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SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
FUNCTIONS WHOSE HIGHER ORDER PARTIAL DERIVATIVES
ARE CO-ORDINATED CONVEX

Muhammad Amer Latif and Sabir Hussain

Abstract. In this paper we point out some inequalities of Hermite-Hadamard type for
double integrals of functions whose partial derivatives of higher order are co-ordinated
convex.

1. Introduction

The following definition is well known in literature:
A function f: I - R, @ # I CR, is said to be convex on I if the inequality

FAz+ M=y <Af @)+ (1= f(),
holds for all z, y € I and X € [0, 1].

Many important inequalities have been established for the class of convex func-
tions but the most famous is the Hermite-Hadamard’s inequality. This double
inequality is stated as:

(L.1) f(a;b)ébia/abf(x)daggf(a);f(b)’

where f: I = R, @ # I C R a convex function, a, b € I with a < b. The inequalities
in (1.1) are in reversed order if f a concave function.

The inequalities (1.1) have become an important cornerstone in mathematical
analysis and optimization and many uses of these inequalities have been discov-
ered in a variety of settings. Moreover, many inequalities of special means can
be obtained for a particular choice of the function f. Due to the rich geometrical
significance of Hermite-Hadamard’s inequality (1.1), there is growing literature pro-
viding its new proofs, extensions, refinements and generalizations, see for example
[2, 3, 7, 10, 18, 19] and the references therein.
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Let us consider now a bidimensional interval A =: [a, b] x [c,d] in R? with a < b
and ¢ < d. A mapping f: A — R is said to be convex on A if the inequality

fOz+ (1 =Nz y+ (1= Nw) < Af(z,9) + (1 =N f(zw),
holds for all (z,y),(z,w) € A and A € [0, 1].

A modification for convex functions on A, known as co-ordinated convex func-
tions, was introduced by S. S. Dragomir [4, 5] as follows:

A function f: A — R is said to be convex on the co-ordinates on A if the partial
mappings fy : [a,0] = R, fy(u) = f(u,y) and [ : [c,d] = R, fo(v) = f(z,v) are
convex where defined for all z € [a,b],y € [c,d].

A formal definition for co-ordinated convex functions may be stated as follows:

Definition 1.1. [11] A function f : A — R is said to be convex on the co-ordinates
on A if the inequality

flz+ (1 —t)y,su+ (1—s)w)
< (@ u) + (1 =) f(z,w) + s(1 =) f(y,u) + (1 = 1)(1 = 5) f(y, w),
holds for all ¢,s € [0,1] and (x,u), (y,w) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates but converse
may not be true [4, 5].

The following Hermite-Hadamrd type inequalities for co-ordinated convex func-
tions on the rectangle from the plane R? were established in [4]:

Theorem 1.1. [/] Suppose that f : A — R is co-ordinated convex on A, then

(1.2)
at+b c+d 1 1 b c+d 1 d a+b
f<2’2>§2[ba/af(m’2>dx+dccf<2’y>dy]
1 b pd
< m/ﬂ /C f(z,y) dydx

b d
[ =@t [ [f(a,y>+f<b,y>1dy]

b—a
@O+ fad)+f(bo)+ ] (b d)
- 4

<

1
4

The above inequalities are sharp.

In what follows A° is the interior of A and L (A) is the space of integrable
functions over A.

The following result will be very useful to establish our one of the results in
section 2:
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Theorem 1.2. [9] Let f : A — R be a continuous mapping such that the partial

derivatives &Ckifa(yl), k=01,....n—1,1=0,1,...,m — 1 exist on A° and are

continuous on A, then

n—1m—1
8"”““f(xy)
//ftsdsdt ZZX VY (y ooyl +

k=0 =0

. 5’“*’“]‘(%,8)
0 E / S (4:5) = rggm 4

k=0

S v [ Ky 22 )
+ (D)"Y Vi) | Ka(et) =it
= o otnoy!
b pd
anerf (t .S)
_1 m—+n [{7 v J\He)
+(=1) | B (@ t) Sy, 8) — g dsdt,
where

(t—a)

t € la, x|

Kn (l‘,t) = ;n! n’ ' —z)F Tl (—1)F (z—a)Ft?
{ Pt e (@] X () = G2l o)
and ,
(s=a)™ _ d=y)" (=D (y=o)'
Sm()i=1 eSS0 Yi(y) = =
m! (y’d]
for (z,y) € A.

