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CONTINUITY ON BESOV SPACES OF MULTILINEAR
COMMUTATOR OF SINGULAR INTEGRAL OPERATOR WITH
VARIABLE CALDERON-ZYGMUND KERNEL

Tan Lu, Chuangxia Huang and Lanzhe Liu

Abstract. In this paper, we prove the continuity for the multilinear commutator asso-
ciated to the singular integral operator with variable Calderén-Zygmund kernel on the
Besov spaces.

1. Introduction

Since the development of the singular integral operators, their commutators and
multilinear operators have been well studied (see [10-13]). In [3,11,12], the authors
proved that the commutators and multilinear operators generated by the singular
integral operators and BMO functions are bounded on LP(R™) for 1 < p < co. In
[2,5,9], the boundedness for the commutators and multilinear operators generated
by the singular integral operators and Lipschitz functions on LP(R™)(1 < p < o0)
and Triebel-Lizorkin spaces are obtained. In this paper, we will prove the continuity
properties for the multilinear commutators related to the singular integral operator
with variable Calderén-Zygmund kernel (see [1]) on Besov spaces.

2. Preliminaries

First, let us introduce some notations. Throughout this paper, () will denote a cube
of R™ with sides parallel to the axes. For a locally integrable function f, the sharp
function of f is defined by

#
f7 () = swp |Q|/ |f(y) — foldy,

where, and in what follows, fo = |Q|™* fQ x)dz. Tt is well-known that (see
[4,13,14])

# 1m .
fE() ~ sup i f|Q|/|f ~ cldy

Q>z c€C
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For 8 > 0, the Besov space Ag(R™) is the space of functions f such that

1l = sup AP @) /)P < o,
z,h € R"
h#0
where AF denotes the k-th difference operator (see [9]).
For b; € Ag(R™) (j =1,---,m), set

m

18115, = T 11bs114,-
=1

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m,
we denote by C7" the family of all finite subsets o = {o(1),---,0(j)} of {L,---,m}

of j different elements. For o € C}*, set 0 = {1,---,m} \ 0. For b= (by, - bm)
and o = {O’(l),~ . ,0’(])} € ij, set 50 = (bo(l),' . ',bg(j)), b(, = bo(l) s bg(j) and
1o (14, = ooy llas - 0o()llA,-

Definition 2.1. Let 0 < p,g < oo, a € R. For k € Z, set By = {x € R" : |z| <

2’“} and Cy = By \ Br—1. Denote by xj the characteristic function of Cy and xq
the characteristic function of B.

(1) The homogeneous Herz space is defined by
K P(R") = {f € LL, (R"\{0}) : |||l go » < 00},

loc

where

50 1/p
iz » = [ > 2’””||ka|iq] ;

k=—o00
(2) The nonhomogeneous Herz space is defined by

Ky P(R") = {f € Ljpe(R") : || fll g » < 00},

loc

where
o0

1/p
11l » = [Zﬁapnkavzq + IIfXBollziq] ;
k=1

And the usual modification is made when p = ¢ = oco.

Definition 2.2. Let 1 < g < 0o, @ € R. The central Campanato space is defined
by (see [15])
CLa, o(R") ={f € Lip.(R") : [|fllcLa, , < o0},

loc

where

1/q
1

fllers, , =sup|B(0,7)|"% | 7 f(x) = feo.n|ide .

Ifllcr. . =plBO. | ay o 156 = faon
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In this paper, we will study some multilinear commutators as follows (see [1]):

Definition 2.3. Let K(z) = Q(z)/|]z|® : R™\ {0} — R. K is said to be a
Calderén-Zygmund kernel if
(a) © € C=(R"\ {0});
(b) © is homogeneous of degree zero;
(¢) s, Qz)z*do(z) = 0 for all multi-indices a € (N U {0})" with |a| = N, where
Y ={zx € R" : |z| =1} is the unit sphere of R™.

