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SHARP ESTIMATES AND BOUNDEDNESS FOR MULTILINEAR
INTEGRAL OPERATORS

Daqing Lu

Abstract. In this paper, the sharp estimates for the multilinear operators associated
to the Littlewood-Paley operator and Marcinkiewicz operator are proved. As the appli-
cation, the (LP, L?) and Morrey spaces boundedness for the multilinear operators are
obtained.
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1. Introduction and Theorems

In this paper, we study some integral operators as follows.

Fix 0 < § < n, we denote that I'(z) = {(y,t) € R}™" : |z — y| < t} and the
characteristic function of I'(x) by Xr(,). Suppose that m; are the positive integers
(j=1,---,1), mi+---+m; =m and A; are the functions on R"(j = 1,---,1). Let

1
ij—ﬁ—l(Aj;xay) = AJ(:E) - Z aDaAj(y)('r - y)a'

la|<my

Definition 1. Let A > (3n 4+ 2 — 2§)/n, € > 0 and ¢ be a fixed function which
satisfies the following properties:

(1) [ 0l@)dz =0,

(2) [(@)] < C(1L+ [af)~r+1=9),

(3) [z +y) —¥(2)] < Clyl*(L + |z)~" 179 when 2[y| < |af;
The multilinear Littlewood-Paley operator is defined by

o)) = [ [ () -
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where l
Hj:l ij+1(Aj;$7Z)
n |z — 2z|™

and t;(x) = t~"F04)(x/t) for t > 0. Set Fi(f)(y) = f * ¢¢(y). We also define that

9 () = ( /] (M;_y)A ) )2 )1/2,

which is the Littlewood-Paley operator (see [17]).
Let H be the Hilbert space H = {h Il = () [pne Ay, t)Pdydt /i)Y < oo}.
+
Then for each fixed x € R, FA(f)(z,y) may be viewed as a mapping from (0, +00)

to H, and it is clear that
¢ ni/2
- FA
(o) A

FA)(x,y) = Pe(y — 2)f(2)dz

g (f)(x) =

and

n\/2
(@) = ‘(H';_y') F(f)(w)

Definition 2. Let Fix A > max(1,2n/(n + 2 — 2§)), 0 < v < 1 and Q be
homogeneous of degree zero on R" with [g,_, Q(z')do(z') = 0. Assume that Q €
Lip,(S™~1), that is, there exists a constant M > 0 such that for any z,y € S"71,
1Q(z) — Qy)| < M|z — y|". We denote that T'(z) = {(y.t) € R} : [z —y| < t}
and the characteristic of I'(z) by Xp(z). The multilinear Marcinkiewicz operator is
defined by

W) (a) = [ /] (Hf_y)A A )2 "

where

l
[[io Bmy+1(4552,2) Qy — 2)
|z — 2|™ ly — z|n—179

FA) () = / F(2)de.

ly—z|<t

Set
ROw=[ e

We also define that

() = ( /. (M)A |Ft(f)(y)|2;igf§>l/2,
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which is the Marcinkiewicz integral operator (see [18]).
Let H be the Hilbert space

1/2
H=qh:|h]|= <// h(y,t) dydt/t"+3> <0,

then for each fixed z € R", FA(f)(x,y) may be viewed as a mapping from (0, +-00)
to H, and it is clear that

ni/2
W) = H (=) FOE

and

ni/2
pa (@) = H(mt—y> (D)

Note that when m = 0, g4 and p4 are just the multilinear commutators(see[10-
12]). When m > 0, 93\4 and uf are non-trivial generalizations of the commutators. It
is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors(see [3-7]). In [9], Hu and Yang
proved a variant sharp estimate for the multilinear singular integral operators. In
[13-15], authors prove a sharp estimate for the multilinear commutator. The purpose
of this paper is to prove the sharp inequalities for the multilinear integral operators
g;\“ and uf}. As the application, the (L?, L?) and Morrey spaces boundedness for
the multilinear operators are obtained.

First, let us introduce some notations. Throughout this paper, () will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f,
the sharp function of f is defined by

#
f7(x) = sup |Q|/ |f(y) — foldy,

where, and in what follows, fo = |Q|™* fQ x)dz. It is well-known that(see[16])

# 1m — .
f#() ~ sup i f|Q|/Q|f(y) cldy

zeQ c€C

We say that f belongs to BMO(R") if f# belongs to L>(R") and ||f||pymo =
||f#]|L. For 1 < p<ooand 0 <4 <mn,let

Msy()(a) = s (ot | |f<y>|pdy>1/p,

TEQ

we write that M, (f) = My,,1(f), which is the fractional maximal operator.



