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CONTINUITY ON BESOV SPACES OF MULTILINEAR
COMMUTATOR OF SINGULAR INTEGRAL OPERATOR WITH

VARIABLE CALDERÓN-ZYGMUND KERNEL

Tan Lu, Chuangxia Huang and Lanzhe Liu

Abstract. In this paper, we prove the continuity for the multilinear commutator asso-
ciated to the singular integral operator with variable Calderón-Zygmund kernel on the
Besov spaces.

1. Introduction

Since the development of the singular integral operators, their commutators and
multilinear operators have been well studied (see [10-13]). In [3,11,12], the authors
proved that the commutators and multilinear operators generated by the singular
integral operators and BMO functions are bounded on Lp(Rn) for 1 < p < ∞. In
[2,5,9], the boundedness for the commutators and multilinear operators generated
by the singular integral operators and Lipschitz functions on Lp(Rn)(1 < p < ∞)
and Triebel-Lizorkin spaces are obtained. In this paper, we will prove the continuity
properties for the multilinear commutators related to the singular integral operator
with variable Calderón-Zygmund kernel (see [1]) on Besov spaces.

2. Preliminaries

First, let us introduce some notations. Throughout this paper, Q will denote a cube
of Rn with sides parallel to the axes. For a locally integrable function f , the sharp
function of f is defined by

f#(x) = sup
Q∋x

1

|Q|

∫
Q

|f(y)− fQ|dy,

where, and in what follows, fQ = |Q|−1
∫
Q
f(x)dx. It is well-known that (see

[4,13,14])

f#(x) ≈ sup
Q∋x

inf
c∈C

1

|Q|

∫
Q

|f(y)− c|dy.
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For β > 0, the Besov space ∧̇β(R
n) is the space of functions f such that

||f ||∧̇β
= sup

x, h ∈ Rn

h ̸= 0

∣∣∣∆[β]+1
h f(x)

∣∣∣ /|h|β < ∞,

where ∆k
h denotes the k-th difference operator (see [9]).

For bj ∈ ∧̇β(R
n) (j = 1, · · · ,m), set

||⃗b||∧̇β
=

m∏
j=1

||bj ||∧̇β
.

Given some functions bj (j = 1, · · · ,m) and a positive integer m and 1 6 j ≤ m,
we denote by Cm

j the family of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m}
of j different elements. For σ ∈ Cm

j , set σc = {1, · · ·,m} \ σ. For b⃗ = (b1, · · ·, bm)

and σ = {σ(1), · · ·, σ(j)} ∈ Cm
j , set b⃗σ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j) and

||⃗bσ||∧̇β
= ||bσ(1)||∧̇β

· · · ||bσ(j)||∧̇β
.

Definition 2.1. Let 0 < p, q 6 ∞, α ∈ R. For k ∈ Z, set Bk = {x ∈ Rn : |x| 6
2k} and Ck = Bk \ Bk−1. Denote by χk the characteristic function of Ck and χ0

the characteristic function of B0.

(1) The homogeneous Herz space is defined by

K̇α, p
q (Rn) = {f ∈ Lq

loc(R
n \ {0}) : ||f ||K̇α, p

q
< ∞},

where

||f ||K̇α, p
q

=

[ ∞∑
k=−∞

2kαp||fχk||pLq

]1/p
;

(2) The nonhomogeneous Herz space is defined by

Kα, p
q (Rn) = {f ∈ Lq

loc(R
n) : ||f ||Kα, p

q
< ∞},

where

||f ||Kα, p
q

=

[ ∞∑
k=1

2kαp||fχk||pLq + ||fχB0 ||
p
Lq

]1/p
;

And the usual modification is made when p = q = ∞.

