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GENERALISED FRACTIONAL HERMITE-HADAMARD INEQUALITIES
INVOLVING m-CONVEXITY AND (s, m)-CONVEXITY

George A. Anastassiou

Abstract. Here we present generalised fractional Hermite-Hadamard type inequalities
involving m-convexity and (s, m)-convexity. These inequalities are with respect to gener-
alised Riemann-Liouville fractional integrals. Our work is motivated by and expands [7]
to the greatest generality and all possible directions.
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1. Background
We use here the following generalised fractional integrals.

Definition 1.1. (see also [3, p. 99]) The left and right fractional integrals, respec-
tively, of a function f with respect to a given function g are defined as follows:

Leta,b e R,a<h, a > 0. Here g € AC([a, b]) (absolutely continuous functions)
and is strictly increasing, f € L, ([a, b]). We set

® (2,10 = 75 f @O -g®) g @, x>a,

clearly
(|g+;gf) (@ =0,

and

b
) (1,)00 = ﬁ fx (g®) —g())* g @ f()dt, x<b,
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clearly

(2, )® =0

When g is the identity function id, we get that I7 ., = I3, and I ;, = I the

ordinary left and right Riemann-Liouville fractional integrals, where

3) (12, ) (x) = fx x-t " f()dt, x>a

1
T (a)

(18.f)(@ =0,and
b
(4) (121) 0 = ﬁf (t—x)*"f(t)dt, x<b,

(1. 1) (o) = 0.
Remark 1.1. (see also [1]) We observe that

(15 7) 00 = ﬁf (90 =g @) (fog™) @ O)g O dt=

(by change of the variable for Lebesgue integrals)
1 9(X)
I'(a) 9()

equivalently g (x) > g(a).

(5) (0 -2" " (fog?)@dz= (15, (o) G(), x>a,

That is, in the terms and assumptions of Definition 1.1 we get

(6) (12,,1) () = (|;(a)+ (fog™)(g(x), forxza.

Similarly, we observe that

b
(5,0 =5 [ @O-96" (105707 Oc

(b)
O =L, e e o= (o) 0w,
g X,
forx <h.
That is,
(8) (1, ) = (|;(b)_ (fog™)(g(x), forx<b.

So by (6) and (8) we have reduced the general fractional integrals to the ordinary left and
right Riemann-Liouville fractional integrals.

When g (x) = €%, x € [a, b] we have the application
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Definition 1.2. The left and right fractional exponential integrals are defined as
follows: Leta,b e R,a<b,a >0, f € L. ([a, b]). We set

© (51)00 = o [ (=) et et x2a
and

(10) (be*)()_r()f e —¢) _ef(t)dt X <b.
Note 1.1. We see that

(11) (18.6F) ) = (12, (foIn) (), x>a

and

(12) (12 f) ) = (15 (Foln) (), x<b

Another example follows:

Definition 1.3. Leta,beR,a<bh, a>0, f € Lo ([a,b]), A > 1. We introduce the
fractional integrals:

(13) (a 1) 00 = % X (A -A) T AT @, x>a,
and
(14) (1 f) 00 = ;n(A) (At -A) A (dt, x<b.

We are motivated by the following theorem:

Theorem 1.1. (1881, Hermite-Hadamard inequality, [4]) Let f : | ¢ R — R be a
convex function on the interval | of real numbers, and a,b € I, with a < b. Then

a+b 1 b f @)+ f (b)
(15) f(T)smfa f(t)dtsf.

In addition to the classical convex functions, Toader [6], Hudzik and Maligranda
[2] and Pinheiro [5] generalized the concepts of classical convex functions to the
concepts of m-convex function and (s, m)-convex function.

Definition 1.4. The function f : [0,b*] — R is said to be m-convex, where m € [0, 1]
and b* > 0 if forevery x,y € [0,b*]and t € [0, 1], we have

(16) ftx+m@L-t)y)<tfxX)+m@-1t)f(y).
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Definition 1.5. The function f : [0,b"] — R is said to be (s, m)-convex, where
(s,m) € [0,1]% and b* > 0, if for every x, y € [0,b*] and t € [0, 1], we have

(%)) ftx+m@A-t)y) <tfxX)+m@L-t)f(y).
We need the following list of lemmas and theorems from [7].