258 Daqing Lu

Fixed 0 > 0. For 1 < p < oo, let

1 1/p
Ufllre = sup (da / If(y)l”dy> 7
zER™, d>0 B(z,d)

where B(z,d) = {y € R™: |z —y| < d}. The Morrey spaces is defined by(see [2][8])
LP7(R") = {f € Lige(R") : ||fl|zs.e < 00}

As the Morrey space may be considered an extension of the Lebesgue space, it is
natural and important to study the boundedness of the multilinear integral operator
on the Morrey Spaces.

Now we state our main results as follows.

Theorem 1. Let D*A; € BMO(R") for all a with |o| =m; and j=1,---, L

(1). Then there exists a constant C' > 0 such that for any f € C5°(R"™),
l1<r<mn/dand x € R",

l

G N* @) <CIT [ > 1D Ajllsao | Msr(f)(@).

J=1 \leyj|=m;
(2). f1<p<mn/§and 1/p—1/q = 6/n, then g{ is bounded from LP(R") to
L(R™), that is

l

g (Mllzs <CTL | X2 11ID%Allsaco | I1flze-

i=1 \Jay|=m;

(3). Ifl<p<n/s,0<o<n—pd, 1/g=1/p—3/(n— o), then g is bounded
from LP?(R"™) to L®?(R™), that is,

198 (Nllzaw < CH > D% 4;llsmo | (IflLre.
=1 \Jaj=m;
Theorem 2. Let D*A; € BMO(R") for all a with |a| =m; and j=1,---, 1
(1). Then there exists a constant C' > 0 such that for any f € C5°(R™),
l<r<n/dand xz € R",

l

W (M*@) <CIT| Do 1D Allsamo | Msr(f)(2).

J=1 \laj|=m;

(2). f1<p<n/éand 1/p—1/q = §/n, then uf is bounded from LP(R"™) to
Li(R™), that is,

~

et (Nlles <CTT | Do 1D 4llsaro | 1]]Ls.

=1 \Jay|=m;
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(3). Ifl<p<n/s,0<o<n—ps 1/g=1/p—5/(n—0c), then u3 is bounded
from LP?(R"™) to L9?(R™), that is,

168 (]2 < CH > D% A llsmo | IflLee.

J=1 \laj|=m;
2. SoProof of Theorem

To prove the theorems, we need the following lemmas.

Lemma 1.([5]) Let A be a function on R™ and D*A € L4(R"™) for all a with
|a| = m and some ¢ > n. Then

1/q
1
|Rm(4;2,y)| < Clx —y|™ <~ |D°‘A(z)|qdz> )
042_m |Q($,y)| Q(-K»y)
where Q is the cube centered at z and having side length 5y/n]z — y|.
Lemma 2.([1]) Suppose that 1 <r <p <n/d and 1/¢g=1/p —§/n. Then

M, (F)llLe < ClIf]]Le-

Lemma 3.([2][8]) Let 1 < p < oo and 0 < 0 < n. Then the following estimates
hold:

(&) (1M ()]]z0e
(B)- 1M (f)] |z

< Clf#||oe.
< C||fl|lppe for 0 < p < (n—o)/npand 1/g=1/p—nn/(n—

Lemma 4. Let 0 < d <mn,1 <p<n/dand 1/g=1/p—§/n. Then gy and py
are all bounded from LP(R™) to LI(R™).
Proof. For gy, by Minkowski’s inequality and the conditions of v, we get

t nA 5 dydt Lz
n@ < [ 17 </Ri“ (=) -2 tw) d
%) t ni t—2n+26 dydt 1/2
< C/R" ‘f(z)| </O /R" (t—f—lx—y\) (1+y_z|/t)2n+226tl+n> dz

co . t ni dy 1/2
< of e [/o <t fo ) (t+|yzl)2"+2-2“>tdt} -

noting that 2t + |y — z| > 2t + |z — z| — |z —y| =2 t + |z — 2| when |z — y| <t and
2ty — 2| = 2K 4 |z — 2| — |2 — y| = |z — 2| when |z — y| < 2FF1¢, we get,
recall that A > (3n +2)/n,

t_n/ ( t )M dy
Rre \t+ |z —yl (t+ |y — z[)2n+2-26
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/ ( t )n/\ dy
lz—y|<t \+ [ —y| (t+ |y — 2|)2n+2=20

')

dy

+t Z/ ( d )M
o /2R t<|z—y|<2kF1e \ T+ |z — 1yl (

N

"

<ct™

<ct™"