In recent years, many authors have proved several inequalities for co-ordinated
convex functions. These studies include, among others, the works in [1]-[4]-[6],
[11]-[17], [20]. Alomari et al. [1]-[6], proved several Hermite-Hadamard type in-
equalities for co-ordinated s-convex functions. Dragomir [4, 5], proved the Hermite-
Hadamard type inequalities for co-ordinated convex functions. Hwang et. al [6], also
proved some Hermite-Hadamard type inequalities for co-ordinated convex function
of two variables by considering some mappings directly associated to the Hermite-
Hadamard type inequality for co-ordinated convex mappings of two variables. Latif
et. al [11]-[13], proved some inequalities of Hermite-Hadamard type for differentiable
co-ordinated convex function, product of two co-ordinated convex mappings and for
co-ordinated h-convex mappings. Ozdemir et. al [14]-[17], proved Hadamard’s type
inequalities for co-ordinated m-convex and («, m)-convex functions.

By using the following lemma:

Lemma 1.1. [20, Lemma 1] Let f : A C R? — R be a partial differentiable
mapping on A := [a,b] x [c¢,d] in R? with a < b, ¢ < d. If mf € L(A), then the
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following equality holds:

fla,e) + f(a,d)+ f(bc) + f(bd)
4

b pd
+mlfcf(x,y>dydx
’ d
_;[bla/ [f (x,¢) + f (z,d)] da +ﬁ/ [f(avy)dy-‘rf(b,y)]dy]

_(b—a)(d—c O?f(ta+ (1 —t)b,sc+ (1 —s)d)
= / / (1—2s) 51D dtds.

(1.3)

Sarikaya, et. al [20], proved the following Hermite-Hadamard type inequalities for
differentiable co-ordinated convex functions:

Theorem 1.3. [20, Theorem 2, Page 4] Let f : A CR? - R be a partial differ-
entiable mapping on A = [a,b] X [¢,d] in R? with a < b, ¢ < d. If |2
on the co-ordinates on A, then one has the inequalities:

’fac +f(ad)—|—f(bc)+f(bd)

//fa:ydydx—
bfa d—c)

2 2 2
( 2L (0,0 + |2k ()| + |5 0| + | 24 d)\)
X
4 b

1S convex

82583

(b— a) (d—c)
- 16

where
b d
A - ;[bi/ f @)+ o+ [ [f(a,y)dy+f(b»y)]dy]o

Theorem 1.4. [20, Theorem 3, Page 6-7] Let f : A C R?> — R be a partial
q

)

differentiable mapping on A := [a,b] x [¢,d] in R?> with a < b, ¢ < d. If ‘Stas
q > 1, is convex on the co-ordinates on A, then one has the inequalities:

’f a,c) + f (a, d)—|—f(b c)+ f(b,d)
A tm@—o

//fa:ydyda:— =
a9 1(p+ 1)

1
52 q 52 q 52 q 52 ad\ ¢
( 5t2s (“’C)} + |25 (avd)’ + |5 (b C)‘ 5t (b d)‘ )
X
4 )




Inequalities of Hermite-Hadamard Type for Double Integrals 325

where

b d
A = ;[bia/ [f (x,¢) + f (z,d)] dz +ﬁ/€ [f(a,y>dy+f(b,y)]dy]
and%—k%:l-

Theorem 1.5. [20, Theorem 4, Page 8-9] Let f : A C R? — R be a partial
82f q
otds | 7

differentiable mapping on A := [a,b] x [¢,d] in R?> with a < b, ¢ < d. If

q > 1, is convex on the co-ordinates on A, then one has the inequalities:

(1.6) ’f(‘“c) +f(avd);rf(b,0)+f(b,d)
1 b pd (b—a)(d_c)
+m/ﬂ / f(x,y)dydr — A R
|2k @0 + |k @) +| 2k o + | 2L e\
X 1 ’
where
4= 5t [rwo s swat o [ @i soad
- 2|b—al, ) ) d—c). ,Y) ay )] dy| .