Lemmall. Leta >0, f : [ab] — R be a twice differentiable mapping on (a, b) with
a<b. If f” €Ly ([a b]), then

Ta+1 a+b
ﬁ [15.F () + 12T (@)] - f(T) -
N2 ol
(18) @ f m (1) £ (ta+ (1 - t)b) dt,
0
where
1-(1-t)¥* 1o+l 1
) - o)
1-t- B e (L)
a+l ' 27+)"

Lemmalz2. Leta >0, f:[ab] — R be a twice differentiable mapping on (a, b) with
a<h. If f7 €Ly ([a,b]), r >0, then

f @)+ f (b) 2 (a+b)_r(a+1)

[15.1 () + 12T @)] =

rir+1) r+1 2 r(b-—a)®
1
(20) (b —a)? f k(t) f” (ta+ (1 —t)h)dt,
0
where
l—(l—t)““—t‘”l t 1
— a1 =1 t € 0/ 5)s
(1) k() = { g | . J
r(a+1) ~ i L€ [5’1)'

Lemmal3. Leta >0, f: [a,b] — R be a twice differentiable mapping on (a, b) with
a<mb<b Iff”el;([ab]), r>0,then

f (a) + f (mb) 2 (a+mb)_ T'(a+1)

Ty T ri 2 ) r a0 f @) =

mb—

1
(22) (mb — a)® f k(t) f” (ta+m(1—t)b)dt,
0

where k (t) is defined in (21).
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The following fractional m-convex Hermite-Hadamard type inequalities also
come from [7].

Theorem 1.2. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, &« > 0. If
| is measurable and m-convex on [a, %] for some fixedgq > 1,0 <a <bandm € (0,1]

with £ <b*, r > 0, then

H™(f) := 15, (0) + 12 f ()]

f(a)+ f (b) 2 (a+b)_r(a+1)

r(r+1) r+1 2 r(b—a)®
2 [04 1
<(b-a) (r(a+1)(a+2)+4(r+1))'
frr (a)|q+m f"(%)'q :
(23) 5 =R ().

Theorem 1.3. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, &« > 0. If
£7|* is measurable and m-convex on [a, %] for some fixedq > 1,0 <a<bandm € (0,1]

with & <b*, r > 0, then

moen . | F@)+ (D) 2 a+b\ T+, N
HY (1) = rrel) o rel ( 2 )_r(b—a)“[|a+f(b)+lb‘f(a)]
1 ” q (b 4 %
6o 2 (@l emle @)
24) ST+ (1_ p(a+1)+1) 2 =R (1),
where
1+1=1.
pq

Theorem 1.4. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, &« > 0. If
£|* is measurable and m-convex on [a, %] for some fixedg > 1,0 <a<bandm € (0,1]

with 2 <b*,r >0, then

H™(f) := 15, (0) + 12 f ()]

r(r+1) r+1 2 r(b—a)”

f(a)+f(b)+ 2 f(,';\+b)_l“(a+1)

{ON|

f (a)|q +m

2

(25) = R (f).

- (b-a)? (qa+1)-1 i
“ra+)\qa+1)+1
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Theorem 1.5. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, & > 0. If
£7|* is measurable and m-convex on [a, %] for some fixedg > 1,0 <a<bandm € (0,1]

with & <b*, r > 0, then

15, () + 12 3]

H (f) = f (@) + f(b) 2 (a+b)_F(a+l)

r(r+1) +r+1 2 r(b-a)*
< 2 %(b—a)z 1+ r+i p+l_L1p+16.
“\p+1 r+1 |\2 r(a+1) r(a+1)

(&

f (a)|q +m

=Ry (),

(26)

where

Theorem 1.6. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, &« > 0. If
£7|* is measurable and m-convex on [a, %] for some fixedg > 1,0 <a<bandm € (0,1]

with & <b*, r > 0, then

H™ () = 15, () + 12 3]

f@)+ f(b) 2 a+bh T'(a+1)
rr+1) r+1 ( 2 | r(b-a)f

(.2 Th-a?[(1  r+1 | Fr1 \T
- q+1) r+1 §+r(a+1) B r(a+1) '

(3

@ +m

2

7) = R (f).

