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FIXED POINTS OF WEAKLY COMPATIBLE MAPPINGS
IN G-METRIC SPACES SATISFYING COMMON LIMIT
RANGE PROPERTY

Hassen Aydi, Sunny Chauhan and Stojan Radenovi¢

Abstract. The aim of this paper is to prove an integral type fixed point theorem for a
pair of weakly compatible mappings in G-metric space employing the notion of common
limit range property. We extend our main result to two finite families of self mappings
by using the notion of commuting pairwise. We also establish some fixed point results
under ¢-contractions. Illustrative examples are given to support our results. Our results
improve, extend and generalize several previously known fixed point theorems in the
existing literature.

1. Introduction

The study of common fixed point theorems satisfying contractive conditions has
a wide range of applications in different areas such as, variational and linear in-
equality problems, optimization and parameterize estimation problems and many
others. One of the simplest and most useful results in the fixed point theory is the
Banach-Caccioppoli contraction principle. This theorem provides a technique for
solving a variety of applied problems in mathematical sciences and engineering.
Banach contraction principle has been generalized in different spaces by math-
ematicians over the years. Mustafa and Sims [24, 25] proposed a new class of
generalized metric spaces, which are called as G-metric spaces. In this type of
spaces a non-negative real number is assigned to every triplet of elements. Many
mathematicians studied extensively various results on G-metric spaces by using the
concept of weak commutativity, compatibility, non-compatibility and weak com-
patibility for single valued mappings satisfying different contractive conditions (cf.
[2,3,4,5,6,8,9, 10, 12, 15, 17, 18, 19, 20, 21, 22, 23, 28, 29, 30, 31, 32]).

Branciari [11] obtained a fixed point result for a single mapping satisfying an
analogue of Banach’s contraction principle for an integral type inequality. This
influenced many authors, and consequently, a number of new results in this line
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followed (see, for example [13, 27, 34, 35, 36]). Later on, Aydi [7] proved an
integral type fixed point theorem for two self mappings and extended the results of
Brianciari [11] to the class of G-metric spaces. The first fixed point theorem without
any continuity requirement was proved by Abbas and Rhoades [5] in which they
utilized the notion of non-commuting mappings for the existence of fixed points.
Shatanawi [29] proved some interesting fixed point results by using ¢-contractive
condition and generalized the results of Abbas and Rhoades [5]. Most recently,
Mustafa et al. [18] defined the notion of the property (E.A) in G-metric space and
proved some fixed point results (also see [37]).

In this paper, firstly we prove an integral type fixed point theorem for a pair
of weakly compatible mappings in G-metric space satisfying the common limit
range property which is initiated by Sintunavarat and Kumam [33]. We extend our
main result to two finite families of self mappings by using the notion of pairwise
commuting. We also present some fixed point results in G-metric spaces satisfying
¢-contractions. Some related examples are furnished to support our results.

2. Preliminaries

Definition 2.1. [25] Let X be a non-empty setand let G : X x X x X — IR* be a
function satisfying the following properties:

(G-1) G(x,y,2)=0ifx=y =7z

(G-2) 0 <G(x,x,y)forall x,y e X with x # y;

(G-3) G(x,x,y) <G(x,y,z)forall x,y,ze Xwithz # y;

(G-4) G(x,y,2) =G(x,z,¥)=G(Y,z,X) = ... (symmetry in all three variables);
(G-5) G(x,y,2) < G(x,a,a)+ G(a,y,z) forall x,y,z,a € X, (rectangle inequality).

Then the function G is called a generalized metric, or, more specially, a G-metric
on X, and the pair (X, G) is called a G-metric space.

Definition 2.2. [25] Let (X, G) be a G-metric space then for xg € X, r > 0, the G-ball
with center Xy and radiusr is

BG(XO/ r) = {y eX: G(XOI Y, y) < r}-

Proposition 2.1. 1 [25] Let (X, G) be a G-metric space then for any xo € X, r > 0, we
have

1. if G(Xo, X, y) <rthenx,y € Bg(Xo, 1),
2. if y € Bg(Xo, I) then there exists a 6 > 0 such that Bg(y, 0) C Bg(Xo, I).
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It follows from (2) of Proposition 2.1 that the family of all G-balls,
B={Bs(X,r):xe X, r>0}

is the base of a topology 7(G) on X, the G-metric topology.
The following are examples of G-metric spaces.

Example 2.1. [25] Let (X,d) be a usual metric space, then (X, G;) and (X, Gy) are G-metric
space, where

GS(X/ y/ Z) = d(X/ y) + d(y/ Z) + d(X/ Z)/
Gm(X/ y/ Z) - maX{d(X, y)/ d(y/ Z)/ d(X/ Z)}/

forall x,y,z € X.

