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NEW RESULTS FOR A COUPLED SYSTEM OF FRACTIONAL
DIFFERENTIAL EQUATIONS

Mohamed Houas and Zoubir Dahmani

Abstract. In this paper, we present new results for a coupled system of fractional dif-
ferential equations. Applying Banach contraction principle and Schaefer fixed point
theorem, new existence and uniqueness results are obtained. To illustrate our results,
some examples are also presented.
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1. Introduction

Differential equations of arbitrary order have been shown to be very useful in the
study of models of many phenomena in various fields of science and engineering,
such as: electrochemistry, physics, chemistry, visco-elasticity, control, image and
signal processing. For more details, we refer the reader to [3, 5, 7, 10, 11, 12, 15, 18].
There has been asignificant progress in the investigation of these equations in recent
years, see [6, 8, 13]. More recently, a basic theory for the initial boundary value
problems of fractional differential equations has been discussed in [2, 13, 14, 15]. On
the other hand, existence and uniqueness of solutions to boundary value problems
for fractional differential equations has attracted the attention of many authors,
see for example, [9, 15, 16, 17, 19] and the references therein. Moreover, the study
of coupled systems of fractional order is also important in various problems of
applied nature [4, 14, 22, 23]. Recently, many people have established the existence
and uniqueness for solutions of some fractional systems, see [1, 20, 21, 23] and the
reference therein.

This paper deals with the existence and uniqueness of solutions to the following
coupled system of fractional differential equations:
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Dox (1) + f1 (t,y (1), DOy (1)) = 0,t € ]

DPy (t) + f, (t,x (t), DX (1)) = 0,t € J,
(1.1) x(0) = x5, ¥(0) = yg,

X @]+ x" @[ +]y @[ +]y" @[ =0,

"

x (0)=Fx(n),y (0)=1y(),

wherea, § €]3,4],6 < a-1,0 < p-1,&,1 €]0, 1], JP, J9are the Riemann-Liouville frac-
tional integrals, D%, Df, D, D° are the Caputo fractional derivatives, J = [0, 1], X3, y;
are real constants, and f; and f, are two functions which will be specified later.

The rest of this paper is organized as follows: In section 2, we present some
preliminaries and lemmas. Section 3 is devoted to existence of solution of problem
(1.1). In section 4, some examples are treated to illustrate our results.

2. Preliminaries

The following notations, definitions and preliminary facts will be used throughout
this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0,
for a continuous function f on [0, oo is defined as:

t
(2.1) IF (1) = ﬁ fo t—7)*1f(r)dr,a >0,

(2.2) P =1,

where I (a) := fooo e~Yur1du.

Definition 2.2. The fractional derivative of f € C" ([0, oo[) in the Caputo’s sense is
defined as:

t
(2.3) Df (t) = ! ) f t-—7)" 1M ()d,n—1<a,neN".
0

I'(n-

For more details about fractional calculus, we refer the reader to [15, 18].

The following lemmas give some properties of Riemann-Liouville fractional in-
tegral and Caputo fractional derivative [12, 13].
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Lemma2.1. Letr,s > 0,f € LY([a,b]). Then J'f(t) = JF*Sf(t), DSEf(t) = f(t),t €
[a,b].
Lemma2.2. Lets>r>0,felL([ab]). Then D'If(t) = ISTf(t),t € [a,b].

Let us now introduce the spaces X = {x : x € C([0,1]),Dx € C([0,1])} and
Y ={y:yeC([0,1]), D% € C([0, 1])} endowed respectively with the norms

X =l A+ 1T DOX LT NlI= sup X (@)1, I DX [|= sup [D7x (t)]
tel tel

and

Iy =Ny I+ 1Dy 1y ll= sup |y (®)], Il D%y ||= sup|DPy ()] -
tel) tel

Obviously, (X, [ .lx) and (Y,]|.|ly) are two Banach spaces. The product space
(X XY, [0 )|l ) is also a Banach space with norm [|(x, y)||,.., = IXllx + [|¥]], -

We give the following lemmas [11]:

