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SIMPSON TYPE INTEGRAL INEQUALITIES IN WHICH THE POWER OF
THE ABSOLUTE VALUE OF THE FIRST DERIVATIVE OF THE INTEGRAND
IS s-PREINVEX*

Yan Wang, Shu-Hong Wang, and Feng Qi

Abstract. In the article, the authors introduce a new notion “s-preinvex function”, es-
tablish an identity for such a kind of functions, and find some Simpson type integral
inequalities in which the power of the absolute value of the first derivative of the inte-
grand is s-preinvex.

1. Introduction
Let us recall some definitions of various convex functions.

Definition 1.1. A function f : | C R = (—o0, 0) — R is said to be convex if
(1.2) f(AX+ (2 - A)y) < ATX) + (L - A)f(y)

holds forall x,y e  and A € [0, 1].

Definition 1.2. [1,5, 28] A set S C R" is said to be invex with respect to the map
n:SxS—R"ifforeveryx,yeSandte|[0,1]

(1.2) y+1tn(x,y) €S

Definition 1.3. Let S € R" be an invex set with respectton : SxS — R". For
every X, y € S, the n-path P,y joining the points x and v = x + 1)(y, X) is defined by

(1.3) Pw ={z|z=x+1tn(y,x),te[0,1]}.
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Definition 1.4. [5] Let S € R" be an invex set with respectton: SxS — R". A
function f : S — R is said to be preinvex with respect to ), if for every x,y € S and
te[0,1],

(1.4) f(y +tn(x, y)) < tf(x) + (L = t)f(y).

Let us reformulate some inequalities of Hermite-Hadamard type for the above
mentioned convex functions.

Theorem 1.1.[9, Theorem 2.2] Let f : I1° € R — IR be a differentiable mapping and
a, b e l°witha < b. If |f/(X)| is convex on [a, b], then

f f(b b
(1.5) ‘ (a); ()—bfaf £(x) dx

<2221 @1+ 11 o))

Theorem 1.2. [14, Theorems 2.3 and 2.4] Let f : | € Ro — IR be differentiable on 1°
anda, b € I witha < b. If |f’(x)|P is s-convex on [a, b] for some s € (0,1] and p > 1, then

(1.6) 'f(%b)—ﬁ fab F(x) dx

and

(L.7) 'f(%b)—ﬁ fab F(x) dx

+ O] 4 [311 @POD + [ )P/

— 1
<) (v ire)

b—a/ 4 \'°r ., _
<7 (55) frare

l—l/P}‘

Theorem 1.3. [5, Theorem 2.1] Let A C R be an open invex subset with respect to
0:AxA —- Randlet f: A — R be a differentiable function. If |f’| is preinvex on A,
then for every a, b € A with 6(a, b) # 0 we have

fb)+ fb+6@b) 1  (ooED
(L.8) > - e fb £ dix

)]

For more information on Hermite-Hadamard type inequalities for various con-
vex functions, please refer to recently published articles [2, 3, 4, 6, 7, 8, 10, 11, 13,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 29, 30] and closely related references
therein.

In this article, we will introduce a new notion “s-preinvex function”, establish
an identity for such a kind of functions, and find some Simpson type integral
inequalities in which the power of the absolute value of the first derivative of the
integrand is s-preinvex.
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2. A definition and a lemma

The so-called “s-preinvex function” may be defined as follows.

Definition 2.1. Let S € R" be an invex set with respectton : SxS — R". A
function f : S — Ry = [0, o0) is said to be s-preinvex with respect to n and s € (0, 1]
if forevery x,y e Sand t € [0, 1]

(2.1) fly + t(x, y)) < tf(X) + (1 — t)*f(y).

For establishing our new integral inequalities of Simpson type for s-preinvex
functions, we need the following integral identity.

Lemma2.1. Let A C IR be an open invex subset with respect to 6 : Ax A — R and let

a,b e Awith O(a,b) # 0. If f : A — R is a differentiable function and f’ is integrable on
the 6-path Py, then

1 2b + 6(a, b) 1 o+0(ab)
6[f(b)+4f(f)+ f(t)Jre(a,b))]—mfb £(x) dx

_ @ fol[(t— %)f ﬂe(a b)) (% —t)f'(b+ ¥G(a,b))]dt.

Proof. Since a,b € A and A is an invex set with respect to 6, for every t € [0, 1], we
have b + tO(a, b) € A. Integrating by part gives

fol[(t_ é)f'(b 41 +t9(a b)) (é —t)f'(b + ?9(@ b))]dt

=8(:,b)[f(b 1+t9( b))(t_g)l

O—folf(b lthe(a b))dt]
_ 9(: b)[f(b ; 1;t8(a, b))(— —t)l+ fol f(b ; ¥G(a,b))dt]

e(azb)[ f(b + 0(a, b))+—f(%) ff(b+¥@(a,b))dt]

(310 S [ e e)a

- ﬁ[f(b) ¥ 4f(W) + 16+ 0(a,b)|

2 ! 1+t 1 1-t
~ 0@b) [ fo f(b —— 0@ b))dt+ f (b + =0, b))dt]
2 2b + 6(a, b) 4 b+6(ab)
[f(b) +4f (f) +f(b+ 0, b))] - G fb £(x) dx.

~ 30(a, b)
The proof of Lemma 2.1 is completed. O
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3. Some new integral inequalities of Simpson type

We are now in a position to establish some Simpson type integral inequalities in
which the power of the absolute value of the first derivative of the integrand is
s-preinvex.

