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SHARP WEIGHTED BOUNDEDNESS FOR VECTOR-VALUED
MULTILINEAR SINGULAR INTEGRAL OPERATOR
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Abstract. In this paper, the sharp inequalities for some vector-valued multilinear singu-
lar integral operators are obtained. As the applications, we get the weighted LP(p > 1)
norm inequalities and L log L type estimate for the vector-valued multilinear operators.
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1. Preliminaries and Results

As the development of singular integral operators and their commutators, mul-
tilinear singular integral operators have been well studied. In this paper, we will
study some vector-valued multilinear singular integral operators as following.

Fix € > 0. Let S and S’ be Schwartz space and its dual and T : S — S’ be a
linear operator. If there exists a locally integrable function K(x,y) on R™ x R™\
{(z,y) € R" x R™ : x = y} such that

Tf(x) = : K(z,y)f(y)dy
for every bounded and compactly supported function f, where K satisfies:
K (z,y)] < Clo—y[™"
and
[K(y,z) — K(z,2)| + [K(z,y) = K(2,2)| < Cly — 2|z — 2[7"F

when 2|y—z| < |z—z|. Let m; be the positive integers (j = 1, ---,1), mi+--+m; =m
and A; be the functions on R™ (j = 1,---,1). For 1 < s < oo, the vector-valued
multilinear operator related to T is defined by

0o 1/s
Ta(F) (@) = <Z|TA<fi><x>S> ,
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where .
Hj:l ij+1(Aj§l"ay)
Rn |z —y|™

Ta(fi)(z) = K(z,y)fi(y)dy

and

R 1 (Agim,) = Ay(a) — 32 2D Aj(y)( — )"

| <y

We also denote

%S 1/s 1/s
T(f) ()]s = (Z |T(f¢)($)|s> and [f(x <Z|f2 ) :
=1

Suppose that |T|, is bounded on LP(R™) for 1 < p < oo and weak (L', L')-bounded.

Note that when m = 0, T4 is just the vector-valued multilinear commutator
of T and A(see [13]). While when m > 0, T4 is non-trivial generalizations of
the commutator. It is well known that multilinear operators are of great interest
in harmonic analysis and have been studied by many authors(see [1-5]). In [7],
Hu and Yang proved a variant sharp estimate for the multilinear singular integral
operators. In [12], Perez and Trujillo-Gonzalez prove a sharp estimate for some
multilinear commutator when A; € Oscyprmi- The main purpose of this paper
is to prove a sharp inequality for the vector-valued multilinear singular integral
operators. As the applications, we obtain the weighted LP(p > 1) norm inequalities
and Llog L type estimate for the vector-valued multilinear operators.

First, let us introduce some notations. Throughout this paper, @ will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f,
the sharp function of f is defined by

#
7 (x) ggg |Q|/ |f(y) — fqldy,

where, and in what follows, fo = |Q|™* fQ x)dz. Tt is well-known that(see [7])

# ~ _— —
J7 (@)~ sup inf |Q|/Q|f(y) cldy.

We say that f belongs to BMO(R") if f# belongs to L*(R") and ||fl[pao =
|| f#]|Le. For 0 < r < oo, we denote f# by

FE@) = (1) @Y.

Let M be the Hardy-Littlewood maximal operator, that is
M) @) =sw Q1 [ 17w)ldy
Q3x Q

For k € N, we denote by M* the operator M iterated k times, i.e., M'(f)(z) =
M(f)(x) and M*(f)(x) = M(M*'(f))(x) for k > 2.
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Let ® be a Young function and ® be the complementary associated to ®, we
denote the ®-average by, for a function f

1
||f||<1>,Qinf{/\>0:|Q/Q<I><W/\y)|) dygl}

and the maximal function associated to ® by

Mg (f)(x) = sup |[f]|e.Q;
TEQ

The Young functions to be using in this paper are ®(t) = exp(t”) — 1 and ¥(¢) =
tlog”(t + e), the corresponding ®P-average and maximal functions denoted by || -
llezprr,@> Meaprr and || - || Laogr)r,@s ML(iogr)r- We have the following inequality,
for any r > 0 and m € N(see [12])