Definition 2.2. Let 1 6 q < ∞, α ∈ R. The central Campanato space is defined
by (see [15])

CLα, q(R
n) = {f ∈ Lq

loc(R
n) : ||f ||CLα, q < ∞},

where

||f ||CLα, q = sup
r>0

|B(0, r)|−α

(
1

|B(0, r)|

∫
B(0,r)

|f(x)− fB(0,r)|qdx

)1/q

.
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In this paper, we will study some multilinear commutators as follows (see [1]):

Definition 2.3. Let K(x) = Ω(x)/|x|n : Rn \ {0} → R. K is said to be a
Calderón-Zygmund kernel if
(a) Ω ∈ C∞(Rn \ {0});
(b) Ω is homogeneous of degree zero;
(c)

∫
Σ
Ω(x)xαdσ(x) = 0 for all multi-indices α ∈ (N ∪ {0})n with |α| = N , where

Σ = {x ∈ Rn : |x| = 1} is the unit sphere of Rn.

Let K(x, y) = Ω(x, y)/|y|n : Rn × (Rn \ {0}) → R. K is said to be a variable
Calderón-Zygmund kernel if
(d) K(x, ·) is a Calderón-Zygmund kernel for a.e. x ∈ Rn;

(e) max|γ|≤2n

∣∣∣∣∣∣ ∂|γ|

∂y|γ|Ω(x, y)
∣∣∣∣∣∣
L∞(Rn×Σ)

= M < ∞.

Suppose bj (j = 1, · · · ,m) are the fixed locally integrable functions on Rn. Let
T be the singular integral operator with variable Calderón-Zygmund kernel as

T (f)(x) =

∫
Rn

K(x, x− y)f(y)dy,

where K(x, x − y) =
Ω(x, x− y)
|x− y|n and that Ω(x, y)/|y|n is a variable Calderón-

Zygmund kernel. The multilinear commutator of singular integral with variable
Calderón-Zygmund kernel is defined by

Tb⃗(f)(x) =

∫
Rn

m∏
j=1

(bj(x)− bj(y))K(x, x− y)f(y)dy.

Note that when b1 = · · · = bm, Tb⃗ is just the m order commutator (see [11-12]).
It is well known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors (see [2-3,5-12,16]). Our main purpose is
to establish the continuity properties for the multilinear commutators related to the
singular integral operator with variable Calderón-Zygmund kernel on Besov spaces.

We begin with the following lemmas (see [9]).

Lemma 2.1. For 0 < β < 1, 1 6 p 6 ∞, we have

||b||∧̇β
≈ sup

Q

1

|Q|1+β/n

∫
Q

|b(x)− bQ|dx

≈ sup
Q

1

|Q|β/n

(
1

|Q|

∫
Q

|b(x)− bQ|pdx
)1/p

≈ sup
Q

inf
c

1

|Q|1+β/n

∫
Q

|b(x)− c|dx

≈ sup
Q

inf
c

1

|Q|β/n

(
1

|Q|

∫
Q

|b(x)− c|pdx
)1/p

.
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Lemma 2.2. (see [15]) For α < 0, 0 < q < ∞, we have

||f ||K̇α, ∞
q

≈ sup
µ∈Z

2µα||fχBµ ||Lq .

Lemma 2.3. Let 0 < η < n, 1 < p < n/η. Suppose b ∈ ∧̇β(R
n), then

|b2k+1B − bB | ≤ C||b||∧̇β
k|2k+1B|β/n for k ≥ 1.

Proof.

|b2k+1B − bB | 6
k∑

j=0

|b2j+1B − b2jB | ≤
k∑

j=0

1

|2jB|

∫
2jB

|b(y)− b2j+1B |dy

6 C
k∑

j=0

(
1

|2j+1B|

∫
2j+1B

|b(y)− b2j+1B |pdy
)1/p

≤ C||b||∧̇β

k∑
j=0

|2j+1B|β/n 6 C||b||∧̇β
k|2k+1B|β/n.

