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ON THE GROWTH OF SOLUTIONS TO NON-HOMOGENOUS LINEAR
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS HAVING THE
SAME ORDER *
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Abstract. In this paper, we investigate the order of solutions to the non-homogeneous
linear differential equation

fO 1B f&D 4 B fV 4. 4B f +Byf =F,
wherek >2,Bj(z) (j =0,1,...,k— 1) and F(z) are entire functions of finite order.
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1. Introduction and statement of results

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory
[5, 9]. In what follows, we give the necessary notations and basic definitions.

Definition 1.1. (see[5,9]) Let f beameromorphic function. Then the order p (f) of
f (z) is defined by

7

i logT(r, f)
f)=Ilim sup ———=
P r—HF-)oo logr
where T (r, f) is the Nevanlinna characteristic function of f. If f isan entire function,
then the order p () of f (z) is defined by

logT(r, f . loglog M (r, f
p(f)=1lim sup M=I|m sup L()

7
r—+00 I r—+00 logr

where M (r, f) = max|z|:,|f (z)).
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Definition 1.2. (See [5, 9]) Let f be a meromorphic function. Then the exponent
of convergence of the sequence of zeros of f (z) is defined by

IogN(r,%)
A(F)=lim sup ———=
) r—>Poo logr

7

where N (r, %) is the counting function of zeros of f (z) in {z : |z| < r}. Similarly, the
exponent of convergence of the sequence of distinct zeros of f (z) is defined by

_ Iogﬁ(r,%)
A(f)=lim sup ————=
() r—>Pc>o logr

7

where N(r, %) is the counting function of distinct zeros of f (z) in {z: |z| < r}.

In [8], Wang and Laine have investigated the growth of solutions to higher order
non-homogeneous linear differential equations and obtained the following result.

Theorem 1.1. (See [8] )Suppose that
Aj(2) =hj@e"?, (j=0,--- ,k=-1),

where
Pi(2) = ajnz" +---+ajo, (j=0,1,--- , k-1

are polynomials with degree n > 1,
hj(2) (#0), 1=01,...,k-1)

are entire functions with order less than n, and that H(z) # 0 is an entire function of order
lessthann. Ifaj, (j =0,1,---,k— 1) are distinct complex numbers, then every solution f
of the differential equation

fO+ ALY+ AT+ AT =H(2)
is of infinite order.

In [7], Peng and Chen have investigated the order and hyper-order of solutions
to some second order linear differential equations and have proved the following
result.

Theorem 1.2. Let Aj(z) (20) (j =1,2) be entire functions with p(Aj) <1, ag, ap he

complex numbers such that a;a, # 0, a; # a, (suppose that |a;| < |az|). If arga; # 7t or
a; < —1, then every solution f # 0 of the differential equation

7 + e + (A + Ae®?) f =0

is of infinite order and hyper-order

. loglog T (r, f)
POl P " ogr



On the Growth of Solutions to Non-homogeneous Linear Differential Equations 19

The main purpose of this paper is to extend and improve Theorems 1.1-1.2 to
some higher order linear differential equations. In fact we will prove the following
results.

Theorem 1.3. Letk > 2beaninteger, I; CIN (j =0,1,---,k—1) be finite sets such that

liNIn=2(j#m)and | = Ulj(;élj. Suppose that

B = Y A, (=0, k-1)

i€|j
where A (z) (£ 0), (i € 1) are entire functions with
max{p (Ai),i€l} <n, Pi(z) =ainz" +---+anz+aj, (i€l)

are polynomials with degree n > 1 and that F(z) # 0 is an entire function with p (F) < n.
If ain (i € 1) are distinct complex numbers, then every solution f of the differential equation

(1.1) fO 4B f Do 4 BfO 4. 4B f +Bof =F
satisfies p (f) = +co.

Theorem 1.4. Under the hypotheses of Theorem 1.3, suppose further that ¢(z) 0 is an
entire, then every solution f # 0 of (1.1) satisfies

A(f =) = A(f =) = p(f) = +oo.

2. Preliminary lemmas

Lemma2.1l. (See[3])LetPy,Py,---,Py(n > 1)benon-constant polynomials with degree
dy, dy, - -+, dpn, respectively, such that deg (Pi - Pj) = max {di,dj} fori# j. Let

A@2) = Z B; (z) "
=1

where Bj (z) (2 0) are entire functions with p(B,—) < dj. Then

p (A) = max{d;j}.