We also quote the following result from [13] to be used in the sequel of the paper:

Theorem 1.6. [13, Theorem 4, page 8] Let f : A CR? — R be a partial differen-
2 (4
is convex on the

tiable mapping on A = [a,b] X [¢,d] with a <b, ¢ < d. If 9501
s

co-ordinates on A and q > 1, then the following inequality holds:

1 bopd a+b c+d
D famaama f | e (555F)
1 4 la+b 1 b c+d (b—a)(d—rc)
_2(d—c)/c f<2’y)dy_2(b—a)/af<x’ 2 )dm s 1
52 q 2 q 2 q 52 q
‘&s@t(a’c) +’asat(a,d) +’658t<b’0) —l—‘asat(b,d)

4
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2. Main Results

In this section we establish new Hermite-Hadamard type inequalities for double
integrals of functions whose partial derivatives of higher order are co-ordinated
convex functions.

To make the presentation easier and compact to understand; we make some
symbolic representation:

b d
A:;[bl/ [f (@,¢) + f (2,d)] da +d%/ [f(a,y>+f<b,y>]dy]

= (1) (d—0) [0 f(a,c)  f(be)
DD TRy [ ol oy }

2 (k—1)(b—a) [akf (a.0) ok f (a,d)]
2(k+1)! Dk Dk

=2

3

1 "& (=1 (=) [POf (x,c)
b-a 2(1+1)! / Oy de

1 S (k=1 (b-a) [*0"f(a,y)
ST 2(k+1)! / ok Y

n—1m—1 (k—1)(1—1)(b—a) (d—c) O*'f (a,c)
A(k+ DI+ 1) Ot

"t f (a,d)
i Cinym) = ‘

otrgs™

g™t f (b, )
D = - J . E =
() angsm | T trdsm

8n+mf (b, d) ’ .

It is obvious that form=n=1and m=n=2, 4" = A.

We quote the following lemma from [7], which will help us establish our main
results:

Lemma 2.1. [7, Lemma 2.1] Suppose f : I° CR = R, a, b € I° with a < b. If
) exists on I° and f™ € L(a,b) for n > 1, then we have the identity:

fla)+ f k
()2 —a/f Z k+1 )f(k)(a)

( ) /t” Lin —2t) f™(a+ (1 —t)b)dt.
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Lemma 2.2. Let f: A = R a < b; ¢ < d, be a continuous mapping such that

mtn ) mtn g
% exists on A° and 863:"763; € L(A), form,n €N, m,n > 1, then

(2.1) (b= //t"lmln—%)( — 25)

4n'm'
aan ta+ (1 —t)b,cs+ (1 —
otnos™
d)+ f (b b,d bl
tﬂmd+fm,)1fbd+f(7)+ 7a1‘7c/mliﬂ%dex

5)d) dtds + A =

Proof. For n = m = 1, the lemma coincides with Lemma 1.1.

Consider the case, for m,n > 2, then

(b — a‘ / / n—1 gm— 1 _ _
(2.2) 4n'm' t (n —2t) (m —2s)
n+m _
8 fta+ 1 —t)bcs+ (1 — )d)dtds
otros™

8”+mf(ta—|—(l—t)b cs+ (1 —s)d)

dt| d
Dt ds™ 5

An application of Lemma 2.1 with respect to the first argument yields:

(2.3) (b_"4n'm| / / "1™ (n — 2t) (m — 2s)
8"+mf ta+(law;;liwcs+(l )d)dtds
_ (cliﬂf!)’?“/ol o (m — 25) 8mf(a,cg;—n(1 —s)d)
+w/18m_1 (m— 25 )amf(b,cg;tnu—s)d)ds

ml
m — 2
2m' fa// )