Lemma 2.4. (see [6-7]) Let 0 6 β < 1, 1 < r < n/β, 1/r − 1/s = β/n and
bj ∈ ∧̇β(R

n) for j = 1, · · · ,m. Then Tb⃗(f)(x) is bounded from Lr(Rn) to Ls(Rn).

3. Theorems and Proofs

Theorem 3.1. Let 0 < β < 1/m and bj ∈ ∧̇β(R
n) for j = 1, · · · ,m. Then Tb⃗ is

bounded from Lp(Rn) to ∧̇mβ/n−1/p(R
n) for any p with n/mβ ≤ p < ∞.

Proof. It is only to prove that there exists a constant C0 such that

1

|Q|1+mβ/n−1/p

∫
Q

Tb⃗(f)(x)− C0|dx ≤ C||f ||Lp .

Fix a cube Q, Q = Q(x0, d), we decompose f into f = f1+f2 with f1 = fχ2Q, f2 =
fχ(Rn\2Q).

Tb1(f)(x) = (b1(x)− (b1)2Q)T (f)(x)− T ((b1 − (b1)2Q)f)(x).

Then,

|Tb1(f)(x)− C0|

=
∣∣∣(b1(x)− (b1)2Q)T (f)(x)

+ T (((b1)2Q − b1)f)(x)− T (((b1)2Q − b1)f2)(x0)
∣∣∣

≤ |(b1(x)− (b1)2Q)T (f)(x)|+ |T (((b1)2Q − b1)f1)(x)|
+ |T (((b1)2Q − b1)f2)(x)− T (((b1)2Q − b1)f2)(x0)|

= A(x) +B(x) + C(x).
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For A(x), by the Lp-boundedness of T with 1 < p < ∞, we obtain, using Hölder’s
inequality with 1/p′ + 1/p = 1,

1

|2Q|1+β/n−1/p

∫
2Q

|A(x)|dx

=
1

|2Q|1+β/n−1/p

∫
2Q

|(b1(x)− (b1)2Q)T (f)(x)|dx

≤ C
1

|2Q|1+β/n−1/p

(∫
2Q

|(b1(x)− (b1)2Q)|p
′
dx

)1/p′(∫
2Q

|T (f)(x)|pdx
)1/p

≤ C
|2Q|1/p′

|2Q|1−1/p

1

|2Q|β/n

(
1

|2Q|

∫
2Q

|(b1(x)− (b1)2Q)|p
′
dx

)1/p′

×
(∫

2Q

|f(x)|pdx
)1/p

≤ C
|2Q|β/n+1/p′

|2Q|1+β/n−1/p
||b1||∧̇β

||f ||Lp ≤ C||b1||∧̇β
||f ||Lp .

For B(x), taking 1 < r < p < ∞ and p = rt, by Hölder’s inequality, we have

1

|2Q|1+β/n−1/p

∫
2Q

|B(x)|dx

=
1

|2Q|1+β/n−1/p

∫
2Q

|T ((b1)2Q − (b1)f1)(x)|dx

≤ C
1

|2Q|β/n−1/p

(
1

|2Q|

∫
Rn

|T ((b1(x)− (b1)2Q)fχ2Q)(x)|rdx
)1/r

≤ C
1

|2Q|β/n−1/p+1/r

(∫
2Q

|(b1(x)− (b1)2Q)f(x)|rdx
)1/r

≤ C
1

|2Q|β/n−1/p+1/r

(∫
2Q

|b1(x)− (b1)2Q|rt
′
dx

)1/rt′

×
(∫

2Q

|f(x)|rtdx
)1/rt

≤ C
|2Q|β/n+1/rt′

|2Q|β/n−1/p+1/r
||b1||∧̇β

||f ||Lp ≤ C||b1||∧̇β
||f ||Lp .