M(f) < Mpogry(f)s Mpgogry=(f) = M™(f);

For r > 1, we denote

HbHosceIer = Sgp ||b - bQHexpL"‘,Qa

the space Oscegprr is defined by
Osceaprr = {b € Lipg(R™) : [|bllosc,,ppr < 00}
It has been known that(see [12])

16— b2 leaprr v < CElbl|0sc,, .-
It is obvious that Oscegpr coincides with the BM O space if r = 1. And Oscegprr C
BMO if r > 1. We denote the Muckenhoupt weights by A, for 1 < p < oo(see [7]).
Now we state our main results as follows.

Theorem 1. Let 1 < 5 < 00, 7; > 1 and D*A; € Osc.yy,prs for all a with
la| = m; and j = 1,---,l. Denote that 1/r = 1/ry +---1/r;. Then for any
0 < p < 1, there exists a constant C' > 0 such that for any f = {f;} € C§°(R™) and
r € R",

l
(ITa(NDF@ <CTT{ Do 11D Allose,,, e | Migogryr(1f15)(2).

i=1 \Jayl=m,

Theorem 2. Let 1 < s < 00, 7; > 1 and D¥A; € Osc.yy,prs for all a with
ol =mjand j=1,---1.

(1). f1 <p<ooand w e A,, then

l

NTa(H)sllerwy SCTL | D2 11D Ajllose, ey | LSl -

J=1 \lej|=m;
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(2). Ifw € A;. Denote 1/r =1/ry +---+ 1/r; and ®(t) = tlog"/"(t + €). Then
there exists a constant C' > 0 such that for all A > 0,

w({z € R" :[Ta(f)(x)]s > A})

l
< of eI XS 1% Allow, 0 | 1F@)]s| wie)de.

R 5=1 \|aj|=m;

2. Some Lemmas

We give some preliminary lemmas.

Lemma 1.([3]) Let A be a function on R™ and DA € L1(R"™) for all o with
|a| = m and some ¢ > n. Then

1/q
m 1 «
[Rim(A;2,y)| < Clz —y Z (M o )|D A(Z)|qd2> )
’ z,Y

lee|=m

where @ is the cube centered at z and having side length 5v/n|z — y|.

Lemma 2.([7, p.485]) Let 0 < p < g < oo and for any function f > 0. We
define that, for 1/r =1/p—1/q

[1fllwre = sup Al{z € B : f(z) > MY, Ny q(f) = sup [ fxpllee/llxelle-,
>
where the sup is taken for all measurable sets E with 0 < |E| < co. Then

fllwre < Npo(f) < (a/(q— )Pl fllwre.

Lemma 3.([12]) Let r; > 1 for j =1,---,m, we denote that 1/r=1/r1+--- +
1/rpm. Then

|g| ‘L(logL)l/T,Q'

1
MAQ |f1(58) e f7rL($)g($)|d$ < ||f||e$er17Q e Hf”expLTm,Q

3. Proof of Theorem

There remains only to prove Theorem 1.

Proof of Theorem 1. It suffices to prove for f € C§°(R™) and some constant
Cy, the following inequality holds:

1 b !
(IQ\/Q|TA(JC)(SE)|S—C'0|de><CH ZHD%AJ-HOSCMPL,,J_ ML(zogL)l/r(|f|s)(x).
j=

1 \eyjbEmy
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Without loss of generality, we may assume [ = 2. Fix a cube @ = Q(xo,d) and & €

Q. Let Q = 5/nQ and A;(z) = Aj(z) — %(D‘D‘Aj)éyca7 then R, (Aj;z,y) =

la]=m
Rm([lj;a:,y) and Do‘flj = D*A; — (D%Aj)g for |a| = m;. Wesplit f =g+h=
{gi} + {hi} for g; = fiXQ and h; = fiXRn\Q- Write