0 f (ryes t (L-s)d) (d—o)"
X EED dsdx — Sl
n—1 k 1 k+m
(k—1)(b—a) . O™ f (a,cs + (1 — s) d)
DD A

k=2
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Now repeated application of Lemma 2.1 with respect to the second argument yields:

—o" [ ™ f(a,cs — 3
(2.4) (d4m!) /Osml(m_Qs)ﬁ f(a, 8;:”(1 ),
fla, )+ f(a,d) L mol o (o)
B 4 _C/fay 5; )! oyt
_Cm 1 m s .
(2.5) O{MM)Z;SmlUn—QS)a f@,azﬁl )@ds
f(b,c) + [ (b.d) 1 d 1 (1= 1) (d— ) 0 F (b, )
B 4 a d—c/f(b’y 52 l—|—1 oy

=2

—o)™ bt ™ f(x,cs
(2.6) ML/ / sm_l(m—Qs)a il tn( )d)dsdx

b— /fxcdm—i— /facd
b= a) _C//fxydyda:

L= (d=o) [ (x,c)
b—az 2(1+1)! / ol

=2

and

m n—1 k
27) (d—c) 3 (k=1 (b—a)

2ml = 2(k+ 1)
! Rt f (a,es + (1 — s)d)
m—1 o )

X/O s (m — 2s) Dk ds
_1¢ —a)* 9" f (a,c)
52 k:+1 Ok
_1 k ok
1 —a)" 0"f (a,d)
+§2 k+1 Ok
L k=)o) /dakf(a,y)d
d—ck:2 2(k+1)! ok Y

—1

SR k=1 (-1 (b—a)f(d—) 9 (a,0)
4(k+1)! (I+1) Jzktt -

Use (2.4)-(2.7) in (2.3) to get (2.1). This completes the proof of the lemma. [
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Theorem 2.1. Let f: A — R a < b; c <d, be a continuous mapping such that
am +n 3 n-+ 7n

f . ° dm+nf
ok exists on A° and 355t € L(A). If | 9ok

on A, form,n € N, m,n > 2, then

is convex on the co-ordinates

py [[EdtS@dtf 6.0 +I0d

b pd
+(b—a)1(d—0)//f(may)dydm—A

G [ =2) (07 =) By i}

+n { (m2 — 2) D(n,m) + mE(mm)}] .

<

Proof. Suppose m,n > 2. By Lemma 2.2, we have:

fla,c) + f(a,d)+ f(b,c) + f (b, d)
4

1 b pd
tomaag ), [ i

S(b_ n'm'— //tn 1m 1 n—2t)( —28)

3"+mf(ta+ (1—t)b,cs+ (1 —
otnos™

(2.9)

s)d) ‘ dtds

By convexity of ‘ oy ‘ on the co-ordinates on A

4

1 b d
- —A
to=a dfc//f(%y)dydw

<(b—a)”(d—c) {8”*”]”(10 //t"mnf% (m — 2s) dsdt

- 4n!m! otros™

(2.10) ‘f (a,¢) + f (a,d) + f (b,c) + £ (b,d)

anerf (Z d n . m—1
| T amasm ‘/ / t"s™ (1= 5) (n— 2t) (m — 2s) dsdt
anerf b C n—1 g™m
Cotnosm / / t — ) (n —2t) (m — 2s) dsdt
anerf b d

“rmgem ‘ / / (" —t") (n—2t) (s™ 1 = s™) (m — 2s) dsdt
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_—a)"@d-o" (n* —2) (m* - 2) o f (a,c)
4nlm! m+1)(n+2)(m+1)(m+2)| Otros™
(n? —2)m "t™f (a,d) ‘
m+1)(n+2)(m+1)(m+2)| Jtrds™
n (m? —2) o™ f (b, c)
(mn+1)(n+2)(m+1)(m+2)| trds™

otrgs™

+ o f (b,d) ]
m+1)(n+2)(m+1)(m+2) ’