The following fractional (s, m)-convex Hermite-Hadamard type inequalities also
come from [7].

Theorem 1.7. Let f : [0,b] — IR be a twice differentiable mapping with 0 < a < mb <b,
a > 0. If [f7]" is measurable and (s, m)-convex on [a,b] for some fixed g > 1 and
(s,m) € (0,1]% r > 0, then

HE () =

f (a) + f (mb) 2 ¢ a+mb T'(a+1)
r(r+1) r+1 2 ) r(mb-a)®

15, (mb) + 12, (3)]
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2 a 1 l_a
(28) S(mb_"j‘)(r(a+1)(a+2)+4(r+1))

1

W@W( A ﬂa—Rmu)

144 q
@['1+m ra+)@+2)  a0+1)

where
1

TrGe+DGra+2) r@+1)

B(s+1,a+2)

1 1S+1
+(r+l)(s+1)(s+2) (1_(5) )

Theorem 1.8. Let f : [0,b] — IR be a twice differentiable mapping with0 <a <mb <b,
a >0 |If |f”|q is measurable and (s, m)-convex on [a,b] for some fixed ¢ > 1 and
(s,m) € (0,1]%r > 0, then

HY (F) =

f (a) + f (mb) 2 a+mb F(a+1)
r(r+1) +r+1 2 r(mb

[lfmm+| uﬂ

f"@P+——

(mb—a)2 2 'l) ”
(29) = r(o+1) (1_p(a+1)+1) (s+1 f (b)))

= Ra(f),

1,1 _
wherep+q 1.

Theorem 1.9. Let f : [0,b] — IR be a twice differentiable mapping with0 <a <mb < b,

a > 0. If [f7]" is measurable and (s, m)-convex on [a,b] for some fixed g > 1 and
(s,m) € (0,1]% r > 0, then
HY'(F) =
f (a) + f (mb) 2 a+mb F(a+1)
| r(r+1) r+1 ( 2 ) r(mb — [I F(mb) + I, f(a)]
(mb a) £ q 1 _
(30) r( +1) ()| (s+1 q(s+1)+s+1 B(s+1,q(a+1)+1))
. 2 1
*mif (b)| (s+1 q(a+1)+1+q(a+1)+s+1

+B(s+1,q(a+1)+1))] = RL(f).
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Theorem 1.10. Let f : [0, b] — R be atwice differentiable mappingwith0 < a < mb < b,
a >0 |If |f"|q is measurable and (s, m)-convex on [a,b] for some fixed ¢ > 1 and
(s,m) € (0,1]% r > 0, then

HY (f) =

|f(a)+f(mb)+ 2 1:(a+mb) F(a+l)

r(r+1) r+1 2 r(mb - [I F(mb) + Ty, f(a)]

<(mb—a)2 2 Vi1 re1 P re1 P
T r+1 \p+1 §+r(a+1) \r(@+1) '

(31) @+ | o)f ) = R (f),

(s+1

1,1_
wherep+q 1.

Theorem 1.11. Let f : [0, b] — R be atwice differentiable mappingwith0 < a < mb < b,
a >0 |If |f"|q is measurable and (s, m)-convex on [a,b] for some fixed ¢ > 1 and
(s,m) € (0,1]% r > 0, then

HY (f) =

f (@) + f (mb) 2 a+mb F(a+l)
r(r+1) r+1 2 r(mb

[lfmm+%muﬂ

(mb-a)?[,., ad 1 r+1 \™
el @[ H+m|” o) (q+1( r(a+1))
2 [ r+1 \™ n
(32) _q+_1(r(a+1)) - )]_ Rs (f)
where
i ore1 ‘. Lor+n ‘.