1= Ron,41(Ajs 2, )

Ta(fi)(x) = — K(z,y)fi(y)dy
R lz —yl
5 -
i— Rm A'; ’
_ Hj—l ]+1(mj z,y) K (2, y)hs(y)dy
R lz -yl
H%: ij(/i';l‘?y)
+ L K (x,y)g:(y)dy
Rn lz =yl
m2 A27 7y)( y)al A
— DY A (y)K i (y)d
allZ_MI ar! /n |CL‘ _y‘m 1(y) (Iay)g (y) Yy
ml A ) o2 as A
- X o [ R D ) K o))
|z |= mz "

i Z a1'a2|/ (z— y)a1+a2D0¢1A1( )D%AQ(y)K(x,y)gi(y)dy,

fral=ma jool=me R» [z =yl

then, by Minkowski’ inequality,

[IQI / ITa(F)(@)ls = Tz (h)(z0)]s |pdx] ’
S @/@ (Z | Ta(fi)(z) — Tg(hi)(z0)|s> | dx]

_g > Hizl ij (Aj; Zz, y)
Sl

|z —y|™
—I—va/ (Z

3 =

) dx] »

5 Rm2 (Agiwy) (=)™ . Ay (9) K (2, 9)9:(y)dy
= |z —y|™

ol

N

K(z,y)9:(y)dy

=

=1

el Q(;

)dsc
)daz

Z le Al €T y)(x y) Da2/~12(y)

K(x,y)g:(y)dy
I PR T (= )il

| Emo
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P
s s

K(z,y)gi(y)dy| |dz

=

N |Q‘ / / 2—y)* 2D A, (y)D? As(y)

— m
¢=1 |a1|:m1|a2\:m2 |.’L‘ y|

c > s
+ m/Q<;|Té(hi)(x)_TA(hi)(xo) )

= Il+[2+[3+[4+[5.

P
s

U

T

Now, let us estimate Iy, I, I3, I and I5, respectively. First, for z € Q and y € Q,
by Lemma 1, we get

R, (Aﬁxvy) < Clo —y[™ Z |‘DaJAj||Oscprv~j )

laj|=m;

thus, by Lemma 2 and the weak type (1,1) of |T'|,, we obtain

—

1/p
L < C Z ||DajAj||OSCepr'r'j <Q|/T de)
J=1 \leyj|=m;
: II7(9) s xell
o s Lr
= CII{ X 10 Ao, | QTS
J=1 \leyj|=m;
2
< CII| X 1D 4llose., s | 1QIHIIT(9)]s]lwer
J=1 \|aj|=m;

> D% 45llose,,, ey | 1QI gl

laj[=m;

~
I
—

N N
Q _Q
o o

S0 Ajllowe, ., | MUIF1)G)

laj|=m;

~
I
—

N

C

—

ST DM A llowe,, or | Migogiy (F1)@).

laj|=m;

~
I
—

For I, note that ||xqllexprm2,0 < C, similar to the proof of I; and by using Lemma
3, we get

1 _ 1/p
L < C ) IIDAllosc s D <Q|/ IT(D“IAlg)(I)I€d$>

laz|=m2 |t [=ma

< C Y D™ Allosc,,,ms Y 1QITHIT(D* Avg)(@)lsxallw e

[az|=m2 la1[=ma
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1 a7
< O3 D% Alloweire D i [ 1PV A@lge)lsde
[az|=m2 |ar |[=ma R
< C Y IDAg|0se,,, 0 l1XQeapLrz
[az|=m2
x Y ID* AL = (D™ Al eaprr 0|IF 1l Ltogryir.
lar|=ma
2
< CH Z 1D Ajllose,,, v | MLaogryr+(1f1s)(E).