Lemma2.3. Fora > 0,thegeneral solution of the fractional differential equation D“x (t) =
0 is given by

(2.4) X (t) = Co + Cit + Cot? + - -+ + g t"L,
whereci € R,i=0,1,2,...,n=1,n=[a] + 1.
Lemma2.4. Leta > 0. Then
(2.5) J¥D (t) = X (t) + Co + C1t + Cot? + ... + Crgt" 7,
forsomecieR,i=0,1,2,...,.n-1,n=[a] + 1
We need also the following auxiliary result:

Lemma2.5. Letge C([0,1]). The solution of the equation

(2.6) D'x(t)+g(t)=0,te) 3<a<4
subject to the conditions

x (0) = Xg,
(2.7) KO+ © =0

x (0) =Px(n),
is given by:

1 1

x(t):—mfo(t—s) g(s)ds +x;

(2.8)

1"(13"'4)ta 1 7 a+p-1 « 1P
+r(4)np+3—6r(p+4) (F(a+p) fo (n-79) g(s)ds — Xo r(p+1) )
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Proof. Forci € R,i=0,1,2,3,and by lemma2.3and Lemma 2.4,the general solution
of (1.1) is given by

1

(29) X(t) = —m

t
f (t—s)*"g(s)ds —co — it — Cot? — cat®.
0
Thanks to Lemma 2.1, we get

Xt T(4)ee
T(p+1) T(p+4)

t
1) PxO= o fo (t— sy g (s)ds +

Using the conditions (2.7), we get ¢; = ¢ = 0 and ¢o = —Xj.
For c3, we have

(211) e = (4) P2 — 6T (p + 4)

I'(p+4) P 1 . -
(xor(p+1)_r(|o+0()f0 (n=9""""g(s)ds|.

Substituting the values of ¢y and ¢z in (2.9), we get (2.8). O

3.  Main Results

Let us introduce the quantities:

N 1 T'(p+4)nPte
1= + ,
Ila+1)  |r@)n+3—6I(p+4)|T(p+a+1)
N, = 1 F(p+4)1]p*"
2= Ta—orn) T [T(@)np+3-6T(p+4)|T(p+a+1)[(4—0)”
Noo L 4 T(g+4)&0+F
(3.1) 37 () T r@ser(ara)[r(apD)’
N 1 (g)er?
4 r(p-o+1) = |r(@)&+3-6T(q+4)|T(a+p+1)I(4-0)”
- 37" T (p+4) [x3|1°r (p+4)
My = Xol + [T(@)np+3—6T (p+4)|T(p+1) + [T(@)nP+3-6T (p+4)|T(p+1)T(4—0)
M, = vl + |¥oleT(a+4) |Yol£r (a+4)
2=1Y [r@zce3-6r(q+4)|r(a+1) ~ |r(@)er3-6T(q+4)|T(a+1)T(4-0) "

We list also the following hypotheses:

(H1) : The functions fy, f, : [0,1] x R? — R are continuous.
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(H2) : There exist non-negative continuous functions a;, b; € C([0,1]),i = 1,2,
such that for all t € [0, 1] and all (x1, Y1), (X2, ¥2) € R?, we have

|f1(t, X1, y1) = f1 (6, X2, V2)| < a1 (1) %1 = Xal + by () |[y1 — v2|,
(3.2)

|f2 (t, %1, y1) — T2 (t, X2, y2)| < @2 (1) [x — Xal + b2 () [y2 — 2/,
with

w1 =supay (t), w2 = supby (t), @1 = supaz (t), @2 = supby (t).
tel tel tel tel

(H3) : There exist non-negative continuous functions |; and I,, such that

[t (4%, y)| < <1, (t) foreachte Jand all x,y € R,
with

01 =suply (t), 02 = suplx (t).
tel tel

Ouir first result is based on Banach contraction principle. We have:

Theorem 3.1. Suppose thatnP*3 # 6r(p+4), 3 ¢ GFSX) and assume that the hypothesis
(H2) holds.

If

3.3) (N1 + Np) (w1 + w2) + (N3 + Na) (@1 + @2) < 1,

then the boundary value problem (1.1) has a unique solution on J.