This completes the proof of the theorem. [

Theorem 2.2. Let f: A —>Ra<b c<d, bea cantinuous mapping such that

g;g:,ﬁ exists on A° and % e L(A). If g:ﬂ+asm

co-ordinates on A, for m,n € N, m,n > 2, then

, ¢ > 1, is convexr on the

(2.11)

‘f(a,C)Jrf(a,d)Jrf(b,C)+f(b,d)
4

NOEDICED) //fwydydw*
—a —C

< (b—a)" (d—c) (n—1" 1/‘1( — - 1/q
An+1)! (m+1)! (n+2)"7 (m+2)"°

< [(m*=2){(n* - 2) BY, ,, +nD}, .}

+m{(n2—2) Cq )—&—nE(nm)H%.

Proof. Suppose m,n > 2. By Lemma 2.2 and the power mean inequality, we have

(2.12) ‘f(“’c) +f(a,d) + f (b,c) + f (b,d)

4

b pd
+<b—a>1(d—c)//J"’(:z:,y>azydxA

< (b7a4n'm|7 {/ / t" g™t (n — 2t) (m — 2s)dsdt}1_1/q
X {/0 /0 t"1sm=1 (n — 2t) (m — 25)

" Ot f (ta+ (1 —t)b,es + (1 —s)d)
otnos™

q 1/q
dtds} .
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By the similar arguments used to obtain (2.8) and the fact

o gt gy (=D (m D)
/o/ot s (n—2t) (m 2)ddt—(n+1

we get (2.11). This completes the proof of the theorem. O

Theorem 2.3. Let f: A — R, a < b; ¢ <d, be a continuous mapping such that
gtgsf exist on A° and g:gsf e L(A). If ’gtg;’ , ¢ > 1, is convex on the

co-ordinates on A, for m,n € N, m,n > 1, then

1 b pd
(2.13) b=a)d=9 /a /C f(t,s)dsdt
== [ EAC M R IERCS
(b—a)(d—c)kzzog 2k+1+2
(b—a)*"" (d— o)™ O (452, 55¢)
(k+ DI+ 1)! Az oyt
&
(_1)m+1 n—1 {1 + (-1 8k+mf (a+b )
* (d—c)m! = 2k+1 (k4 1)! / Qs drkds™ ~okosm 0
(—1)"+1 m—1 [1 + (_1)1} (d — c)l b an-{-lf (t7 ﬂ)
- &I 1) / PO~
(b_a)n(d_c)m ‘IBE] +C(nm +D(nm)+Egn,m)
<
- 2ntm+2/q (n + 1)1 (m + 1)! ’
where
(t—a)",t e [a,F] (s—o)™, s € [c, 4]
P(t) == and Q(s) :=
(t—b)" t e (=L, (s—d)™,se (<24,d].

Proof. The proof follows directly from Theorem 1.2 by letting = +— “H’ and y —
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C"Q'd , to obtain

010 Gga=a [, [ 169 G

n—lm- {1 + (1) } [1 +(-1) } (b— a)k+1 (d— c)l+1 Qi+l f (afb etd)
sz Qk+1+2 (k+ D1+ 1) Oxk oy

=0

o L o -a) /d Q(S)w

+ (d—c)m! P 2k+1 (k + 1)! drkdsm™ ds
G = [1+ (_1” @-o /bP p At m),dt
(b—a)n! — 21 (14 1)! ®) ot oyl
_ ey / / i G
~ (b—a)(d—c)m!n! alt ot ds™ “omasm

An argument parallel to that of Theorem 2.2 but with (2.14) in place of Lemma 2.2
gives the desired result. OO

We now derive results comparable to Theorem 2.1 and Theorem 2.2 with a
concavity property instead of convexity property.