7=1 \lay[=m;

For I3, similar to the proof of 15, we get

2
I;<C H Z |‘DajAj||OscEIerj ML(logL)l/T(|f|s)(j);

7=1 \layl=m;

Similarly, for I, by using Lemma 3, we get

1/p
1 - .
T SHN ) R = SATRIN
a1 |=ma, Jaz|=m A
< C > QI |T(D* Ay D** Azg)|sxqllw L
lai|=m1, |az|=m2
1 . -
< C > A [ DM A(z) DY Ay ()||g(@)|sda
_ QI Jgn
lai|=m1, |az|=m2
< C Y DY™A = (D Aol ewprr 6
[y |=ma
x Z | DAy — (Da2A2)Q||eaijT27Q|Hf|s||L(logL)1/7‘7Q
[az|=m2
2
< C H Z HDajAjHOSCempLT'j ML(logL)1/7'( fls)(‘%)

i=1 \Jay|=m;

For I5, we write

TA(hi)(x)—TA(hi)(xo)—An(K(x’y) Koy )r_[ (s, )hi(o)dy

lz —yl™  |wo —y™

Rmz (AQ,.’I?,Z/)
lzo — y|™

Ry, (Av;20,y)
|zg — y|™

Ry, (Ar;2,y) — le(fll;xo,y)) K (xo,y)hi(y)dy

mg A2,$ y) ng(AQ;xmy)) K(any)hl(y)dy
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Zall

la1|=m1

X DO“Al( hi(y)dy

-y /

|a2\_m2

x D Ay(y)hi(y)dy
r— a1tasz T — a1taz
+ Z 1 /[( v) K(x,y)—i( 0—y) K(ffoay)}

arlas! |z —y|™ |zg — y|™
R’IL

ng (AQv Zo, y) (xofy)al
|zo — y|™

mz AQ’:E y (l. y)
|z —y|™

K(Ivy) -

K (o, y)}

|z — y|™ [zo —y|™

o ( Al,x y)(x—y)*2 Kz y)_le(z‘il;Ian)(iEO*y)m K(xg y)]

lar|[=ma,|az|=m2
x D Ay (y) D2 Ay (y)hi(y)dy
V1P + 1 1+ 1) 4 19,

By Lemma 1, we know that, for 2 € Q and y € 28t1Q \ 2kQ,

|ng‘ (Aj;x,yﬂ < C|l‘ - y|m;~ Z (HDQ]AHOSCempLTJ' +|(DQJA)Q(‘T’y)_(Da7A)QD
lovj|=m;
< Cklz—y|™ Y 1D Allose, 0 -
levj|=m;

Note that |z —y| ~ |zg — y| for z € Q and y € R"™\ Q, we obtain, by the condition
of K,

2
£
iV <c ( o= lz=adl >||Rm,A;x,y hi(y)|dy
|5 | Rn |x0_y|m+n+1 ‘xo—y|m+n+5 e J( J )H ()l

> D% Aslon,,, ,

laj|=m;

x — To| | — xol®
k> | + () |d
/2k+lc§\2kcfz (xo =yt |wo —y[mte 1fiy)ldy

k=
2 [e’e) 1

<oIl( X W0 allon,,,. | SRCH 42 s /Qkém(y)dy,
j=1

laj|=m; k=1

thus, by Minkowski’ inequality,

oo 1/s 2
(ﬂé”‘) < CII{ X 104slon.,,,
i=1 J

J=1 \le|=m;

> 1
X k2(27F 27k —
2 7q
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2
< O[T X 1ID*Ajllose,,,,» | M(115)(@)

i=1 \lal=m,

2
< CH Z ||DajAjHOSCeIPLTj ML(ZOgL)”"('f‘S)(j)

J=1 \lej|=m;

For Iéz), by the formula (see [3]):

~ ~ 1 ~
ij(A;wvy)_ij(A;xmy): Z ERMJ—|5|(DBA;x7'TO)(x_y)ﬂ

|Bl<m;

and Lemma 1, we have

| R, (A; 2, y) = R, (A 20,9) KC Y Y o —ao|™ Pz —y ||| D> A 0

[Bl<mjlal=m,;

expL”d’

thus

00 /s 2
(Z\ ! ) cII| X 1450,
=1 Jj=1

lajl=m;

|z —x0
sd
|l

2k+1 Q\Qk

M

2
<CII{ X 1ID“A4llose,, . | Mogogry-(1f1)(@).