Proof. Consider the operator ¢ : X X Y — X X Y defined by:

(34) ¢ (6 Y) (®) 1= 41y ©, P2x (1)),
where
t
o0 =—rrs [ @=9 R(oyE, Dy E)ds+x,

r(“)’7r’°£2i[‘gt(”+4) (F(plﬂv) k=" (s,y(5), Dy ()) ds - x Or(gil))

and

=t [ -y DX (s)) ds + y;
@X()‘_Tﬁ)fo(_s) 7(5,X(5), D°x (9)) ds + ¥}

I(g+4)8

+ F(4)£q+3—61"(q+4) (r(ql_,_ﬁ) foﬂ (17 - S)q+ﬁ_l f (S, y (S) s Déy (S)) dS - yal"(g(_j—l)) :
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We shall prove that ¢ is contraction mapping :
Let (X,¥), (X1, Y1) € XX Y. Then, for each t € J, we have:

|1y (1) — rys (8)]

< i =9 |f (5,y(9), Dy () - (5 y1.(5), DPya (9))|ds

r(p+4)t
+ [T(@)np+3—6T(p+4)|T(p+a)

X [ 1= 97" |£ (5,6, DYy ) ~ £ (5,v1 (), DOy1 ()| .

Thanks to (H2), we obtain

w1]ly = ya| + w2 D%y - Dy
T'(a+1)
+F(p +4)nPre (601 Hy - yl” +ws HD‘SV - D5y1||)
)I‘(4)np+3—6I’(p+4)|I“(p+a+1) '

o1y @ — prys (O] <

(3.5)

Consequently,

|1y (1) — rys (8)]
(3.6)

(w1+w2) F(p+4)np*“(w1+m2) _ .
< [ Ta+D) + [T(@)nP3-6T (p+4)|T(p+a+1) (”y ylH + ”D y-Dy1

).

which implies that

(3.7) Hﬁbl (Y) - ¢1 (yl)H < Np (w1 + wp) (”y - yl” + ||D6y - DéVlH) ,
and
D71y (t) - D7pry: (1)

< mii b =9 f(s,y(9), D0y (9) - £(5,y1 (), D1 (9))|ds

N I(p+4)t—
[T(@)np+3-6T (p+4) T (p+a)T(4—0)

X [ 1= f (5, ¥, DYy ) = 1 (5, y1.(5), Dy ()| .



Fractional Differential Equations 139

By (H2), we have

(@1 +@2) ([ly = ys]| + [Dy - v )

D71y () ~ Dpry: (©)] < Ta-o+1)

T(p+4)nP (@i +w2)(||y-ya|[+]|D°y-D0yal|)
[T(4)nP+3—6T (p+4)|T(p+a+1)r(4—0)

Hence,
D71y (t) — D71y (1)
@) < |2 + rrsp G|
X(lly = yall + [D°y = D*a]).
Therefore,
(3.9) D71y (1) = D a1 (B)] < N (w1 + w2) ([|y = yaf| + D%y = D*ya)).

And consequently,

(3.10) D71 (y) = D1 (y1)|| < Na (@i + o) (||y —yi|| + D%y - DéYl”)-

By (3.7) and (3.10), we can write

1 (v) = 1 (ya)|y
(3.11)

< (N1 + N2) (w1 + @3) (”y - ylH + ||D5y - D5y1||).

With the same arguments as before, we have

o2 (6) = 2 (x|,
(3.12)
< (N3 + Ng) (@1 + @2) (X = X1]| + [[DX = Dx4][) .

And by (3.11) and (3.12), we obtain

N; + N
R TC ) PR BN el | RSV W

Tanks to (3.3), we conclude that ¢ is contraction. As a consequence of Banach
fixed point theorem, we deduce that ¢ has a fixed point which is a solution of the
problem (1.1). O
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The second main result is the following theorem:

Theorem 3.2. Suppose that nP*3 # 6r(p+4) , &8 2 6r(?+4) and assume that the hypothe-

ses (H1)and (H3) are satisfied. Then, the coupled system (1.1) has at least a solution on
J.