The aim of this article is to extend the results of [7] to generalized fractional
integrals (1) and (2), in particular to fractional exponential integrals (9), (10) and
to fractional trigonometric integrals (60), (61), that is, to produce very general
fractional m-convex and (s, m)-convex Hermite-Hadamard type inequalities.
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2. Main Results

Combining Theorems 1.2-1.6 we get the following m-convex Hermite-Hadamard
type inequality.

Theorem 2.1. Let f : [0,b*] — R be a twice differentiable mapping withb* > 0, &« > 0. If
| is measurable and m-convex on [a, %] for some fixedgq > 1,0 <a <bandm € (0,1]

with £ <b*, r > 0, then

(34) H™ (f) < min {R (f), R (f),RT (f), R} (f),RY (1)}

Combining Theorems 1.7-1.11 we obtain the following (s, m)-convex Hermite-
Hadamard type inequality.

Theorem 2.2. Let f : [0,b] — IR be a twice differentiable mapping with0 <a <mb < b,

a > 0. If [f7]" is measurable and (s, m)-convex on [a,b] for some fixed g > 1 and
(s,m) € (0,1]% r > 0, then
(35) H;”(f)gmin{ V()R (), R (), R (), RE: (f)}

Next we generalize Lemmas 1.1-1.3.

Lemma2l. Leta > 0,a < b, f € C([ab]), g € C'([ahb]), g strictly increasing
on [a,b], (f Og‘l) is twice differentiable function on (g (a), g (b)) with <f Og—l)" .
L1 ([7 (@), g ®)]). Then

T'(x+1) " (g(a)+g(b))_
e [l T O + 1 F@)] = (fo I
2 g @ o O et @] =) 7
(36) M[ m®(fog?) (tg@+@-1g®)dt,

where m (t) as in (19).

Lemma?2.2. LetallasinLemma?2.1,r > 0. Then

f@+fo) 2 <fog_1)(g(a)+g(b))

r(r+1) +r+1 2

F(a+l)

TG g @y e O @)

1
(37) =GO -9@F [ kO(tos?) tr@+a-vsO)a,

where k () as in (21).
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Lemma2.3. Letall as Lemma 2.2, with g (a) < mg (b) < g(b). Then

f@+(fogt)mg)) o (2@ +mg )
r(r+1) r+1( °g )( 2 )

B I'la+1)
r(mg (b) — g (a))"

[ty (F g7 ) (g ) + 15, (F o 97) (97 @)]

1
(38) = (mg (b) — 7 (a))° fo k(®)(fog™) (tg(a)+m(@-1)g(b)dt
where k () as in (21).
We apply Lemmas 2.1-2.3 to g (x) = €*.

Lemma24. Leta >0,a<b, f e C([ab]), (f oln)is twice differentiable function on
(ea, eb) with (f oIn)” € Ly ([ea, eb]). Then

I'ae+1) r,, . ¢ 4 @b )
2(e? - ea)a [|a+;e><f (b) + Ib—;exf (a)] —(fo |n)( ) ) -
(eb _ ea)z ' 1 (a2 b
(39) 5 fo m (t) (f o In) (te +(1—t)e)dt,

where m (t) as in (19).

Lemma?2.5. LetallasinlLemma2.4,r > 0. Then

f@+fh 2 ea+eb) [(a+1) [,

D +r+1(foln)( 2 )t ey Lot (0) + 12 o @)]

1
2
(40) = (e —¢) f k(®) (foln)” (te* + (1 - t)e") o,
0
where k () as in (21).
Lemma2.6. Letallasin Lemma 2.5, with 2 < meP < . Then

f(a)+(fo|n)(meb) 2
rr+1) +r+1(foln)(
_ TI'(a+1)
r(med —e)”

et + meb)
[15, (f o In) (me®) + 12, (f oln)(e?)]

(41) - (meb - ea)2 f 1 k() (f oIn)” (tea +(1-1) eb) dt,
0

where k () as in (21).
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We need the following notations.