Theorem 2.4. Let f: A —>Ra<b c<d, bea cantinuous mapping such that
m+4n m+n
Bat"é)si exists on A° and gt"@ ,{L eL(A). If ‘atwasm

co-ordinates on A, for m,n € N, m, n > 1 then

,q > 1, is concave on the

(215 |{l@d*f(@d) 4+f (b,c) + f (b,d)

b d
cmma—s ) [ e A

< m—=1)(m-1)(b—a)" (d—c)"
4(n+ 1! (m+1)!

6n+mf ((”22)a+”b (m22)c+md>

(n—=1)(n+2) * (m—1)(m+2)
otnos™

X

q
on the co-ordinates on A and the power mean

n+m

otmdsm

Proof. By the concavity of
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inequality, the following inequality holds:

q

ortmf(Ax+ (1—A)y,v)

otnosm
ot (z,v)|? ot (y,v) |
>\ = ST _ Z  JA\DT)
M Gmasn | TN " Gmgem
ot f (z,v) ot f (y,v) [\ ?
> - s/ _ A A
= (A arasm | TN | g ) ’

for all x,y € [a,b] and A € [0, 1] for some fixed v € [¢,d] . Similarly

O™ f (u, Az + (1 — N w)
otnosm
ot f (u, z)

"™ f (u, w)
otrgs™

otmgs™

>

+(1—>\)‘

9

o f is
otndsm

for all z,w € [¢,d] and X € [0,1] for some fixed u € [a,b], implying ‘

concave on the co-ordinates on A.
By the Jensen’s inequality we have

(2.16)

otndsm

< /Olsml (m — 25) K/Oltnl (n—2t)dt>

e L= (n—2t) (ta+(1—t)b)dt
ormf (fo fol(t”—lifzfm()dt )) ses £ (1—s) d)

otndsm

X

ds

n2-2 a+nb
g gn+m <((n1)27l+2) yes+ (1 —s) d>
= / s (m — 2s) ds
0

n+1 otnos™

(n—1)(n+2) * (m—1)(m+2)

3”+mf <(n22)a+nb (m22)c+md)
(n+1)(m+1) otnds™

Application of lemma 2.2 and (2.16), we get (2.15). This completes the proof of
theorem. O

Theorem 2.5. Let f: A — R a <b; c<d, be a continuous mapping such that
gmtn 6n+mf q

. gmtn .
W exist on A° and W e L(A). If Stmaa| » 4 = 1, is concave on the
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co-ordinates on A, for m,n € N, m,n > 1, then

(2.17)

1 bopd 1
m/a /c Jts)dsdt = T g

n—1m-1 {1 + (_1)’“} [1 + (_1)1} (b— )" (d — )L O (b, ek
(k+ DI+ 1) 2k+i+2 Oxk oyt

X

k=0 [=0

(ot L D et [ a2

Tld—gml & 1! aakasm 0
LD R 1+ (0] @-o " py I ()
(b—aynl 2= 21+ 1) / o0y

(b—a)" (d—c)"
—2ntm(n+ 1) (m+1)!

orems (e5t, o3
oz oy™

Proof. Similar to proof of Theorem 2.4 by using (2.14). Therefore we omit the
details for reader. [

Remark 2.1. On letting m =n = 2 in (2.8), (2.11) and (2.13) respectively yield:

b d
SAMpIACRES {CUES JURES KO8 I SN L Y P

b- a)2 (d— 0)2
< S —aa(Beat+Caent Do+ Eeyl

2.19) ‘f(a7c)+f(a7d)If(b,c)Jrf(b,d)+(bial 76//“%3})@@_14’

(b—a
- 9><24+2/4 \/B +C(22>+D<22)+E22)

(2.20) ‘m/ab/cdf(t,s)dsdwf(“;Lb,c‘;d)
‘ﬁ/ff(aT””)dS‘ﬁLbf(“Ed)dt'

(b—a)*( q q q
S Tox 26+2/q \/B(z 2t Coo + D+ Ep

It may be noted that the bounds in (2.18), (2.19) and (2.20) are sharper than the bounds
of the inequalities proved in Theorem 1.3, Theorem 1.5 and Theorem 1.6 respectively.
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