Proof. We shall use Scheafer’s fixed point theorem to prove that ¢ has at least a
fixed point on X x Y. It is to note that ¢ is continuous on X X Y in view of the
continuity of f; and f, (hypothesis (H1)).

(1+:) : We shall prove that ¢ maps bounded sets into bounded setsin X XY :

Taking p > 0, and (x,y) € B, := {(x,y) € X X Y;[|(x,y)| p}, then for each t € J,

X><Y -
we have:

|1y (0|

<ty =9 |f (¥, Dy )

e e A UED U U CMON-RYO) [

|x: [P (p+4)t
[T(@)np+3-6T (p+4)|T(p+1) *

Tanks to (H3), we can write

sup Iy (t) sup Iy (t) r (p + 4) 17P+a
tel
M)ly()|_l"(a+1) |r(4)np+3_6I’(p+4)|I"(p+a+l)
. [x;[nPT(p+4)
+ XO + |F(4)_qp+30_6r(p+4)|r(p+l)
L F(p+4)np+a
< StLeij 1 () [r(m) + |r(4)qp+3—er(p+4)IF(W”)]
* poliPr(p+4)
+ XO + |r(4)np+30_61"(p+4)|r(p+l) ’
Therefore,
x| PT (p + 4)
(3.14) |y @® < 61Ny + [T @)nP+3 - 6T (p+4)|T(p+1)
Hence, we have
(3.15) los ] < N1 + :

[T (@) nP3 — 6T (p+4)|T(p+1)
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On the other hand,

1
I'(ae—o0)

t ;
D¢y (1) < fo (t—s)* ot 'f (s, y(s), D% (s))' ds + [x;

r(p+4)e— n pra-1 s
+ [T(@)np+3—6T (p+4) [T (p+a)T(4-0) fo (17 =9) 'f (S’ y(s),D% (S))' ds

IR 1 o
[T(@)np+3—6T (p+4) [T (p+1)T(4—0) *

By (H3), we have,

|DU<P1V (t)) <suply (t) - T(p+4)nPte ]
tel

1
(@-0+1) " [T@)Pe 6T (p+ 4T (p+a)T(4—0)

s foli7r(p+4)
[T(@)np+3-6T(p+4)|T(p+1)T(4—0) "

Consequently we obtain,

Xy n°T (p +4)
(3.16) |DU¢>1y (t)| < 01Ny + .
[T (@) 1p+3 — 6T (p+4)|T(p+ )T (4 - 0)
Therefore,
X5 PT (p + 4)
(3.17) D¢ (y)]| < 01N, + >

[T @) 3 -6 (p+4)|T(p+1)T(4-0)
Combining (3.15) and (3.17), yields

o )l

polr(p+4) Poln°r(p+4)
[L(@)npr3-6r(p+4)|T(p+1) — |F(@)nP+3—6I(p+4)[T(p+1)I(4—0)"

(3.18)
+

<01 (N1 + Ny) +

Xo

Similarly, it can be shown that,

Iz Gl

|yl (a+4) [yl (a+4)
[r@)ca3—6r(g+4)|r(a+1) — |r@)&a3-6T(q+4)[T(a+1)T(4-0)"

(3.19)
<6, (N3 + N4) +

+

Yo
It follows from (3.18) and (3.19) that

(3.20) [0 (% Y|y < O1 (N2 + N2) + 02 (N3 + Ng) + My + My,
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Consequently,

(3.21) 19 06 Yooy <

(2+:) : Now, we will prove that ¢ is equicontinuous on J : For (x,y) € B,, and
t1, tp € J such that t; < t,. We have:

6]
|pry (t2) = p1y (t2)] < ﬁ fo ((t1—s)“‘l—(tz—s)“—1)|f(s,y(s),Db'y(s))'ds

17)