Notation 2.1. We denote by

(42)

(43)

(44)

where

(45)

(46)

H™(f,g) =

r(r+1) r+1 2

T'(a+1)
r(g(b)-g@)"

7

15, () + I (a)]

m ._ 2 a 1
R{ (1,9) = (g (b) g (@) (r(a+l)(a+2) " 4(r+1))'

[|(f og) (g (a))'q +m |(f ogt)" (1) qu
> ,

1

(9(b) - g (@) (1 2 )6 '

Ry (1,9) = r(a+1) _p(a+1)+1

[|(f og) (g (a))'q +m |(f ogt)" (1) qu
> ,

1.1

P q
m GO -g@) [qla+1) -1
R3 (f,g):= @+ D) (q(a+l)+1) .

[|(f o g‘l)" (g (a))'q +m |(f ° g‘l)" (%) q]q
5 ,

2 r(a+1)

p+1

f+fk) 2 (fog_l)(g(a)w(b))_

2 ) (9.0) - 9 @)’ (1+ r 1 )’”1_

op L <f og—l)" (¢ (a))|q +m '(f og—l)"($)|q i
_(r(a+l)) ] 2 ’

117
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where
£+1:1/
pq
and 1 i )
m {2\ @) -g@) (1 r+1 \"
RS(f’g)'_(q+1) r+1 [(§+r(a+1)) -
o1\ (|(Fea?) @@ +ml(fog ) ()Y
S (r(a+1)) ] 2

We present the following fractional generalised m-convex Hermite-Hadamard
type inequality.

Theorem 2.3. Let all as in Notation 2.1. Here a > 0, b* > 0, f € C([0,b"]), g €
C ([0, b*]), g is strictly increasing on [0, b*] with g (0) = 0. Assume that

f og_l [0,g(0)] >R

is twice differentiable mapping. If '(f o g‘l)"|q is measurable and m-convex on [g (@, %]

for some fixedq > 1,0 <a < b <b*and m € (0, 1] with @ < g(b*),r >0, then
(48)  H"(f,9) <min{R7 (f,9), R (f,9), RY (f,9), R} (f,9), RV (f,9)}.
Proof. By Theorem 2.1. O

We need additional notations.

Notation 2.2. We denote by

o |f@+(feg ) (mg) 2 (9@ +mg ()
He' (T 9) = r(r+1) r+1(fogl)(f)_
T'a+1) N _ N _
“) g (S—g(a))“ [ (F o) (Mg ©)) + 13y (Fog7) @],

m ._ 2 @ 1 o
Ras (f,g) = (mg () — 9 @) (r(a+1)(a+2) i 4(r+l)) '

(50) (oo™ @@ 1+m|(tos™) o)
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o 1 | d
r(a+1)(a+2)+4(r+1)_) /
where

= r(s+1)(1+0z+2) Trarptetlat?
(1) TR0 i DGE+2) (1 B (%)Hl)’
Ry (f.9) = (mgr(t()ilgl)(a))z ( e +21) T 1)% '
(52) (e l(tor™) wa@| + S [(for) @ (b))|q)% ,

1,.1_
Wherep+q 1,

_ (mg(b) - g(a)

Ry (f,9) = e D “(f 09_1)” (g (a))'q( - -

s+l_q(a+1)+s+l

s 2
s+1 qa+1)+1

(53) —B(s+1,q(a+1)+1))+m '(f og7Y) (g (b))jq (

1
+q(a+1)+s+1

mg®) -g@)?( 2 \i[(1 r+1 P
r+1 p+1) (_ ) B

+B(s+1,q(a+1)+1))],

Ry (f,9) =

2+r(a+1)

o ; (ra++11))pﬂ]E (oo w@f + 2 o) wof)

where

and

_ (mg(b) - g(a))’

R (1,9) = L2 |(fog™) (@) H+ml(fo ™) o))

2 1 r+1 o+l 2 r+1 o+t
59) (q+1(§+r(a+1)) _Q+1(f(a+1)) _HJ

7

119
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where

o+l ! Yo+l !
56 H= ——— +1t] tdt + —— +1-t]| tdt.
(56) fo (r(a+1) ) f%(r(owl) )
Next we present a fractional generalised (s, m)-convex Hermite-Hadamard type

inequality.