Definition 2.3. [25] Let (X, G) be a G-metric space, and let (x,) be a sequence of
points of X. We say that the sequence (x;) is G-convergent to x € X if

lim G(X,Xn, Xm) =0,
n,m—+oo

that is, for any e > 0, there exists N € IN such that G(X, xn, Xm) < €, for all
n,m > N. We call x the limit of the sequence and write X, — X or limp_ 10 Xn = X.

It has been shown in [25] that the G-metric induces a Hausdorff topology and
the convergence described in the above definition is relative to this topology. The
topology being Hausdorff, a sequence can converge at most to one point.

Proposition 2.2. [25] Let (X, G) be a G-metric space. The following are equivalent:

1. (Xn) is G-convergent to x;

2. G(Xp, Xn,X) > 0asn — +oo;

3. G(Xp, X, X) > 0asn — +oo;

4. G(Xn,Xm,X) = 0asn,m — +oo.
Definition 2.4. [25] Let (X, G) be a G-metric space. A sequence (X;) is called a
G-Cauchy sequence if, for any € > 0, there is N € IN such that G(xn, Xm, X|) < € for
all n,m,l > N, that is, G(Xn, Xm, X|) = 0asn,m,| — 0.

Proposition 2.3. [24] Let (X, G) be a G-metric space. Then the following are equivalent:

1. the sequence (xn) is G-Cauchy;

2. forany e > 0, there exists N € IN such that G(Xn, Xm, Xm) < €, for all n,m > N.
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Proposition 2.4. [25] Let (X, G) be a G-metric space. Then, the function G(x,y, z) is
jointly continuous in all three of its variables.

Definition 2.5. [25] A G-metric space (X, G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X, G).

Proposition 2.5. [25] Let (X,G) be a G-metric space. Then, for any x,y,z,a € X it
follows that:

1. IfG(x,y,z) =0, thenx =y = Z;

2. G(x,Y,2) < G(x, X, Y)+ G(X,X,2);

3. G(x,y,Y) <2G(Y, X, X);

4. G(x,Y,2) < G(x,8a2)+G(aY,2);

5. G(x,Y,2) < £(G(x,y,a) + G(x,3,2) + G(a,y,2));

6. G(X,¥,2) < G(x,a,a)+ G(y,aa) + G(z43,a).

Definition 2.6. [1] Let f and g be self mappings of a non-empty set X. Ifw = fx =
gx for some x in X, then x is called a coincidence point of f and g, and w is called a
point of coincidence of f and g.

Proposition 2.6. [1] Let f and g be weakly compatible self mappings of a non-empty set
X. If f and g have a unique point of coincidence w = fx = gx, then w is the unique
common fixed point of f and g.

Definition 2.7. A pair (f, g) of self mappings of a G-metric space (X, G) is said to
satisfy the property (E.A) if there exists a sequence {X,} such that {fx,} and {gxn}
G-converge to z for some z € X, that is,

r!im G(fXn, fXn,2) = r!im G(g%n, g%n, z) = 0.

Inspired by Sintunavarat and Kumam [33], we define the “common limit range
property” with respect to mapping g (denoted by (CLRg) property) in G-metric
space as follows:

Definition 2.8. A pair (f, g) of self mappings of a G-metric space (X, G) is said to
satisfy the (CLRg) property if there exists a sequence {xn} such that {fx,} and {gxn}
G-converge to gu for some u € X, that is,

r!im G(fxn, fXn, gu) = r!im G(g%n, gXngu) = 0.
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Example 2.2. Let X =[0,+c) and G : X x X x X — R* be the G-metric defined as follows:
G(X/y/z) = maX” X—= y |/| y_Z |/| Z—X |}/

forall x,y,z € X. Then (X,G) be a G-metric space. Define self mappings f and g on X by
f(x) = x+2and g(x) = 3x for all x € X. Let a sequence {X,} = {1 + %}neN in X, we have

lim fx, = limgx, =3 =9(1) € X,
n—oo n—oo
which shows that f and g satisfy the (CLRg) property.

Example 2.3. The conclusion of Example 2.2 remains true if the self mappings f and g are
defined on X by f(x) = % and g(x) = £ for all x € X. Consider a sequence {x,} = {%}ngN in X.
Since
lim fx, = lim gx, =0 =g(0) € X,
n—oo n—oo
therefore f and g satisfy the (CLRg) property.