For C(x), by [1], we know that

Tb⃗(f)(x) =

∞∑
u=1

gu∑
v=1

auv(x)

∫
Rn

Yuv(x− y)

|x− y|n+m

m∏
j=1

(bj(x)− bj(y))f(y)dy,

where gu 6 Cun−2, ||auv||L∞ 6 Cu−2n, |Yuv(x− y)| 6 Cun/2−1 and∣∣∣∣Yuv(x− y)

|x− y|n
− Yuv(x0 − y)

|x0 − y|n

∣∣∣∣ 6 Cun/2|x− x0|/|x0 − y|n+1
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for |x− y| > 2|x0 − x| > 0. Then we get

C(x) =

∣∣∣∣∫
Rn

(K(x, x− y)−K(x0, x0 − y))((b1)2Q − b1(y))f2(y)dy

∣∣∣∣
≤ C

∫
(2Q)c

∣∣∣∣Ω(x, x− y)

|x− y|n
− Ω(x0, x0 − y)

|x0 − y|n

∣∣∣∣ |(b1)2Q − b1(y)||f(y)|dy

≤ C

∞∑
l=1

∫
2l+1Q\2lQ

∞∑
u=1

gu∑
v=1

|auv(x)|
∫
Rn

∣∣∣∣Yuv(x− y)

|x− y|n
− Yuv(x0 − y)

|x0 − y|n

∣∣∣∣
×|(b1)2Q − b1(y)||f(y)|dy

≤ C
∞∑
u=1

u−2n · un/2
∞∑
l=1

∫
2l+1Q\2lQ

|x− x0|
|x0 − y|n+1

|(b1)2Q − b1(y)||f(y)|dy

≤ C

∞∑
u=1

u−3n/2
∞∑
l=1

r

(2lr)n+1

∫
2l+1Q

|(b1)2Q − b1(y)||f(y)|dy

≤ C
∞∑
l=1

2−l 1

|2l+1Q|

(∫
2l+1Q

|b1(y)− (b1)2Q|p
′
dy

) 1
p′
(∫

2l+1Q

|f(y)|pdy
) 1

p

≤ C

∞∑
l=1

2−l 1

|2l+1Q|

[(∫
2l+1Q

|b1(y)− (b1)2l+1Q|p
′
dy

) 1
p′

+|(b1)2l+1Q − (b1)2Q||2l+1Q|
1
p′

]
||f ||Lp

≤ C

∞∑
l=1

2−l 1

|2l+1Q|

[
1

|2l+1Q|β/n

(
1

|2l+1Q|

∫
2l+1Q

|b1(y)− (b1)2l+1Q|p
′
dy

) 1
p′

×|2l+1Q|β/n+
1
p′ + |(b1)2l+1Q − (b1)2Q||2l+1Q|

1
p′

]
||f ||Lp

≤ C

∞∑
l=1

2−l 1

|2l+1Q|

[
|2l+1Q|β/n+

1
p′ ||b1||∧̇β

+ l||b1||∧̇β
|2l+1Q|β/n+

1
p′

]
||f ||Lp

≤ C
∞∑
l=1

2−l|2l+1Q|β/n−
1
p ||b1||∧̇β

||f ||Lp

≤ C|2Q|β/n−
1
p ||b1||∧̇β

||f ||Lp ,

thus

1

|2Q|1+β/n− 1
p

∫
2Q

C(x)dx ≤ C
1

|2Q|1+β/n− 1
p

|2Q|β/n−
1
p ||b1||∧̇β

||f ||Lp |2Q|

≤ C||b1||∧̇β
||f ||Lp .