(3.22) +m (-s)*" |f (s,y(S),Déy(S))| ds
r(p+4) t3—t3 Wl
[T @) = 6r (p+ 4T (p+a)f -9 r (s v,y o)
)x0| T (p + 4) (tf - tg)
[T @) np+2- 6T (p+4|TP+1)
Thus,
|1y (t2) — Py (1)) % ( ¢ - “) + % (t, — ty)”
(323) e L (8-€)
|F (4)nP+3 — 6T (p + 4)) F'(p+a+1)
|X0) T (p+4) ( 3 3)
|r(4) P+ — 6T (p+4)| T (p+ 1) 2
and

D7y (1) — Dby ()|
< g fotl ((tl A (o S)“‘U‘l) 'f (s, y(s), D% (s))' ds

r S (-9t (s y (), DYy 9))| ds

) [ =97 (5, y(9), DYy )] ds

|r(4)r,p +3 er(p+4)|r(p+a)r(4 o)

PolnPT(p+4)(60-6)
[T(@)np+3—6T (p+4)|T(p+1)L(4—0)”
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Using (H3), we obtain:

D7y (&) - Dby ()] < ﬁ (6 -5)+ % (t - t)"
01l (p + 4)nP*e (Eo-t)
|r (4) nP*3 — 6T (p+4)|T (p+a+1)T (4-0) !
N
(3.24) )Xo| 1°T'(p+4) ( 30 _ tg—a) .
)r @ 1P —6L (p+4)|T(p+1)T(4-0)
Hence, by (3.23) and (3.24), we can write
6 104 104 26 o
||¢1y(t2) ley(tl)Hx *Ta+D (t -t )+ r(—l) (o —t1)
(3.25) —~ 01T (p + 4) nP* (t3 ti)
|r(4)q 6r(p+4)|T(p+a+1)
N |Xo) L' (p+4) (ts _ 3)
|F (4)nP+3 — 6T (p + 4)) T'(p+1) 2
6 a—0 a—0 26 a—0
Taern i "8 ) e @Y
0.1 (p + 4) 77p+a ( 3—0 _ t3—U)
|r(4)r;p+3 6r(p+4)|T(p+a+)I(@d-0) > *
x| n°T (p + 4) (6 —6)
D@2 -6 (p+4)|T(p+)T@U-0) ~ 2/
With the same arguments as before, we get
0 26
[owxte) - oux @y < Fg (8- ) + gy e -0
+$
(3.26) 0oL (G +4) 7" (€-t)
|r(4) £3 — 6T (q+4)|T(q+p+1)
Yo €T (0 + 4)
T (-9
[T (4) &3 —6T (g +4)|T (g + 1)
62 p-d _ (-0 62 )0
Sy S AS v ey AR
021 (q + 4) E7*F 3.5 _ 13-
(& -17)

)r(4)gq+3 6I(q+4)|T(q+p+1)I(4-0)
)yo| & (g+4) ( 35 t3—<3)
]r(4)gq+3 6r(q+4)|T@@+)T@E-6) " * 7
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Thanks to (3.25) and (3.26), we can state that || (x, y) (tz) — ¢ (x, ) (t2)|| .., = O
as t, — t;. Combining (1«) and (2+) and using Arzela-Ascoli theorem, we conclude
that ¢ is completely continuous operator.

(3= :) : Finally, we shall show that the set Q) defined by

(3.27) Q={Xxy)eXxY,(xy)=up(xy),0<pu<1},

is bounded:

Let (x,y) € Q, then (x,y) = u¢(x,y), forsome 0 < u < 1. Thus, foreach t € J,
we have:

(3.28) y (1) = pugry (1), X (1) = ugax (t).
Then 1

Zly

. ly @)

< fot (t—s)*t 'f (s, y(s),D° (s))| ds +

X0

T(p+4)t3 T ta—
+ |F(4)1]"*3—((5’1)"(p2rt4)|F(p+a) fO] (- S)p ' 'f (S’ y(s), D% (S))| ds

|x3 [T (p+4)
+ [T(@)np+3-6T(p+4)|T(p+1) *
Thanks to (H3), we can write

sup Iy (1) suply () T (p + 4)nP*e
tel tel

1
(3.29) p )y(t)| < T(a+1) + |F (4) 1P+3 — 6T (p + 4)|F(p +a+1)

n°PT (p+4)
)I’ (4)nP+3 — 6L (p + 4)| I'(p+ 1)'