Theorem 2.4. Hereall as in Notation 2.2. Leta > 0,b > 0, f € C([0, b]), g € C* ([0, b]),
g is strictly increasing on [0, b] with g (0) = 0. Assume that f o g7 : [0,g(b)] — Riis
twice differentiable mapping, with 0 < g (a) < mg(b) < g(b), a € [0,b]. If '(f o g—l)"|q
is measurable and (s, m)-convex on [g(a), g (b)] for some fixed q > 1 and (s, m) € (0, 1]?,
r > 0, then

(67)  HI(f,9)<min{RL(f,9), RL(f,9), RE(f,9), R (f,9), RL(f,9)}.
Proof. By Theorem 2.2. O
The case q = 1 is met separately.

Proposition 2.3. Here H™ (f, g) as in (42) of Notation 2.1. The rest of the assumptions
as in Theorem 2.3 with g = 1. Then

m 2 o 1
HT(Tg)< (g ®) -9 @) (r(a+1)(a+2) " 4(r+1))

(58)

x[i<fogl>"<g<a»| - i(ww)’@)i}

Proof. By Theorem 1.2. O

Proposition 2.4. Here HT (f, ) as in (49) of Notation 2.2. The rest of the assumptions
as in Theorem 2.4 withq = 1. Then

HE (F,9) < (g 0) g @)°[[(Fo 57) @ @)| 1+ m|(fos) 0

o 1
(59) (r(a+1)(a+2)+4(r+1)_l)]'

where | as in (51).
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Proof. By Theorem 1.7. O
We need

Definition 2.1. Leta,b e [0, g], a<b,a>0,feLls([ab]). Weconsider the leftand

right fractional trigonometric integrals of f with respect to sine function denoted
by sin :

(60) (I§+;sinf) (x) = ﬁ fax (sinx —sint)* tcostf (t)dt, x> a,
and
b
(61) (1 gn ) () = ﬁ f (sint—sinx)* " costf (f)dt, x <b.
We need

Notation 2.5. We denote by

f(a)+ f(b) . 2 . (f C)Sin_l)(sin(a)+sin(b))_

m H —
HI (f,sin) = rr+ D) >

I'a+1)
r (sin (b) — sin (a))*

(62) [12sinf ) + 1 f @]

7

m in) ‘= (si i 2 a !
Ry (f,sin) := (sin (b) — sin ()) (r(a+l)(a+2) " 4(r+l))'

1
” a\Gg

(o sint)” sin @)+ m(f o sint)" (222)
2 ,

(63)

. . 2 r_l)
RY (1, sin) = (sin (b) — sin (a)) (1 2 ) .

r(a+1) T pla+1)+1

(f o sint)” (sin @)+ m|(f o sint)” (22) %

m

(64 > ,

1,1
where 5+ 3

11

_ (sin(b) - sin (a))? (q(a +1)— 1)% '

m H .
Rs. (,sin): ra+1) qa+1)+1
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fosin)” sin@)[' + m](f osin ) (22)")'
(65) (7osin™) | : (Fosin™)" (52 |
he (2 YV in®-sin@)? (1, r+1 )
R“(f’sm)'_(ml) r+1 [(E+r(a+1)) -
rer (s in@ft (s )
(o) ] . ,
where
L1,
pq
and
noay o (L2 \FEin®) -sin@)? (1 re1 |
RS*(f'Sm)'_(qul) r+1 [(E+r(a+1)) -
o i [(Fosin?) @in@) + m(fosin ) (20)f
©7) (m) ] : |

We present the following fractional generalised m-convex Hermite-Hadamard
type inequality for sin function. So here g (x) = sin(x), x € [O, g] .