This completes the case m = 1.
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Now, we consider the Case m ≥ 2. For b = (b1, · · · , bm),we have,

Tb⃗(f)(x) =

∫
Rn

m∏
j=1

[(bj(x)− (bj)2Q)− (bj(y)− (bj)2Q)]K(x, x− y)f(y)dy

=
m∑
j=0

∑
σ∈Cm

j

(−1)m−j(b(x)− (b)2Q)σ

∫
Rn

(b(y)− (b)2Q)σcK(x, x− y)f(y)dy

=
m∏
j=1

(bj(x)− (bj)2Q)T (f)(x) + (−1)mT (
m∏
j=1

(bj − (bj)2Q)f)(x)

+
m−1∑
j=1

∑
σ∈Cm

j

(−1)m−j((bj(x)− (bj)2Q)σ)T ((bj − (bj)2Q)σcf)(x),

thus, recall that C0 = T (
∏m

j=1(bj − (bj)2Q)f2)(x0),

|Tb⃗(f)(x)− T (
m∏
j=1

(bj − (bj)2Q)f2)(x0)|

≤ |
m∏
j=1

(bj(x)− (bj)2Q)T (f)(x)|+ |T (
m∏
j=1

(bj − (bj)2Q)f1)(x)|

+ |
m−1∑
j=1

∑
σ∈Cm

j

((bj(x)− (bj)2Q)σ)T ((bj − (bj)2Q)σcf)(x)|

+ |T (
m∏
j=1

(bj − (bj)2Q)f2)(x)− T (
m∏
j=1

(bj − (bj)2Q)f2)(x0)|

= I1(x) + I2(x) + I3(x) + I4(x).

For I1(x), by the Lp-boundedness of T with 1 < p < ∞, we obtain, using Hölder’s
inequality with 1/s1 + · · ·+ 1/sm + 1/p = 1,

1

|2Q|1+mβ/n−1/p

∫
2Q

|I1(x)|dx

=
1

|2Q|1+mβ/n−1/p

∫
2Q

∣∣∣(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)T (f)(x)
∣∣∣dx

≤ C
1

|2Q|1+mβ/n−1/p

m∏
j=1

(∫
2Q

|(bj(x)− (bj)2Q)|sjdx
)1/sj

×
(∫

2Q

|T (f)(x)|pdx
)1/p

≤ C
|2Q|mβ/n+1/s1+···sm

|2Q|1+mβ/n−1/p

m∏
j=1

1

|2Q|mβ/n

(
1

|2Q|

∫
2Q

|(b1(x)− (b1)2Q)|sjdx
)1/sj
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×
(∫

2Q

|f(x)|pdx
)1/p

≤ C
|2Q|mβ/n+1/s1+···sm

|2Q|1+mβ/n−1/p
||⃗b||∧̇β

||f ||Lp ≤ C||⃗b||∧̇β
||f ||Lp .

For I2(x), taking 1 < r < p < ∞, p = rt and 1/t1+ · · ·+1/tm+1/t = 1, by Hölder’s
inequality, we have

1

|2Q|1+mβ/n−1/p

∫
2Q

|I2(x)|dx

=
1

|2Q|1+mβ/n−1/p

∫
2Q

|T ((b1 − (b1)2Q) · · · (bm − (bm)2Q)f1)(x)|dx

≤ 1

|2Q|mβ/n−1/p

(
1

|2Q|

∫
Rn

|T ((b1 − (b1)2Q) · · · (bm − (bm)2Q)fχ2Q)(x)|rdx
)1/r

≤ 1

|2Q|mβ/n−1/p+1/r

(∫
2Q

|((b1 − (b1)2Q) · · · (bm − (bm)2Q))f(x)|rdx
)1/r

≤ 1

|2Q|mβ/n−1/p+1/r

m∏
j=1

(∫
2Q

|bj(x)− (bj)2Q|rtjdx
)1/rtj(∫

2Q

|f(x)|rtdx
)1/rt

≤ |2Q|mβ/n+1/rt1+···1/rtm

|2Q|mβ/n−1/p+1/r

×
m∏
j=1

1

|2Q|mβ/n

(
1

|2Q|

∫
2Q

|bj(x)− (bj)2Q|rtjdµ(x)
)1/rtj

||f ||Lp

≤ C||⃗b||∧̇β
||f ||Lp .