Definition 2.9. [14] Two families of self mappings {fi}, and {g«};_, are said to be
pairwise commuting if

1. fifj = fififoralli, je {1,2,...,m};
2. gk = 919k forallk, | e {1, 2,.. .,n};
3. figk=gcfiforallie{l,2,...,mfandke{1,2,...,n}

3. Results

Recently, Aydi [7] proved the following result:

Theorem 3.1. [7, Theorem 3.1] Let (X, G) be a G-metric space and f, g : X — X such
that

G(fx, ty,fz) G(9%,9.92)
(3.1) f p(bdt < af o(tydt,
0 0

for all x,y,z € X, where a € [0,1) and ¢ : [0, +00) — [0, +o0) is a Lebesgue integrable
mapping which is summable, non-negative and such that for each e > 0,

(3.2) f @(t)dt > 0.
0

Assume that f(X) c g(X) and g(X) is a complete subspace of X, then f and g have a unique
point of coincidence in X. Moreover if f and g are weakly compatible, then f and g have a
unique common fixed point.

Now we prove the next result:
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Theorem 3.2. Let (X, G) be a G-metric space and the pair (f, g) of self mappings is weakly
compatible satisfying conditions (3.1)-(3.2) of Theorem 3.1. If the pair (f, ) satisfies the
(CLRg) property then f and g have a unique common fixed point in X.

Proof. Since the pair (f, g) satisfies the (CLRg) property, there exists a sequence {xn}
in X such that

lim fx, = lim gx, =
n ﬂ—)oog n gu’

n—oo

for some u € X. We show that fu = gu. On using inequality (3.1), we get

G(fXn, fXn, fu) G(9%n,g%n,gu)
f p(bdt < af (t)dt.
0 0

Letting n — +o0, we have

G(gu,gu,fu) G(gu,gu,gu)
f pM)dt<a f (t)dt,
0 0
and so

G(gu, fu, fu)
j‘ P(t)ydt <0,
0

which implies that G(gu, fu, fu) = 0, hence gu = fu. Next, we letw = fu = gu.
Since the pair (f, g) is weakly compatible, therefore fw = fgu = gfu = gw. Now
we assert that w = fw. On using inequality (3.1), we get

G(fw, fw, fu) G(gw,gw,gu)
f @@ﬁﬁaf‘ p(tydt,
0 0

or, equivalently,

G(fw, fw,w) G(fw,w,w)
f p(bdt < af (t)dt,
0 0

which holds unless G(fw,w,w) = 0, hence w = fw = gw. Therefore, w is a
common fixed point of the mappings f and g. Uniqueness of the common fixed
point is an easy consequence of inequality (3.1). O

Example 3.1. Let X =[0,1)and let G : X x X X X — R* be the G-metric defined as follows:
G(X/y/Z) = maX{| X-y |/| y—-z |/| Z—X |}/
forall x,y,z € X. Then (X, G) is a G-metric space. Define the self mappings f and g by

[k, ifxe[o by, _[ % ifxe[0,3)
f(x)’{ 5 itxe(3,0). T L ifxe (D).
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Let {X,} = {%}nzz. We have

lim fx, = r!im g% =0=g(0) e X.

n—oo

Hence the pair (f, g) satisfy the (CLRg) property. Itis noted that f(X) = [0, &)U (55, §) €
[0,%) U (3, 3) = 9(X) which shows that f(X) and g(X) are not closed subsets of X. Thus, all
the conditions of Theorem 3.2 are satisfied and 0 is a unique common fixed point of the pair
(f,9).

Consider ¢(t) = 2tand a = % Without loss of generality, take x <y < z. To prove (3.1),
we distinguish the following cases:

Case 1: X, Y,z € [0, ). We have

G(fx,fy,fz) 2 2 G(9%,9Y,92)
Z X l/z X
== - = P = .
L (it (8 8) 2 (4 4) a[) Pt

Case 2: (x,y €l0,3)andze [%,1)) or (x €[0,3)andy,ze [%,1)). We have

G(fx,fy,fz) 2 2 G(9%,9Y,92)
Z X l/z X
=|- - = P = .
L (bt (6 8) 2 (2 4) a[) Pt

Case 3:X,y,z € [%, 1). We have

G(fx,fy,f2) 2 2 G(9%,9Y,92)
z X l(z X
== - = < —=|==-= =
j; p(t)dt (6 6) <3 (2 2) aﬁ (t)dt.

Here it is worth noting that Theorem 3.1 cannot be used in the context of this example as
Theorem 3.2 never requires any condition on the containment of ranges amongst involved
mappings and completeness (or closedness) of the underlying space (or subspaces).