Theorem 2.5. Let all as in Notation 2.5. Here a« > 0, f € C([O,g]). Assume that

q
f osin™t:[0,1] — R is twice differentiable mapping. If '(f ) sin‘l) is measurable and

m-convex on [sin (a), %‘b)

sin(b) <m, r > 0, then

]for some fixedq > 1,0 < a < b < Z and m € (0,1] with

HM (f,sin) <

%

(68)  min{RY (f,sin), RY. (f,sin), RY. (f,sin), R, (f,sin), RY (f,sin)}.
Proof. By Theorem 2.3. O

We need
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Notation 2.6. We denote by

(69)

(70)

where

(71)

(72)

RM (f,sin) := (msin (b) —sin (a))z(

f(a)+ (f o sin‘l) (msin (b))

HZ (f,sin) = o)

2 . _1\(sin (@) + msin(b) T'(a+1)
r(fosin )( 2 )_r(msin(b)—sin(a))“'

[12 e (Fosin™) (msin(0) +12 ;o (£ osin™) (sin (a))]| ,

o N 1 l_q_
ra+1)(a+2) 4(@r+1)

H(f o sin‘l)” (sin (at))|q | +m |(f o sin‘l)” (sin (b))|q .

o 1 | a
ra+D(@+2)  a0+1) ) /

1

h= rc+1)(s+a+2) r(a+1)B(s+1’a+2)

1 1S+1
- r+1)(Gs+1)(s+2) (1_(5) )’

1

" __ (msin(b) - sin (a))* 2 P
Ros, (1, 5in) = r(a+1) ( _p(a+1)+1) '

1
q
s

(2 lirosm ) s + 2 (o5 o)

1,1 _
wherep+q 1,

(73)

RE, (f,sin) :=

—B(s+1,qa+1)+1)+m |(f o Sin‘l)” (sin (b))|q (s

(mein(®) _sin @) D(f o sin‘l)” (sin (ax))|q ( : L

r(a+1) s+1_q(a+1)+s+1

S 2

1

+W+B(S+l,q(a+l)+l))],

+1_q(a+1)+1

123
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(msin (b) — sin (a))? ( 2 )%

1 r+1 ptl
R, (f,sin) := 5 -
as. (T, i) r+1 p+1 (2+r(a+1))

re1 VPP 1 in~1)” (si !
(e ] (el esmy oma
(74) cral(fesin) snonf)',
where
14_1:1,
pq
and
RE, (f,sin) :=
. : 2
MO =SNEL £ o i) sin @) H+m (o sin)” sin )]
2 (1 r+1 | 2 re1 \™
7 [q+1(§+r(a+1)) _q+1(f(a+1)) _HJ/
where
76 T (LA S PR o S SRR e
(76) = fo T *f ICESVRR R

Next we present a fractional generalised (s, m)-convex Hermite-Hadamard type
inequality involving g (x) = sinx, X € [O, g].

Theorem 2.6. Here all as in Notation 2.6. Leta > 0,a,b € [0, g], a<h, f eC(0,b].
Assume that f osin™ : [0, sin (b)] — R is twice differentiable mapping, with 0 < sin (a) <
msin (b) < sin(b). If |(f ) sin‘l)"'q is measurable and (s, m)-convex on [sin (a), sin (b)]
for some fixed g > 1 and (s, m) € (0,1]% r > 0, then

HZ (f,sin) <

(77)  min{RY.

1s+

(f,sin), R, (f,sin), RE, (f,sin), Ry, (f,sin), Rg‘s*(f,sin)}.

Proof. By Theorem 2.4. O

Finally we treat the case of g = 1 when g (x) = sinx, x € [O, g] .
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Proposition 2.7. Here H (f, sin) as in (62) of Notation 2.5. The rest of the assumptions
as in Theorem 2.5 withq = 1. Then

m i i i 2 a !
H (f,sin) < (sin (b) - sin (2)) (r(a+l)(a+2) Tare 1)).

s Gint] «ml(r s ()

(78) > -

Proof. By Proposition 2.3. O

Proposition 2.8. Here H (f, sin) as in (69) of Notation 2.6. The rest of the assumptions
as in Theorem 2.6 with q = 1. Then

HZ (f,sin) < (msin(b) — sin (a))® U(f o sin‘l)” (sin (a))| I+

N, o 1
(79) m|(f osin 1) (S|n(b))| (r(a+1)(a+2) + D I)]

where | as in (51).

Proof. By Proposition 2.4. O
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