Let K(x,y) = Qz,y)/|ly|™ : R™ x (R"\ {0}) — R. K is said to be a variable
Calderén-Zygmund kernel if
(d) K(z,-) is a Calderén-Zygmund kernel for a.e. x € R";

(e) Mar|y|<2n

ol o
WQ(‘/E’y)HLoo(R"xz) = M <co.

Suppose b; (j = 1,---,m) are the fixed locally integrable functions on R". Let
T be the singular integral operator with variable Calderén-Zygmund kernel as

T(f)(z) = - K(z,z —y)f(y)dy,

% and that Q(x,y)/|y|™ is a variable Calderdn-

Zygmund kernel. The multilinear commutator of singular integral with variable
Calderon-Zygmund kernel is defined by

where K(z,z —y) =

15(0)@) = [ TIbs() - b K oo ) fw)dy.

Note that when by = - - - = by,, T} is just the m order commutator (see [11-12]).
It is well known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors (see [2-3,5-12,16]). Our main purpose is
to establish the continuity properties for the multilinear commutators related to the
singular integral operator with variable Calderén-Zygmund kernel on Besov spaces.

We begin with the following lemmas (see [9]).

Lemma 2.1. For0< f<1,1<p< oo, we have

1
6] ssup—/ Ib(z) — bolda
R IQIMA g

1 (1 Y
—— (= [ ) -bolrd
sup |Q|ﬂ/n<|@|/Q (z) = bal x)

1
supinfi/ |b(x) — c|dx
Q@ < QP Jq

1 1 1/p
Supinf</ b(x —cpdx> .
P gpr Vi J M e

%

Q

Q
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Lemma 2.2. (see [15]) For aa < 0,0 < ¢ < 00, we have

g = =~ SggQ“QIIfxB,L L
I

Lemma 2.3. Let0<n<mn,1<p<n/n. Supposebe Ag(R"), then
|borsi g — bp| < C|[bl[4, k25 BIP/™ for k > 1.

Proof.
k
bor+1p —bp| < Z|b2i+13_b273| Z|2JB|/ — bys+ip|dy
k 1 1/p
< C —_— b(y) — bai+15/Pd
;<|23+1B| 2]'+1B| (y) — bai+1] y)
k .
< Clblla, Y127 BIP/™ < O|Jbl|a, k12" B
§=0
0

Lemma 2.4. (see [6- 7/) Let 0 K B <1, 1 <r<mn/B,1/r—1/s = B/n and
bj € Ag(R™) for j=1,---,m. Then T;(f)(x) is bounded from L"(R™) to L*(R").

3. Theorems and Proofs
Theorem 3.1. Let 0 < 3 < 1/m and b; € Ag(R"™) for j =1,---,m. Then Ty is
bounded from LP(R™) to Apg/n—1/p(R"™) for any p with n/mf < p < co.

Proof. 1t is only to prove that there exists a constant Cy such that

1
G, T = Culde < Il

Fix a cube Q, Q = Q(zo,d), we decompose f into f = f1+ f2 with f1 = fx2q, fo =
Fxmm2q)-
Ty, (f) (@) = (br(z) — (b1)20)T(f)(x) = T((b1 — (b1)20)f)()-
Then,
Ty, (f)(x) — Col
= |(b1(z) = (b1)2)T(f) ()

T(((b1)2@ — b1)f)(2) = T(((br)2@ — b1) f2)(20)

< |(b1(x) = (b1)20)T(f) (@) + |T(((b1)2q — b1) f1)(2)]
+[T(((b1)2q — b1) f2)(@) = T(((b1)2q — b1) f2)(z0)|
= A(x) + B(x) + C(z).
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For A(x), by the LP-boundedness of T' with 1 < p < 0o, we obtain, using Holder’s
inequality with 1/p' +1/p =1,
1
2Q[1+B/n—1/p /2Q |A(z)|dz

1
= Qe /2 o |01@ = ()T (N @lde

1 , 1/p’ 1/p
= C|2Q|1+ﬁ/nl/p</2Q |(b1(x) = (b1)20) " dm) (/2Q |T(f)(:v)|pdx)
QY71 1 NV
= C|2Q|171/p 2QP/m (|2Q| /2Q [(b1(z) — (b1)20) I dw)