For I3(x), taking 1 < r < p < ∞, p = rt, and denote 1 =
∑

1
ti
, where σ(i) ∈ σ,

1
q =

∑
1
sk

and σ(k) ∈ σc, let 1
q +

1
t = 1, λ1 +λ2 = m, by the boundedness of T and

Hölder’s inequality, we have

1

|2Q|1+
mβ
n − 1

p

∫
2Q

I3(x)dx

≤
m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|1+
mβ
n − 1

p

∫
2Q

|(bj(x)− (bj)2Q)σT ((bj − (bj)2Q)σcf)(x)|dx

≤ C

m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|1+
mβ
n − 1

p

(∫
2Q

|(bj(x)− (bj)2Q)σ|r
′
dx

) 1
r′

×
(∫

2Q

|T (bj − (bj)2Q)σc(f)(x)|rdx
) 1

r

≤ C

m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|1+
mβ
n − 1

p

|2Q|
λ1β
n −β

∏
i

|2Q|
∑

1
r′ti
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×
(

1

|2Q|

∫
2Q

|(bj(x)− (bj)2Q)σ|r
′tidx

) 1
r′ti

×
(∫

2Q

|(bj − (bj)2Q)σc(f)(x)|rdx
) 1

r

≤ C
m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|1+
mβ
n − 1

p

|2Q|
λ1β
n +

∑
1

r′ti ||bσ||∧̇β

(∫
2Q

|(f)(x)|rtdx
) 1

rt

×
∏
k

|2Q|
λ2β
n +

∑
1

r′sk
1

|2Q|β

(
1

|2Q|

∫
2Q

|(bj − (bj)2Q)σc |r
′skdx

) 1
r′sk

≤ C

m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|1+
mβ
n − 1

p

|2Q|
λ1β
n + 1

r′q ||bσ||∧̇β
||f ||Lp |2Q|

λ2β
n + 1

rq ||bσc ||∧̇β

≤ C||⃗b||∧̇β
||f ||Lp .

For I4(x), set
1
p1

+ 1
p2

· · · 1
pm

+ 1
p = 1, using Hölder’s inequality and Lemma 3, we

have ∣∣∣∣∣∣T
 m∏

j=1

(bj − (bj)2Q)f2

 (x)− T

 m∏
j=1

(bj − (bj)2Q)f2

 (x0)

∣∣∣∣∣∣
≤

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)||f(y)||K(x, x− y)−K(x0, x0 − y)

∣∣∣∣∣∣ dy
≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
∣∣∣∣Ω(x, x− y)

|x− y|n
− Ω(x0, x0 − y)

|x0 − y|n

∣∣∣∣ dy
≤ C

∞∑
l=1

∫
2l+1Q\2lQ

[ ∞∑
u=1

gu∑
v=1

|auv(x)|
∫
Rn

∣∣∣∣Yuv(x− y)

|x− y|n
− Yuv(x0 − y)

|x0 − y|n

∣∣∣∣
]

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|dy
≤ C

∞∑
u=1

u−2n · un/2
∞∑
l=1

∫
2l+1Q\2lQ

|x− x0|
|x0 − y|n+1

|
m∏
j=1

(bj(y)− (bj)2Q)||f(y)|dy

≤ C

∞∑
u=1

u−3n/2
∞∑
l=1

r

(2lr)n+1

∫
2l+1Q

|
m∏
j=1

(bj(y)− (bj)2Q)||f(y)|dy

≤ C

∞∑
l=1

2−l 1

|2l+1Q|

m∏
j=1

[(∫
2l+1Q

|bj(y)− (bj)2l+1Q|p
′
dy

) 1
p′

+ |(bj)2l+1Q − (bj)2Q||2l+1Q|
1
p′

]
||f ||Lp
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≤ C
∞∑
l=1

2−l 1

|2l+1Q|

m∏
j=1

[
1

|2l+1Q|mβ/n

(
1

|2l+1Q|

∫
2l+1Q

|bj(y)− (bj)2l+1Q|p
′
dy

) 1
p′

× |2l+1Q|mβ/n+ 1
p′ + |(bj)2l+1Q − (bj)2Q||2l+1Q|

1
p′

]
||f ||Lp

≤ C
∞∑
l=1

2−l|2Q|mβ/n− 1
p ||⃗b||∧̇β

||f ||Lp ≤ C|2Q|mβ/n− 1
p ||⃗b||∧̇β

||f ||Lp .