1<j<n
Lemma2.2. (See [2]) Suppose that P (z) = (o +iB)z" + --- (a,B are real numbers,
|| + |ﬁ) # 0) is a polynomial with degree n > 1, that A (z) (# 0) is an entire function with
p (A) <n. Set

7(2) =A@)e"?, z=re'% 5(P,0) = acosnd — Bsinne.
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Then for any given ¢ > 0, there is a set E; C [0, 27t) that has linear measure zero, such that
for any
0e [0, 27‘[)\(E1 U Ez),

there is R > 0, such that for |z| = r > R, we have
M ifo6(P,6) > 0, then

(2.1) exp((L- )5 (P, O) "} < | (re)| < exp{(L+ )5 (P, O) ")
(i) if 6 (P, 0) < 0, then
(22) expl(1+e)5(P,0)r") < |y (re”)| < expl(1 - )5 (P.O) "],
where E; = {6 € [0,27) : 6 (P, 0) = 0} is a finite set.
Lemma2.3. (See [4]) Let f be a transcendental meromorphic function of finite order p.

Let ¢ > O be a constant, k and j be integers satisfying k > j > 0. Then the following two
statements hold:

(i) There exists a set E3 C (1, +o0) which has finite logarithmic measure, such that for all z
satisfying |z| ¢ E3 U [0, 1], we have

f® (2)
£0) (2)

<zl (p-1+e) |

(ii) Thereexistsaset E4 C [0, 27t) which has linear measure zero, such thatif 6 € [0, 27)\ E4,
then there is a constant R = R (0) > 0 such that (2.3) holds for all z satisfying argz = 6
and |z| > R.

Lemma2.4. (See[8])Let f (z) be an entire function and suppose that

_log" |f¥(2)

G(2) 27

is unbounded on some ray argz = @ with constant p > 0. Then there exists an infinite
sequence of points _
Zn = rnelel (n = 112/"')/

where r, — +o0, such that G (z,) — oo and

1) (z0)
i® (z,)

1 k=j -
< — @A +o0()r, ,j=0,1,--- k-1
(k=) n ]

asn — +oo.
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Lemma2.5. (See[8]) Let f (z) be an entire function with p (f) = p < +co. Suppose that
there exists aset Es C [0, 27t) which has linear measure zero, such that log™ |f (re‘9)| < Mr?

for any ray argz = 6 € [0, 27t) \ Es, where M is a positive constant depending on 6, while
o is a positive constant independent of 6. Then p (f) < 0.

Lemma?2.6. (See[1]) Let
Aj(j=0,1,---,k=1), F£0

be finite order meromorphic functions. If f (z) is an infinite order meromorphic solution of
the differential equation

fO LA T D 4 ALF + A =F

then f satisfies
A(f)=A(f) =p(f) = co.

3. Proof of Theorem 1.3

Proof. First we prove that every solution of (1.1) satisfies p (f) > n. We assume that
p (f) <n. Rewrite (1.1) as

(3.1) Z A fEDePi@ 44 Z A f’ePi@ 4 Z A fePi@ = F - 09,

iElk,l i€|1 iElo

Since aj, (i € 1) are distinct complex numbers, then by (3.1) and the Lemma 2.1, we

have
n= p{z A fEDP@ 4y ZAifePi(Z)} = p{F - f(k)} <n.

iElk,l iElo

This is a contradiction. Hence, p (f) > n. Therefore f is a transcendental solution
of equation (1.1).

Now we prove that p (f) = +co0. Suppose that p (f) = p < +c0. Since p (F) <n,
then forany given ¢ (0 < 2¢ < min {1, n — p (F)}) and for sufficiently large r, we have

(3.2) IF@)| < exp{rr®©+}.

By Lemma 2.2, there exists a set E c [0,27) of linear measure zero, such that
whenever 6 € [0,27) \ E, then 6 (P;, 0) # 0 for all i € I and 6 (P;, 6) # 6 (P, 0) for all
i, mwithm <i(i,m e 1). If z = re'? has r large enough, then each A; (z) e"@ satisfies
either (2.1) or (2.2). By Lemma 2.3, there exists a set E; C [0, 27t) which has linear
measure zero, such that if 6 € [0,2n) \ E4, then there is a constant R = R(0) > 1
such that for all z satisfying argz = 0 and |z| > R, we have

£0) (2)

_ <7, 0<i<j<k
or Iz| j

(3.3)
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Since aj, (i € 1) are distinct complex numbers, then for any fixed
0 €[0,2n) \ (EUEL),
there exists exactly one s € | such that
6(Ps, 0) =6 =max{6(P;,0),icl}
and there exists 1 € {0,1,--- ,k — 1} such that s € I,. Set
0 =max{o(P;,0):i#s,iel},

then 6; < 6 and 6 # 0. We now discuss two cases separately.