RCRY v

2Q|B/m+1/v
= Cogpraraizs illaslfller < Cllballa, 1Al

For B(z), taking 1 < r < p < oo and p = rt, by Holder’s inequality, we have

1
[2Q[F A1/ /2 o |P@)lde

1
= g [ Tz~ (sl

1 1 . 1/r
= C’|2Q|5/n—1/p <|2Q| - IT((b1(2) = (b1)20) [ x20) ()] dx)
= Cl(/ |(b1(z) — (bl)gQ)f(x)de)l/r
= TRQPIr Ty

1 " 1/rt

= C|2Q|ﬁ/n—1/p+1/r</2Q b1 () — (b1)20]™ dl’)

o [ ) "

|2Q|ﬁ/n+1/rt'
< CWHMHAMVHL? < Cllball i, £l ze-

For C(z), by [1], we know that

o0 Gu

T = 32 Dl = [Ts0) i)

where Gu < Cun727 Hauv||L°° g Cui2n7 |Yuv (lL‘ - y)| < Cun/271 and

Yo (z —y) B Yoo (2o — y)‘ < Cu”/2|a: — 20| /|20 — y|n+1

|z =y w0 — y|"
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for | — y| > 2|xo — x| > 0. Then we get

C(z) =

[ (K= = Klaoan = )01} ~ ) o)

Qz,z —y)  Uxo, o

~ —y) ’ I(b1)20 — b1 ()] £ (w)ldy

<C
lz —y|" |zg — y|"

(2Q)°

<C§/ iZ\ )|/Rn Yuo(2 Yuu(xo—y)’

uv - _
AHQ\21Q T i |z —y|” lzo — y[™

<l — b Iy
couany 20 — LTy

21+1Q\2!Q lzo —y

<czu—3n/zz G 0, 0020 =Wy

oo 1 1

— 1 p’ v P i
<03 gy () 1)~ el an) " ([ swpa)

. ot
-1
<032 g [( ol - Gt a)

(B)ag - (bnz@na”lmv'] 1112

1
7/

< 9! o
a C; 20H1Q)| [|2l+1Q|5/n <2l+1Q 2410 b1 (y) — (b1)ar+1q] dy)

x\21+1Q‘5/"+z7 + |(b1)ar1q — (bl)zQHQHllel] f[lze

n+ o
czz 1\21+1Q| [2l+1Q|B/ T b lla, + Ukl 277 QPP }Ifllm

< O3 2 QP b, il

=1
_1
< C12Q17" 7w [ba 4,1 f]] o

thus

1
— T <C——M B/n—y .
2 /2Q0<w>dw_0|2Q|1+B/n_l 20175 (11,1 111-12€)
Cloall, s

IN

This completes the case m = 1.
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Now, we consider the Case m > 2. For b = (by, -, b,,),we have,
Ty (f)(x) = /n H[(bj(ff) = (0j)2q) — (b;(y) — (bj)2) 1K (z, x — y) f(y)dy

m

(]
(]

(1) (b(z) — (B)a@)s / (b(y) — (8)20)0 K (2,2 — ) f(y)dy

n

j=00€ CJ’"

£33 ()T (by ) — (b)) )Ty — (by)a)oe ) )

thus, recall that OO = T(H"L: (bj - (bj)gQ)fg)(SCo),

IT5(F) (@) = T[T (b = (b5)20) f2) (o)

j=1
<1100 - 0@ + L6, - z)s)e)
j=1 =1
+ | i: > (@) = (b))20))T((b; — (b)20) o< £)(2)]
j=1 ceCp
T[T 0~ ®1)aa) f2)@) ~ TTL 65~ ()2)f2) w0

=IL(z) + Ix(z) + Is(x) + 14(x).