Thus

1

|2Q|1+mβ/n− 1
p

∫
2Q

I4(x)dx ≤ C
1

|2Q|1+mβ/n− 1
p

|2Q|mβ/n− 1
p ||⃗b||∧̇β

||f ||Lp |2Q|

≤ C||⃗b||∧̇β
||f ||Lp .

This completes the proof of Theorem 1.

Theorem 3.2. Let 0 < β < 1/2m, 1 < q1 < n/mβ, 1/q2 = 1/q1 − mβ/n,
−n/q2 − 1/2 < α ≤ −n/q2 and bj ∈ ∧̇β(R

n) for j = 1, · · · ,m. Then Tb⃗ is bounded

from K̇α,∞
q1 (Rn) to CL−α/n−1/q2,q2(R

n).

Remark 3.1. Theorem 2 also holds for the nonhomogeneous Herz type Hardy space.

Proof. Fix a ball B = B(0, w), there exists ϵ0 ∈ Z such that 2ϵ0−1 ≤ w < 2ϵ0 . We
choose x0 such that 2w < |x0| < 3w. It is only to prove that

|Bϵ0 |
α+ n

q2

(
1

|Bϵ0 |

∫
Bϵ0

|Tb⃗(f)(x)− Tb⃗(f2)(x0)|q2dx
) 1

q2

≤ C||f ||K̇α,∞
q1

.

We write f1 = fχ4Bϵ0
and f2 = fχRn\4Bϵ0

, then

|Tb⃗(f)(x)− Tb⃗(f2)(x0)|
≤ |Tb⃗(f1)(x)|+ |Tb⃗(f2)(x)− Tb⃗(f2)(x0)|
≤ |Tb⃗(f1)(x)|

+

∣∣∣∣T( m∏
j=1

(bj − (bj)Q)f2

)
(x)− T

( m∏
j=1

(bj − (bj)Q)f2

)
(x0)

∣∣∣∣
+ |

m∏
j=1

(bj(x)− (bj)Q)||T (f2)(x)− T (f2)(x0)|.

So,

|Bϵ0 |
α+ n

q2

(
1

|Bϵ0 |

∫
Bϵ0

|Tb⃗(f)(x)− Tb⃗(f2)(x0)|q2dx
) 1

q2
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≤ |Bϵ0 |
α+ n

q2

(
1

|Bϵ0 |

∫
Bϵ0

|Tb⃗(f1)(x)|
q2dx

) 1
q2

+|Bϵ0 |
α+ n

q2

(
1

|Bϵ0 |

∫
Bϵ0

∣∣∣∣T( m∏
j=1

(bj − (bj)Q)f2

)
(x)

− T

( m∏
j=1

(bj − (bj)Q)f2

)
(x0)

∣∣∣∣q2dx) 1
q2

+|Bϵ0 |
α+ n

q2

(
1

|Bϵ0 |

∫
Bϵ0

∣∣∣∣ m∏
j=1

(bj(x)− (bj)Q)

∣∣∣∣ ∣∣T (f2)(x)− T (f2)(x0)
∣∣q2dx) 1

q2

= E1 + E2 + E3.

For E1, by Lemma 2 and Lemma 4, we get

E1 ≤ C|Bϵ0 |
α+ n

q2
− n

q2

(∫
Bϵ0

|f1(x)|q1dx
) 1

q1

≤ C|Bϵ0 |α||fχBϵ0
||Lq1 ≤ C||f ||K̇α,∞

q1
.