Remark 3.1. Theorem 3.2 improves the main result of Aydi [7, Theorem 3.1].

Our next result extends Theorem 3.2 to two finite families of self mappings in
G-metric space.

Corollary 3.1. Let (X, G) be a G-metric space and {fy, fo,..., fo}, {91, 92, ..., g4} be two
finite families of self mappings such that f = f;f,... f, and g = g1g,...gq satisfying
conditions (3.1)-(3.2) of Theorem 3.1. Suppose that the pair (f,g) satisfies the (CLRg)
property.

Moreover, if the family {fi}ip:l commutes pairwise with the family {gi}?zl, then (for all
ie{l,2,...,ptand je{1,2,...,q}) fj and g; have a unique common fixed point in X.

Proof. The proof of this theorem is similar to that of Theorem 2.2 contained in
Imdad et al. [14], hence details are avoided. O

Remark 3.2. Corollary 3.1 extends the result of Aydi [7].
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By setting fy=f,=...=f,=fand g, =g, =... = gy = g in Corollary 3.1, we
deduce the following:

Corollary 3.2. Let (X, G) be a G-metric space and the pair (f, g) of self mappings satisfies
the (CLRg) property such that

G(fPx, Py, fPz) G(g9%,9%y,9%2)
(3.3) f Pt)dt < f o(b)dt,
0 0

forallx,y,ze X, a € [0, 1), p, q are fixed positive integers and ¢ : [0, +00) — [0, +00)
is a Lebesgue integrable mapping which is summable, non-negative and such that for each
€>0,

(3.4) f; o(t)dt > 0.

Then f and g have a unique common fixed point in X if the pair (fP, g%) commutes
pairwise.

On taking ¢(t) = 1 in Theorem 3.2, we get the following result:

Corollary 3.3. Let (X, G) be a G-metric space and the pair (f, g) of self mappings is weakly
compatible such that

(3.5) G(fx, fy, fz) < aG(gx, gy, 92),

forall x,y,z € Xand a € [0,1). If the pair (f, g) satisfies the (CLRg) property then f
and g have a unique common fixed point in X.

Remark 3.3. Corollary 3.3 improves the result of Choudhury et al. [12, Corollary 3.1].

Now we prove our next result satisfying ¢-contraction integral type conditions
in G-metric spaces.

Following by Matkowski [16], let @ be the set of all functions ¢ such that
¢ : [0,+00) — [0,+00) is a nondecreasing function with nIirp ¢"(t) = 0 for all

t € (0, +00). If ¢ € D, then ¢ is called a D-mapping. If ¢ is a d-mapping, then it is
easy matter to show that:

1. ¢(t) <tforallte (0, +00),
2. ¢(0)=0.

In the rest of this paper, by ¢ we mean a ®-mapping. Now, we prove our next
result.



Fixed Points of Weakly Compatible Mappings... 205

Theorem 3.3. Let (X, G) be a G-metric space and the pair (f, g) of self mappings is weakly
compatible such that

G(fx, fy,f2) L(X,y,2)
(36) [ pwaso ( | @(t)dt),
0 0

forallx,y,ze X, ¢ € Pand ¢ : [0, +00) — [0, +00) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each € > 0,

f p(t)ydt > 0,
0
where

— G(gX’gy/gz)/G(gX/ fX/ fX),
(3.7) L(x,y,2) = max{ &gy, fy, 1), G(gz, 12, 12) ("

or

_ G(gx, gy, 92), G(gx, g%, fx),
(38) Lixy.2) = max{ G(gy, gy, fy),G(gz, 9z, f2) |~

If the pair (f, g) satisfies the (CLRg) property then f and g have a unique common fixed
point in X.

Proof. If the pair (f, g) satisfies the (CLRg) property, then there exists a sequence
{Xn} in X such that

lim fx, = lim gx, = gu
n n—>oogn g/

n—oo

for some u € X. We show that fu = gu. Suppose that fu # gu, then using
inequality (3.5), we get

G(fxn, fXn, fu) L (Xn,Xn,U)
(39) [ P00t < ( [ @(t)dt),
0 0

where

_ G(g%n, g%n, gu), G(gXn, TXn, TXn),
L(Xn, Xn, U) = max{ G T, TXn), G(au, fu, fu)

Taking limitas n — +o0 in (3.9), we have

G(gu,gu, fu) L (Xn,Xn,U)
(3.10) f p(t)dt < ¢( lim f (p(t)dt),
0 nN—+oo 0
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where

i 00r0) = max S Svuan |

G(gu, gu, gu), G(gu, fu, fu)
= G(gu, fu, fu).