For I (z), by the LP-boundedness of T' with 1 < p < oo, we obtain, using Holder’s
inequality with 1/s; + -+ 4+ 1/s, +1/p =1,

\2@\1+m6/n 1/p/ [0 (@)lde

BT | (15) = ()0) - (o) = (g 7)o

1/Sj
S
C|2Q|1+m6/n 1/p = </ | 2Q ‘ Jdl’)

L

|2Q|m5/n+1/91+ “Sm M 1 1 / v 1/s;
< C bi(z) — (b sid
S CagEE EQQWM 3]y, [01() ~ (o)l do

IN
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< ([ 1swpar) v

|2Q|mﬁ/n+1/sl+ S
< C QA7 10115, 1f e < ClBlIA 1] 2o

For Ir(x), taking 1 <r <p <oo,p=rtand 1/t;+---+1/t,,+1/t = 1, by Holder’s
inequality, we have

1
WM’/QQ L2 (x)|dx

- |2Q|1+m16/n1/p/2Q IT((br = (01)2Q) - - - (b — (bm)2@) f1) () |da

1 1 1/r
< T((by — (b <o (b, — (b "
< g (g fo, T @2) -+ b~ ()0} xse)@)
1 1/r
S Qe (/2Q (b1 = (b1)2) - - (b = (bm)2@)) f ()] dﬂ?)
1 m 1/rt; 1/rt
< bi(x) — (b, thdx) </ flz ”dx)
s 11 ([ o= @aal [ 11w
|2Q|mﬁ/n+1/rt1+m1/rtm
< |2Q|mﬂ/n—1/p+1/r
I/th
rid p
H g (g L, 1)~ @ohal ) 7l
< C||5\|Aﬁl|f\|m-
For I3(x), taking 1 < r < p < o0, p = rt, and denote 1 = > -, where o(i) € o,
% = i and o (k) € o¢, let %—1—% =1, A\{ + X2 = m, by the boundedness of T and
Hoélder’s inequality, we have
1
S DI [ 10560) = 0120007085 = (5)20)a-1) (@)l ds
j=1 UEC"‘ |2Q| P J2Q
1
< ¢ o (1050 = 0ahelac)
]Zl Zc |2Q|1+ QI Vo

<( [ IO - )z (1)) d

_1
2017 AT 120> 7%

AN
Q
a7

|1+””‘}
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) (|21Q| /2@ |(b5(=) = (bj)zQ)al““dm> 7

<(f 10 - <bj>2Q>ac<f><x>|rdx) T

m—1 1 %
< ¢ P B, ([
j=1 ceC 2Q 2Q
MJ’_ZL 1 ( 1 ’ T/lsk
<1120 "=7% ——(— [ |(b; — (b)) Uc”kdx)
m—1
1 B 1 A28 4 1
< CZ Z wﬁ@ " +T"’||ba||Aﬁ|\f||LP|2Q| B +“J||bo°||Aﬁ
i=1 oecr [2Q7 TR
< Clbllag I f1lze-
For I4(x), set p% + p% e pi + % = 1, using Holder’s inequality and Lemma 3, we
have

T (H(bj - (bj)2Q)f2) () =T (H(bj - (bj)m)fz) (zo)

Jj=1 j=1

< [ T = e I o = 3) = K20 )| dy
60— e,z —y)  Qxo,z0 )
S 1 (ORI I[P St g
o ©  Gu Yu'u( — Yuv(xoy)‘
- CE/WQ\M [ZZ'( )'/m eyl e — ol
)| £y
—2n . n/2 |3?—.I‘0| N ] - .
< CZu Ry /WWQ|x0_y|n+1|j11<b]<y> (02|11 W)y
< Xy o [ 60 - 6ol
2U+1Q i}
L T

1) — <bj>2Q||2l+l@|p'} 11l
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1

o0 m 1 7/
. p

Z |2l+1Q| H [21+1Q|m5/n <|2l+1Q| 10 1b;(y) — (bj)21+10] dy)

< [2HQ I 4 [by)aag - Gi)aal 24101 17

- - mB/n—L117 mB/n—L 7
< O 27 RQITE B[4, |11l e < CLRQI™ R[] 4, £lLe-

=1
Thus
S S / Liz)de < C— " joQ™/m=5 {551l 20|
1 4\7)ar = 1 P Ag Lp
12Q"F™P/n 5 Jaq 2Q|" TP/
< Clbli, Ille-

This completes the proof of Theorem 1. O

Theorem 3.2. Let 0 < 8 < 1/2m, 1 < ¢ < n/mB, 1/q2 = 1/q1 — mB/n,
—n/qa—1/2 < a < —n/q2 and b; € Ag(R") for j =1,---,m. Then T} is bounded
from K °(R"™) to CL_o/n—1/gy,4,(R").