Case 1: Suppose that 6 > 0. By Lemma 2.2, for any given ¢ with

0<25<min{6_661,n—p(F)},

we obtain
(3.4) |As @) %@ > exp {(1 - €)or}, s €1,
(3.5) |Ai (2) €7@ < exp {(1 + &) 611"}

for i # s and for sufficiently large r. We now prove that
log* |t (2)| / 1217 ®*

is bounded on the ray argz = 6. We assume that
log* [t (2)] / 121P®*

is unbounded on the ray argz = 6. Then by Lemma 2.4, there is a sequence of
points z, = rye'?, such that r, — +oco, and that

log” [f0 (zn)

(3.6) P — 400,
£0) (z,, y
(3.7) f(l)((zz)) < (|_1,-)! L+o@)rh, (=0, ,1-1).
From (3.2) and (3.6), we get
F(zm)

o) T (zn)
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for mis large enough. From (1.1), we obtain

f® (zm) f&D (z,)
A ePs(Zm) m A eP i(Zm) m
| S | f(l) (Zm) |; f(|) (zm)
f0+1) (7 )
Pi(zm) m aPizm)
(3.9) Z A Ty Z A
i€l il i#s
01 (z ) f’ (zm)
A eP (zm) m + A.epi(zm) m
Z 0 (z0) Z ! f0) (zpn)
i€l_1 i€l;
) f(zm) F(zm)
+[Y Al |
Z,: ' f0 (zm)| | 1O (zm)

Substituting (3.3), (3.4), (3.5), (3.7) and (3.8) into (3.9), we have

(3.10) exp{(1 —&)orh} < Moexp {(1 + ) 61r7 ) rie,

bbl

where My > 0 and M; > 0 are some constants. By 0 < ¢ <

get
(6 - 1) My
exp{ 25 } Mory,

which is a contradiction. Therefore,

and (3.10), we can

log" [t ()] / 1217 ®*
is bounded, and we have
119 @) <™ exp{rP(F)“}

on the ray argz = 6. By the same reasoning as in the proof of Lemma 3.1 in [6], we
immediately conclude that

f@| < @+o@)r'|fO)
< (1+o@)Mr'exp {rP(F)“} < Mexp {rP(F)J'ZS}

ontherayargz=0
Case 2: Suppose now that 6 < 0. From (1.1), we get

fk=1) f/ f F

(3.11) —1:Bk—1w+ “+Bi—5 ® +BOW—W.

By Lemma 2.2, for any given ¢ with

0<2e<min{l,n-p(F)},
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we have
(3.12) |Ai (2) 6”@ < exp{(1-e)or},iel
for sufficiently large r. We now prove that
log* [f® (2)| / [2P®**
is bounded on the ray argz = 6. We assume that
log* [1% (2)] / |2/

is unbounded on the ray argz = 6. Then by Lemma 2.4 there is a sequence of points
Zm = me'%, such that r,, — +co, and that

log* |f® (zm)|

(3.13) CE ,
£0) (zm) 1 i
(3.14) ® (z) < =) Q+o@)ry’,(j=0,...,k=1).
From (3.2) and (3.13), we get
F(zm)

for mis large enough. Substituting (3.12), (3.14) and (3.15) into (3.11), we get

6D (z21n) £ (zm)
(3.16) 1< AP | YT AePim)
Z‘ | £ (zm) Z.: | 109 (z,)
_ f(zm) F (zm)
+| ) Al | < Maexp {(1—¢)orn )M,
LA [ | [0 | < MeSP - ORI

where M, > 0 and M3 > 0 are some constants. By 6 < 0, we have
My exp {(1—&)orl e — 0

as rp — +co. From (3.16), we get 1 < 0 as r, — +oco, which is a contradiction.
Hence, we have [f® (z)] < M exp{rP(F)“} on the ray argz = 6. This implies, as in
Case 1, that

(3.17) |f @) <Mexp {rP(F)J'Zf}.

Therefore, forany given 6 € [0, 27t)\ (E U E4), we have got (3.17) ontheray argz = 6,
provided that r is large enough. Then by Lemma 2.5, we have p (f) < p (F)+2¢ < n,
which is a contradiction. Hence every transcendental solution f of (1.1) must be of
infinite order. O
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4. Proof of Theorem 1.4

Proof. Suppose that f is a solution of equation (1.1). Then, by Theorem 1.3 we have
p(f) = +oo. Set
9@=12)-¢@),

g (z) is an entire function and

p(g) =p(f) = +oo.
Substituting f = g + ¢ into (1.1), we have
(4.1) g% +B 9%V + ... + By’ +Bog = D,

where
D=F- [(f)(k) + Bk_l(p(k_l) + -+ Bl(P, + Bo(p] .

We prove that D # 0. In fact, if D = 0, then
(P(k) + Bk—l(P(k_l) 4+ o4 Bl(p' + BO(P =F

Hence p (¢) = +o0, which is a contradiction. Therefore D # 0. We know that the
functions Bj (j=0,--- ,k—1), D are of finite order. By Lemma 2.6 and (4.1) we
have B

A(g) = A(9) = p(g) = p(f) = +oo.
Therefore _

Af—@)=A(f =) = p(f) = 400,

which completes the proof. O
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