So, from (3.10), we get

G(gu,gu, fu) G(gu, fu,fu)
‘f ¢mms¢(f ¢mm)
0 0

Therefore,
G(gu,gu, fu) G(gu, fu, fu)
(3.11) f p(t)dt < f (t)dt.
0 0
Similarly, one can obtain
G(gu, fu, fu) G(gu,gu, fu)
(3.12) f p(t)dt < f (t)dt.
0 0

From (3.11) and (3.12), we have

G(gu,gu, fu) G(gu, fu, fu) G(gu,gu, fu)
f‘ ¢mm<f‘ ¢mm<f‘ P(t)dt,
0 0 0

which is contradiction, hence fu = gu. Suppose that w = fu = gu. Since the
pair (f, g) is weakly compatible and w = fu = gu, therefore fw = fgu = gfu = gw.
Finally, we assert that w = fw. Let, on contrary w # fw, then inequality (3.5)
implies

G(fw, fw, fu) L(w,w,u)
(3.13) f pt)dt < ¢ (f (p(t)dt),
0 0
where
L(w,w,u) = max{G(gw, gw, gu), G(gw, fw, fw), G(gw, fw, fw), G(gu, fu, fu)}

max {G(fw, fw,w), G(fw, fw, fw), G(fw, fw, fw), G(w, w, w)}
= G(fw, fw,w).

Therefore (3.13) implies

G(fw, fw,w) G(fw, fw,w)
f plOdt < ¢ ( f (p(t)dt)
0 0

G(fw, fw,w)
< f‘ p(t)dt,
0
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which is a contradiction, thus w = fw = gw. Therefore, w is a common fixed
point of the mappings f and g. The proof is similar for condition (3.8), hence the
details are omitted. Uniqueness of the common fixed point is easy consequences
of inequalities (3.5)-(3.6). O

Remark 3.4. Define the function ¢ : [0, +c0) — [0, +0) by ¢(t) = at, for all t > 0, where
a € [0,1). Then Example 3.1 also holds all the conditions of Theorem 3.3 and have a unique
common fixed point at x = 0.

Theorem 3.4. Let (X, G) be a G-metric space and the pair (f, g) of self mappings is weakly
compatible such that

G(fx, fy,fz) L(X,y,2)
(3.14) f p(b)dt < af o(tydt,
0 0

forall x,y,ze X, a € [0,1)and ¢ : [0, +c0) — [0, +00) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each € > 0,

f p(t)ydt > 0,
0
where

_ G(gx, gy, 97), G(gx, fx, fx),
(3.15) L(X,y,2)= max{ &gy, fy, 1), 6(gz, 12, 12) ("

or

G(gx, gy, 92), G(gx, gx, fx),
3.16 ,Y,Z) = ma .
(3.16) Lixy.2) X{ &gy, 9y, fy), G(9z, 92, 12)

If the pair (f, g) satisfies the (CLRg) property then f and g have a unique common fixed
point in X.

Proof. On setting ¢(t) = at, where a € [0, 1) in Theorem 3.3, the result follows. O

Remark 3.5. Theorems 3.3-3.4 generalize the results of Shatanawi [31, Theorem 3.1] and
Abbas and Rhoades [5, Theorems 2.3-2.4].

Remark 3.6. The conclusions of Theorems 3.3-3.4 remain true if £(X, y, z) is replaced by one
of the following: forall x,y,z € X

(317) L(x,y,2) = max {G(gx, fx, 1), G(gy, Ty, fy), G(gz, Tz, f2)}.
(3.18) L(x,y,2) = max{G(gx, gx, X), G(gy, ¥, ¥), G(gz, 92, 12)}..

(3.19) L(x,y,z) = aG(gx, gy, gz) + bG(gx, tx, fx) + cG(gy, fy, fy) + dG(gz, fz, fz),
wherea+b+c+d< 1
(3.20) L(x,y,z) = aG(gx, gy, gz) + bG(gx, gx, tx) + cG(gy, gy, fy) + dG(gz, gz, fz),
wherea+b+c+d< 1
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Remark 3.7. Theorems 3.3-3.4 (under choices (3.17-3.20)) improve and generalize the results
of Abbas and Rhoades [5, Theorem 2.4] and Mustafa et al. [21].

Remark 3.8. The results similar to Corollaries 3.1-3.2 can be outlined in respect of Theorem
3.3together with Remarks 3.6-3.7, hence the details of all possible corollaries are not included

here.
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