. Xy

0

Therefore,
1 I'(p+4)ne
3.30 0
(330) |y@®| < w6 r(a+1)+|r(4),,p+s_6r(p+4))r(p+a+1)
) Xo| 1°T (p + 4)
+H(Xo )r(4)np+3—6F(p+4))r(|°+1)}

Hence,

Xo

)

p
63 |yo|< u[eml + e )

" T (@) 1p+2 — 6T (p+4)| T (p+ 1)
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On the other hand,
1
— D%y (1)
Loy
t o
< ik €= 9" | (s, y (), D )] 0s

l"(P‘“‘)th’ ul p+a-1 5
+ |F(4)np+3—GF(p+4)|F(p+a)l"(4—0) L (17 - S) 'f (S/ y (S) ,D y (S))' ds

|x: [T (p+4) e~
+ T(4)nP+3—6T(p+4)|T(p+1)T(4—0)
n

By (H3), we have

ooy o)
u

T (p+4)nPre ]

1
< Stlijp 1 (1) [F(a—o+l) + [T(@)np+3—6T (p+4) [T (p+a+1)I(4—0)

s boli7r(p+4)
[T(@)np+3-6T(p+4)|T(p+1)T(4—0) "

Therefore,

D%y (1)

1 F(p+4)1]p*"
< ubh [F(a—o+l) + |r(4)np+3—6r(p+4)|r(p+a+1)r(4—a)]
[x3|nPT(p+4)
M [T(@)nP+3-6T(p+4)|T(p+1)T(4—0) "
Thus,
x| nPT (p + 4)
(3.32) IDPy ()] < | 01Nz + T — |-
[T @) 1p+3 - 6T (p+4)|T(p+1)T (4 - 0)

From (3.31) and (3.32), we get

[ . 1T (p+4)
01 (N1 + N2) + |Xp| +
(4)nP3—6I'(p+4)|T(p+1
(3.33) HyHX <u |xa|npr|(p+43 (p+4)|r(p+1)

+ [T(@)np+3—6T (p+4)|T(p+1)T(4—0)

Analogously, we can obtain

gy ()
Yo [T(4)£9+3-6T(g+4) [T (a+1)
[¥o|n°r(a+4)
|T(4)£a+3-6r (g-+4) T (q+1)T(4-0)

— 02 (N3 + Ng) +

(3.34) IXlly < u

+
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It follows from (3.33) and (3.34) that

(3.35) 106 Vlly oy < 1101 (N1 + No) + 02 (N3 + Na) + My + My]..
Hence,
(3.36) 16 (% Wllyy <00

This shows that the set Q is bounded.

Thanks to (1+), (2+) and (3+), we deduce that ¢ has at least one fixed point,
which is a solution of the problem (1.1). O

Corollary 3.1. Assume that (H1) holds and P2 # M &0 £ 6r§?4) ) if there exist

Ly > 0,L, >0, such that f; < L, f, <L, on J x R?, then the coupled system (1.1) has at
least a solution on J.

4. Examples

To illustrate our results, we will present three examples:
Example 4.1. Let us consider the following coupled system:

, bol{p? v
D2x(t) +

T +arctan(1+1t)=0,t<[0,1],
(32+t2)(e‘t+|y(t)|+‘D 2 y(t)D
4.1) Dy (t) + s (sin X (t)] + sin D%x(t)‘) +In(2+t)=0,te[0,1],
x(0) = V2,y(0) = V3,
X )1 + Ix” (O)] + |y (O + [y (©) = 0
X7 (0) = Px(2),y” (0) = Jzy(g)

For this example, we have

x|+ |y]
fit,x,y) = +arctan(1+1t),t€[0,1],x,y € R,
(32+12) (et +1x+y|)
f(txy = Witz(sinlxl+sin|y|)+|n(2+t2),,te[O,l],x,ye]R.

