
k=1

For I,, we get, for x € Q,

T Mo-bao)aor TEA(F)X) = T Mip-byg)p0e TEA(F)(X0)]

< f(z 19000 = bl Y) = Ko TNy
< cil fz . sz|7|X'::§fn'; TE(F)(y)Idy
< Cg‘ 2—16|2j+11 5 fz o PO baol T“*(F)(y)ldy
< C i 271p - szIIexpL,2j+1q||Tk’2(f)|||_(|og|_),2i+1Q
j=1
< cijz-iéubuwoMZ(TK'Z(f))(i)
j=1
< cnlbnwoMZ(TK'Z(f))(i),

thus

C m
2 < @ fQ Z lTk’lM(b—sz)xao)cTk'z(f)(x) - Tk'lM(b—bzo)mQ)ckaz(f)(xondx
k=1

< Clbllswo ) MA(TH3(1))().

k=1
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This completes the proof of Theorem 1.
Proof of Theorem 2. By Lemma 3-6, we get, for f € L3°(R") and g € LPO(R"),

N

. Tu(F)()g()ldx C fR ) M3 (To(F) ()M (g)(x)Idx

N

c f (o)L COM()(X)dx
.

N

Clllwo Y, [ MAT1)0MG)09x
k=1 VR"

N

Clibllsmo ) IMAT2(£))llusolIM(@)lls

k=1

m
Cllbllsvo Y IIT*(F)llol M@)o

k=1
Clibllsmoll s llgllyo,

N

N

thus, by Lemma 7,
ITo()llso < NFllpo-

This completes the proof of Theorem 2.
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