Theorem 3.1. Let A C IR be an open invex subset with respectto 6 : AXx A — R and let
f : A — R be a differentiable function. If |f/|% is s-preinvex on A for q > 1, then for every
a,be Awith 9(a,b) #0

(Zb + g(a, b))

1 1 b+06(a,b)
(3.1) 'E[f(b)+4f +f(b+6(a,b))]— e b)fb £(x) dx

_ 50, b 2 Yq
) [5><(s+1)(s+2)65]
X {[(2 X 52 — (4 5)6° — (25 + 7)3°) £/ (@)]"

+((2s+1)351 +2), f’(b)|q]1/ i [((@s+ D)3+ 2) £ (@)°

+(2x5%2 - (4 - 5)6" = 25+ ) )] ).

Proof. Since A is an invex set with respect to 6, for every t € [0,1], we obtain
b +t6(a,b) € A. Using Lemma 2.1 and Holder’s inequality, we have

Hf(b) ; 4f(%) + b+ 0, b))] - e(al 5 fb%'b) £(x) dx

e

b+ =2~0(a,b)

-3l

1-1/g
t— g'olt)

< IG(Z,b)I(fO :
AL o (5 ron)ad
IS N

_ 50(a, b)| 2 1/
T2 [5><(s+1)(s+2)65]
x {[(2x 552 = (4 - )65 = (25 + 7)35*)) ()

1+t )'

(s + 13+ 2) o) + [((2s + D3 + 2)iF @I
+(2x 577 - (4 - 965 - s+ 73 )] )

The proof of Theorem 3.1 is completed. O
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Corollary 3.1. Under the conditions of Theorem 3.1, if g = 1, we have

2b + 6(a, b)

(==
16(a, b)l

T (s + 1)(s + 2)65+2

1 1 b+06(a,b)
‘g[f(b)+4f )+f(b+8(a,b))]— G(a,b)fb £(x) dx

[2 X572 — (4—5)6°1 +2 -6 x 3S+1][|f'(a)| +]f ().

Theorem 3.2. Let A C IR be an open invex subset with respectto 6 : AX A — R and let
f : A — R be a differentiable function. If |f|% is s-preinvex on A for q > 1, then for every
a,b € Awith 6(a,b) # 0,

b b b+06(a,b)
(72 +§(a’ ))+ f(b+9(a,b))] - —6(;,b)fb (x) dx

0@ b)l( q-1 )l N q[ 3 ]l/q[z(Zq—l)/(q—l) + 1]1‘1/q
36 \29-1 25(s+1)

x {2 - ir@e + 1T OF] i @e + (24 - e er] )

(3.2) '%[f(b)+4f

Proof. For every t € [0,1], we have b + tO(a,b) € A. So using Lemma 2.1 and
Holder’s inequality, we obtain

'1[f(b)+4f(W)Jr f(b+6(a,b))]— e(i,b) fbb%’b) £(x) dx

_ _' b + ﬂe(a b))' fol f’(b+ %e(a,b))udt

_ 2" Ddt]l_l/q{[ f t/(b+ 21 0ta b))q ]Uq
q ]1/q}0

<wﬁ>l[fot
+[f

|9(a b)I

3

iz (b + 1—(9(:;1 b))

-3

{[f ((1+t) @ (5 t)Sif (b)l“)clt]l/q

AL (5@ (5 iror)e] )
(

_|9(a b)l( 94— 1)1 “q[ 3 ]l [2a-/eD 4 1]1‘1/q
20-1 25(s+1)

< ([ 1@ + 1P i@+ (27 - i),

The proof of Theorem 3.2 is complete. O

2(9/(@-1) 41-1/q
dt]
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Theorem 3.3. Let A C IR be an open invex subset with respectto 6 : A X A — R and let

f : A — R be a differentiable function. If |f’[4 is s-preinvex on A for q > 3 then for every
a,b € Awith 6(a, b) # 0,

‘%[f(b) +4f(W)+ f(b+ G(a,b))] _ 1 £b+9(a,b) f(x) dx

6(a,b)
_ 160G ) (2 1 )H/q[ 3 ]” NPT
36 \2q-3 25(s+1D(s+2)(s+3)

X {[((52 —7s+ 42)2”1 - (432 + 325 + 78))| f/(a)|
+ (4s2 +85+ 6)|f’(b)|“]1/q + [(452 +8s+ 6)|f'(a)|q
+ ((52 —7s+ 42)2”1 - (432 + 325 + 78))| f’(b)lq]l/q}.

Proof. Since b +tO(a, b) € A for t € [0, 1], form Lemma 2.1 and Hdélder’s inequality,
we have

10+ (2502 16+ ota b - o fbb+6(a'b) () dx

0(a, b)
. |9(a4,b)| folt_ g'[

1+t

f’(b + 0, b))' dt+ f'(b + %e(a, b))H dt

0@, b)[ (Y, 2|@?/@D -1/
< —’[ t— 2 ]
4 fo 3
1 2 1
2|9 ,,(. 1+t a4/
8 {[fo t- 5| |F(b+ 5 0@b)| ot
2 2

q 1/q
o'

(a-2)/(a-1) ]l—l/q

f’(b ; %9(@ b))

t——

1
Ak

<[
(e (Y iror)ad )

_ 160G, b) ( q-1 )H/q[ 3 ]” [2en 4 g
36 \29-3 255+ 1)(s+2)(s+3)

X {[((52 —7s+ 42)2s+l - (432 + 325 + 78))| f/(a)|®

2

3
2

(o (5 irorjal

dt

2

+ (a5 + 85+ 6) /)] " + [(45” + 85+ 6) ()"
+ (2 75+ 42)27 - (452 + 325+ 78)) ' 0)] ).
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The proof of Theorem 3.3 is complete. O
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