Remark 3.1. Theorem 2 also holds for the nonhomogeneous Herz type Hardy space.

Proof. Fix a ball B = B(0,w), there exists ey € Z such that 20! < w < 2. We
choose z( such that 2w < |zg| < 3w. It is only to prove that

Bal™% (15 ) - T el i) <l

We write fi = fxap., and fo = fxrm\4B,,, then

|T5(f) () — Ty(f2) (o)
<|Tp(f1) ()| + | Ty(f2) (x) — Ty(f2) (20)|
< |T(f1) ()]
T bj —(bj)o)fe |(x) =T bj — (bj)@) f2 | (20)
([[( )a)f2) @) (1_1( R
H )T (f2)(x) — T(f2)(wo)|-

So,

Bl gy [, @) T )
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1
o¢+— a2
= [Pl <B| @)
€0

HB " (o T( [[(bj - <bj>Q>f2)<x>

(- o0n)e

| Be, |

m L
a4 1 a2
#1875 (i [ TT0s0) — @) 1T - Ta) )| e
| 60| B, j=1
= Ei+ E;+ Es.
For E1, by Lemma 2 and Lemma 4, we get
1
By < C|B, "t (/ If1<x>|qldx>
Be,
< OBl xBe llm < C||f||1’<g~°°-
For Es, similar to the estimates of I,(z)in Theorem 1, let L + ... + pim + qil =1,

by Holder’s inequality and the Minkowski’s inequality, we obtaln

’T( ﬁ(bj - (bj)2Q)f2)(33) - T( ﬁ(bj - (bj)2Q)f2)(xo)

j*l j=1

< cz - TI6 = @0a) 170 )~ K0~
€0+I j= 1
o0 Gu
Yoolx — YU o —
: oz/ N
=1 Beo+l/B€0+l—1 u=1v=1 Rn |x—y| leO_y|
H 20)| 1 (y)|dy
< Czufgnmz:'B | [T — (0)20)| dy
= — €0t J Bey4u j=1
| Begia™P T m e
< ) 27w
- Z |Beo+l| H |B60+l|Mﬁ/7L
1 1
Pj q1
([ >2Q>|pjdy) ([ o)
‘ 60+l| eo+l Bey+i
< CZQ_Z\B@-HW'B?* HHb a1 fXBe Lo
=1



306 Tan Lu, Chuangxia Huang and Lanzhe Liu

oo

< CZ2*l\350+z|mﬁ_7_a\|b||%|BEO+z| 1fxB, Lo

< C|Beo+l‘7iia”b||/‘\g||f||K;¥1’°°7
thus

By < C|Bq|* 5 | Begpal 75| IBll 5, £l o
< Ollla, Il s~

For F5, with the same method as above, let chl 4+ % =1, using Lemma 2, we
have

IT(f2) () — T(f) (o) < /B K(z,2 —y) — K(zo,z0 — )| f(1)|dy

‘0

< B,
< Ol len Bl
< C|B€o|_7_a|B€o|aHfXBeo |Lq1
< OBl fll e,
thus
Ey < |BEO|a+g|BEO\777Q\|f||Kﬂl’°°|Beo T2
m q2 %
(o [Tt - 0] )
< C|BEO\_H|\f||Kw°|Beo|mﬂ+%

q2d, 2%
><H|B mﬁ/n<|B |/ )2Q)|2Jd$>

< ClfBlla, 1] o

This completes the proof of Theorem 2. [
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