For E2, similar to the estimates of I4(x)in Theorem 1, let 1
p1

+ · · ·+ 1
pm

+ 1
q1

= 1,
by Hölder’s inequality and the Minkowski’s inequality, we obtain∣∣∣∣T( m∏

j=1

(bj − (bj)2Q)f2

)
(x)− T

( m∏
j=1

(bj − (bj)2Q)f2

)
(x0)

∣∣∣∣
≤ C

∞∑
l=1

∫
Cϵ0+l

∣∣∣∣ m∏
j=1

(bj − (bj)2Q)

∣∣∣∣ |f(y)||K(x, x− y)−K(x0, x0 − y)|dy

≤ C
∞∑
l=1

∫
Bϵ0+l/Bϵ0+l−1

[ ∞∑
u=1

gu∑
v=1

|auv(x)|
∫
Rn

∣∣∣∣Yuv(x− y)

|x− y|n
− Yuv(x0 − y)

|x0 − y|n

∣∣∣∣
]

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|dy
≤ C

∞∑
u=1

u−3n/2
∞∑
l=1

1

|Bϵ0+l|

∫
Bϵ0+l

|f(y)|

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy
≤ C

∞∑
l=1

2−l |Bϵ0+l|mβ+ n
p1

+···+ n
pm

|Bϵ0+l|

m∏
j=1

1

|Bϵ0+l|mβ/n

×
(

1

|Bϵ0+l|

∫
Bϵ0+l

|(bj(y)− (bj)2Q)|pjdy

) 1
pj
(∫

Bϵ0+l

|f(y)|q1dy
) 1

q1

≤ C
∞∑
l=1

2−l|Bϵ0+l|mβ− n
q1

m∏
j=1

||bj ||∧̇β
||fχBϵ0

||Lq1
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≤ C
∞∑
l=1

2−l|Bϵ0+l|mβ− n
q1

−α||⃗b||∧̇β
|Bϵ0+l|α||fχBϵ0

||Lq1

≤ C|Bϵ0+l|−
n
q2

−α||⃗b||∧̇β
||f ||K̇α,∞

q1
,

thus

E2 ≤ C|Bϵ0 |
α+ n

q2 |Bϵ0+l|−
n
q2

−α||⃗b||∧̇β
||f ||K̇α,∞

q1

≤ C||⃗b||∧̇β
||f ||K̇α,∞

q1
.

For E3, with the same method as above, let 1
d1

+ · · ·+ 1
dm

= 1, using Lemma 2, we
have

|T (f2)(x)− T (f2)(x0)| 6
∫
Bϵ0

|K(x, x− y)−K(x0, x0 − y)||f(y)|dy

≤ C
1

|Bϵ0 |
||fχBϵ0

||Lq1 |Bϵ0 |
1− n

q1

≤ C|Bϵ0 |
− n

q1
−α|Bϵ0 |α||fχBϵ0

||Lq1

≤ C|Bϵ0 |
− n

q1
−α||f ||K̇α,∞

q1
,

thus

E3 ≤ |Bϵ0 |
α+ n

q2 |Bϵ0 |
− n

q1
−α||f ||K̇α,∞

q1
|Bϵ0 |

− n
q2

×
(∫

Bϵ0

∣∣∣∣ m∏
j=1

(bj(x)− (bj)2Q)

∣∣∣∣q2dx) 1
q2

≤ C|Bϵ0 |
− n

q1 ||f ||K̇α,∞
q1

|Bϵ0 |
mβ+ n

q2

×
m∏
j=1

1

|Bϵ0 |mβ/n

(
1

|Bϵ0 |

∫
Bϵ0

|(bj(x)− (bj)2Q)|q2djdx

) 1
q2dj

≤ C||⃗b||∧̇β
||f ||K̇α,∞

q1
.

This completes the proof of Theorem 2.
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10. C. Pérez: Endpoint estimate for commutators of singular integral operators. J.
Func. Anal. 128 (1995), 163–185.
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