J=1 \laj|=m;

Similarly,

%) 1/s 2
(Z\Ié?’)) <CIT| X 1D Aillos,,, | Mrgogrysr(1£1:)(@).
i=1

J=1 \laj|=m;

M @

For I (@) , similar to the proof of I

= N\ s
(Zlwl) <o 5 [ [

lay|=

and I, we get

YU K(r,y)  (zo— y)o‘lK(iBo,y)'
\fﬁ—y|m |zg — y|™

X IRmQ(flz;ar,y)llD“m W)IIf(y)]sdy
+C Z /|Rm2 Aoy z,y)— Rm2(1‘~12;$07y)||

R Yo

— - —€ 1 ar A
SC 3 P Aolloweenin 3 D M) s [ 1 Ay
2kQ

| |=ma |1 |=m1 k=1

(xo—y)** K (0, y)
|zo—y|™

1D Ay 1) ey
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<C D D Alose,, D, D kERTF+27F)

|aa|=ma |ai|=my k=1

X |Da1A1 - (DalAl)QHererl,2’€Q‘Hf|8||L(logL)1/7',2kQ

2
CII{ X I Alose.,, v | Migogry-(1f15)(@)-
J=1 \loyl=m;
Similarly,

1/5 2
) <CIT{ X2 1D 45ll0me, s | Metogry(£1:)().

J=1 \lej|=m;

(Sl

For I(G), by using Lemma 3, we obtain

( ‘Ié6)‘><0 3 /

\a1|—7n1,|a2\—m2Rn\Q

X [D* Ay ()| D2 Aa(y)|| f (y)lsdy

<c Y Yetrrtgs [0 AeIns Awlie)d
2kQ

r—y)* 2K (zy) (w0 — y)* T2 K (0, y)
|z —y|™ lzo—y|™

|(x1|:m1,|a2\:m2 k=1

2
< CIT X2 D% Alose,,, s | Migogry(I£1s)(@).

5=1 \Jay|=m;

Thus
2

LI<CIT | D 11D Alose,,, v | Mrgogryr(1F1s)(@):

J=1 \laj|=m;
This completes the proof of Theorem 1.

By Theorem 1 and the LP-boundedness of My ;,41)1/», we may obtain the con-
clusions (1)(2) of Theorem 2.

4. Example

In this section we shall apply Theorem 1 and 2 of the paper to the Calderén-
Zygmund singular integral operator.

Let T be the Calder6n-Zygmund operator(see [4,7,14]), the vector-valued mul-
tilinear operator related to T is defined by

1/r
|TA |r - <Z |TA fl > ’
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where

l‘_ RHL' A7 )
Taf)@) = | i " ﬁ;(m’ 9 e

Let r; > 1(j =1,---,1) and 1/r = 1/ry + - - -1/r;. Then

l
W) (T NF@ <CIT| X2 1IDYAllose,,,,r | Migogry-(If1s)(@)

=1 \Jajl=m;

forany 1 <s<oo,0<p<1and feC§R").

(2) T4 sllrwy SCTT | D2 IID% Ajllose,, vy | H1F1sll2oqw)

l
ji=

1 \laj|=m;
for any w € Ay and 1 < s,p < 0.

(3)  w{z e R":|T(f)(x)ls > A})

l
<sc [ eI X 1P A4llos,,, . | If(@)ls| w(z)d

" =1 \Jay|=m;

for any w € A3, 1 < s < oo and all A > 0.
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