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ON M, SURFACES OF BIHARMONIC B-GENERAL HELICES
ACCORDING TO BISHOP FRAME IN HEISENBERG GROUP
Heis?

Talat Korpinar and Essin Turhan

Abstract. In this paper, we study M surfaces of biharmonic 98B-general helices accord-
ing to Bishop frame in the Heisenberg group Heis®. Finally, we characterize the My
surfaces of biharmonic B-general helices in terms of Bishop frame in the Heisenberg
group Heis®.

1. Introduction

Harmonic maps f : (M,g) — (N, h) between manifolds are the critical points of
the energy

(1) B = [ et
M
where v, is the volume form on (M, g) and

1 2

e(f)(z) = ) l|df ()] T*MQf-1TN

is the energy density of f at the point x € M.
Critical points of the energy functional are called harmonic maps.

In this paper, we study Ms surfaces of biharmonic B-general helices according
to Bishop frame in the Heisenberg group Heis®. Finally, we characterize the My
surfaces of biharmonic 28-general helices in terms of Bishop frame in the Heisenberg
group Heis?.
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2. The Heisenberg Group Heis?

Heisenberg group Heis?® can be seen as the space R? endowed with the following
multipilcation:

1 1
(21) (T,yﬁ)(x,y,z):(f—l—m,y—i—y,f—s—z—ify—s—ixy)

Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie
group.
The Riemannian metric g is given by

g = dz? + dy? + (dz — xdy)>.

The Lie algebra of Heis? has an orthonormal basis

0 0
:7—"_1.7’ €3

0
22) 17 B 2 oy 0z Tz

for which we have the Lie products
[elaez] = €3, [62,93] = [e3ae1] =0

with
g(elvel) = 9(62,02) = g(e3ae3) =1

3. Biharmonic B-General Helices with Bishop Frame In The
Heisenberg Group Heis?

Let v : I — Heis® be a non geodesic curve on the Heisenberg group Heis® pa-
rameterized by arc length. Let {T, N, B} be the Frenet frame fields tangent to the
Heisenberg group Heis? along 7 defined as follows:

T is the unit vector field v/ tangent to 7, N is the unit vector field in the
direction of V1T (normal to 7), and B is chosen so that {T,N,B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

VTT = HN,
(3.1) VN = —kT+7B,
VTB = —TN,

where k is the curvature of v and 7 is its torsion and

(3.2) g(T,T) = 1, g(N,N)=1, ¢(B,B) =1,
g(T,N) = ¢g(T,B)=g(N,B)=0.
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In the rest of the paper, we suppose everywhere x # 0 and 7 # 0.

The Bishop frame or parallel transport frame is an alternative approach to
defining a moving frame that is well defined even when the curve has a vanishing
second derivative. The Bishop frame is expressed as

VTT - klMl + k2M27
(3.3) vVvrM; = -—-kT,
VM, = —kT,
where
(3'4) g (T,T) = 1, g(M17M1) =1, g(M27M2) =1,
g(T,M;) = ¢(T,M3)=g(M;,M;)=0.

Here, we shall call the set {T,M;, M,} as Bishop trihedra, k1 and ks as Bishop
curvatures, where 6 (s) = arctan %, 7(s) = 0'(s) and k(s) = \/k3 + ki. Thus,
Bishop curvatures are defined by
(3.5) ki = k(s)cosb(s),

ky = k(s)sinf(s).

With respect to the orthonormal basis {e1, e,, e;} we can write

T = Tle +T%es + T3es,
(3.6) M, = Me, + Miey+ Mes,
M, = Mje, + Miey+ Mies.

Theorem 3.1. v : I — Heis® is a biharmonic curve with Bishop frame if and
only if

k? +k3 = constant =C # 0,
1 (
(3.7) K —Cki = k {4 - (Mg)ﬂ — ko M3M3,
1
K —Cky = kMM + ko [4 - (Mf)z} .

To separate a general helix according to Bishop frame from that of Frenet- Serret
frame, in the rest of the paper, we shall use notation for the curve defined above as
B-general helix, [10].
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4. M, Surface of Biharmonic *8-General Helices with Bishop Frame In
The Heisenberg Group Heis?

The M5 surface of g is a ruled surface

(4.1) E (s,u) =vm (s) + uMz (s).