Taking x,y, X1, ¥1 € R,t € [0, 1], then:

1 1
|f1(t,X,Y) - fl(t,X1/y1)| S 3ie X = X¢| + 32— |y— Yi|,
1
IR (txy) - B(tx,y)| < omrE XXl m ly—vil.
So, we can take
1
(4.2) () =bi(t) = o () = bat) = 55—
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It follows then that

_ 1
Wy = 2 w7,
0 = 1 @
1 - 207_( — W2,
N; = 0,0860791, N, = 0,4264507, N3 = 0,0860755, N; = 0, 1666720.
And then,
(4.3) (N1 + N3) (w1 + @2) + (N3 + Ng) (@1 + @;) = 0,0360577 < 1.

Hence by Theorem 3.1, the system (4.1) has a unique solution on [0, 1].

Example 4.2. The second example is the following:

1
[vcol o) 2y
DZx(t) + 8(t+2)2 (1+|y(t)| + - 1+‘D§y(t)‘ +cos(l+t+t?)=0,te[0,1],
(4.4) D? zy(t) + 32(t2+1) (smx(t) + ﬁ sm(ZnD%x(t))) +cosh(2+1t?) =0,te[0,1],
x(0) =5,y (0) = V10,
X (O +Ix” @)1 + |y’ (O] +|y” ©)] = 0
X" ©) = ¥x(5),y" © = dty(3),
where
1 . tly] ;
f1(t, X, = + +cos(l+t+t7),te[0,1],Xx,y € R,
(2 AY) 8(t+2) (1 + X 27_((1 + |y|) ( ) [0,1],xy
ft,x,y) = _1 sinx+ﬂsin(2 ) +cosh(2+t2) te[0,1],x,yeR
2BXY) = e 8 ™ e YER

Forte[0,1] and X, Y, X1, y1 € R, we have:

1 t
fi(t,x,y) = f1(t,Xq, < —X=-X|+———|y— ’
6@y = hta )| 8a+az| 1 mna+aAy n
1 1
|f2(t,X,y)—fz(t,X1,y1)| < mIX—XleW—W,
with
1 t
45 = 7 T
(4.5) ai(t) = Bl )2 by(t) = Ton (12
and
1 1
(46) 0= 3w+ %0 B
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It follows then that

- 1 .1
“1 = 3027 oo
P S
YT 3277 T 2567
N; = 0,0859751, N, = 0,2413984, N; = 0,0860209, N, = 0, 1129376,
and
4.7 (N1 + Np) (w1 + @2) + (N3 + Ng) (@01 + @,) = 0,0176382 < 1.

Hence by Theorem 3.1, we conclude that the system (4.4) has a unique solution on [0, 1].
Example 4.3. Taking

cos(y(t)+D% y)
16+t+t2
1 sin x(t)+D% x(t)
(4.8) D3y() + —mz— =01t<€[01],
x(0) = V2,y(0) = V3,
X (O] +Ix” @) + |y’ O] + |y” (©)] = 0,

3

X7 (0) = JEx(2),y (0) = 3ty (4).

DIx(t) + =0,te[0,1],

Then, we have

fa(t = COS(X+y)t 0,1 R
1(/X/Y) - 16+t+t2/ e[/ ]/X/ye y
fo(t = Sin(Xer)t 0,1 R
2(txy) = m, €[0,1],x,y e R.
Letx,ye Randte[0,1]. Then
1 1
. < — < —
(49) |f1(t,x,y)| T 16+t+ 1t fz(t,x,y)| T 18+t+t2
So we take
1 1
(410 hO= e O se
Then,
1 1
(4.11) 0, = 1—6,62 =&

Thanks to Theorem 3.2, the system (4.8) has at least one solution on [0, 1] .

5. Conclusion

We have presented some existence and uniqueness results for a nonlinear cou-
pled system of fractional differential equations involving Caputo derivative. The
proof of the existence results is based on Schaefer fixed point theorem, and the
uniqueness result is proved by applying Banach contraction principle. This work
can be extended to coupled systems of nonlinear fractional differential equations
involving Riemann-Liouville fractional derivative.
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