Lemma 4.2. Let vy : I — Heis® be a unit speed biharmonic B-general helix
with non-zero natural curvatures. Then the My surface of vy is

sin @ . k2 + k2 1
E(s,u) = [(k§+k§ o>, sin|( slin2 02 —cosf)2s+ (o)
sin2 cos v )z
k? + k2
+u cos 0 cos|( 811:2 02 —cos0)% s+ (o] + Colen
sin 6 k3 + k3 1

+ _ 9 _ 19 2 +

| (’ﬁftkg —cos )z cosl( sinZg )5 + Gl

k2 + k2
(4.2) +u cos 6 sin[( 511:1_2 92 — cosf)?s + Co] + C3le2
sin ¢ ki + k3 1

+[- i —cosf)%s + Co] +

| [(k,ﬁkgg — cos 9)% sin( sin” ¢ cosf)?s + Gol + ol

sin 0 k3 + k3 1
— 2 _ ‘0 3 _|_ _|_
[ (kj;keg ~ cos 0)% cos|( sin2 0 cos0)2s + Co] + (3]
0 sin® 6 s sin2[( Ij:zkg — cos 9)%5 + (o]
+(cosf) s + k2 +k3 1lg k2 +k2 1
1og —cosf)? 4(=g —cosh)>
sin @ k,2 k‘2

— kQHil — — cos( 1_—’—2 2z _ cos@)%s + (o] — usin + (4les,

( s%n2(92 —Cos 0)§ sin” ¢

where (o, (1, C2, (3, (4 are constants of integration.

Proof. Using orthonormal basis (2.2) and (3.7), we obtain

2 k‘2 k‘2 k‘2
T = (sinfcos( 1.+2 2 —cos@)%s—&-ﬁo],sianin[( 1.+2 2 —cos@)%s—&—(o],
sin” ¢ sin” ¢
-2 2, 1.2
0 o kT +E 1
(4.3) cos f + k2+k§m - sin®[(———2 7cose)§s+<0}
3111292 — ©os 0)5 sin” 6

k2 + k32
41 sin @ sin[(— —’; 2 cos0)%s + (o)),
sin” 6

where (7 is the constant of integration.
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]{12 2 k‘2 ]412
T = sinfcos|( 1.+2 2 —COSG)%S—FCO]el + sin @ sin|( 1_+2 2 —cos@)%s—l—co]eg
sin” 6 sin” 6

(4.4)  +cosbes.

On the other hand, using Bishop formulas (3.3) and (2.1), we have

Tk . k2 + k3 .
M, = cos 0 cos[(——5—=—cos ) 2 s+(gle1+cos O sin[(———= —cos 0) 2 s+(g|ez—sin fes.
sin” ¢ sin” ¢

(4.5)

Using the above equation, we have (4.2), and the theorem is proved.

We need the following lemma.

Lemma 4.2. Let vy : I — Heis® be a unit speed biharmonic B-general helix
with non-zero natural curvatures. Then the My surface of v are

in 6 kK3 1
ze (s,u) = | k2+k2sm ;S - 2 : —COSQ)és—i—CO]
(Girg —cos®)3 S0
k3 + k3
+u cos 6 cos|( 1,—2 2 _ cosf)7s + Co] + ¢2l,
sin” ¢
sin 6 k} + k3 1
ye(s,u) = [- (k%+k§ cos 0)} cos|( slin2 92 —cos)?s + (ol
sin?0
kT kS 1
+u cos 6 sin|( slin2 92 — cosf) Bs o] + €3l
sin 6 kK3 1
, = — 0)z +
ze (s,u) [(]ﬁ:;kg " eosd)} sin( 7 o )25 + (o]
k3 + k3
+u cos 8 cos|( 1.+2 2 _ cos 9)%3 + o] + (2]
sin” 6
sin 0 k2 + k2 1
- (k%+k% cos )2 cosl( slin2 92 —cos0)2s + (o]
sin?0
kT kS 1
+u cos 6 sin|( slin2 02 —cosf) B+ Go]] + G3]
sin @ . k% + k‘% 1
H_[(kftkgg —cos)2 sin( sin?e 6%+ Gol + G2
sin 0 kf + k3 1
- —cos0)Fs + (o] +
| (ifr—;ke% — cosf)z osl( sin?e V25 + Gol + ol
in20 -2k§+k§_ 91+
+ (cosB) s + k2+,;m N { sl “ )2f i)
(Zof —cosh)2 2 4(Zog —cosh)2
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sin 0 k3 + k3 1 .
oy el s+ Gl —usin +40,

where (o, (1, (2, (3, (4 are constants of integration.

Proof. Using the orthonormal basis we easily have the above system. Hence,
the proof is completed.

F1G. 4.1: The first illustration.
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F1G. 4.2: The second illustration
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