<t

/ 92n+2— 26dy Z/ 7kn)\
lz—y|<t (2t+2|y—z| 2n+2 26 |z —y|<2k+1t

7k:n/\
/\z y|<t (2t+ |y—z| 2n+2 26 Z/z y|<2k+1t

- ”
(t+ [z — 2|)2n+2-25

C

+ Z 2k(3n+2—nk)
k=0

<
since

\:1: _ Z|)2n+2—26 ’

/Oo tdt
0 (t + ‘.’t _ Z|)2n+2726

we obtain

ax(f)(

t+ |y — z|)2n+2725

2(k+2)(2n+2726)dy

2k(2n+2725)dy

2k+2 2k+2 _ 2n+2—26
(2F+2t + ly —2|)

ok(2n+2-24) dy

7knk
_/\zfylét (t+z— zl )2n+2-24 Z /z yl<ak+1t (t+ |z — 2[)2n+t2—26

tn
(t+ |z — 2|)2n+2-23

=Clx

lz —y| <21, |y — 2| < t, we obtain

a(f)(2)

N

o0 tdt
)< C - |f(2)] (/0 (t+ [ — z[)2n+2-20

For uy, notice that |[x — 2| < 2t, |[y—z| = |z — 2| —t >
ly — 2| < t, and |z — 2] <

t(1 + 2k+1) <262 y — 2| = |z — 2|

1/2
) dz=C

_ Z|—2n+26,

| — z| — 3t when |z —

N

t\™ (120 - 2] 2 dydt "
S [//RJ (=) () wowngls|

+C/ f(z /
R"| @) [ 0 ,;0 2kt<|z—y|<2k+

N

? Uooo /\z—y|<t <t + I; - yl)7M (|l

1/ (=)

go |T — 2|0

|

dz;

y| <t

— 2k+3¢ when

1/2
2) (Y,
Xr(z) (1) dydt:| "

_ Z‘ _ 3t)2n72672 tn+3

3dydt

1t (t+\$*y|

C/ [f(2)] e dt
e |z —2|Y2 | Jjz—zy2 (lx — 2| — 3t)2n—28

1/2
dz

t X (b )T
(|:E _ Z‘ _ 2k+3t)2n72672

If (=) = /°° —kn ok \n,— 2k dt
+C —_— 27RnRA QR
Rrn |z — 2|1/2 kZ:O 2-2—F|p—z| 27 (lz — 2| — 2k+3¢)2n—26

N

n ‘Z‘—Z'n 1y — »|n—8 Ry, ‘x_z|n75

of el

Rn |z —2n—°

Thus, the lemma follows from [1].

|f(=)] |f(=)]
C/R " _dz+C —

oo

>

k=0

1/2
2kn(1)\):|

1/2
] dz

(t + 2k+1¢ + ‘y _ z|)2n+226:|

1/2
:| dz
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Proof of Theorem 1(1). It suffices to
stant Cj, the following inequality holds:

|Q‘/ GA () (@) — Coldz < H(

> D% Ayl pmo

lajl=m;

261

prove for f € C§°(R") and some con-

) Mé,v‘(f)(x)'

Without loss of generality, we may assume [ = 2 Fix a cube Q Q(x0,d) and T € Q.

Let Q = 5v/nQ and A;(x) =

R, (Aj;x,y) and D*A; = D*A; —
and fo

Aj(x) — >

lal=m

= Xpma
H?:l R77Lj+1 (zzlj; x, Z)

F{A () (,y)=

(DaAj)Q

L(D>A; o, then Ry (Aj;2,y) =

for |a| = m;. We write, for f1 = fxg

Yi(y — 2) f(2)dz

o o — 2"
=/ IL-, }rm f;(f“ ") by - ) a2
! Hg 15”32]4;%’2)1/)(y—zm(z)dz
Z / L AZf—ZZ)ﬁ D% Doy (ly - 2) fa(2)dz
- mll le(Al;x,z)(x—z)az

\Gzl—mz

1

|z = 2™

D Ay (2)Yi(y — 2) f1(2)dz

artaz Do A (2) D2 Ay(z)

Y

Ot1!042
|ar|=ma,|az|=m2

R'rL

[

)” FA () -

then i
|98 (1)(@) = g fz)(wo)}

nA/?
(#Hr—yo
(7

(

t

N

!/(w—Z)

t+ |zo — yl

t+ |zo — yl

|z — 2™

n\/2 .
t ) FA(f2)(a0,v)

FtA(f2)(m07y)

)’I’L)\/2

nA/2 H'— Rm.(A‘;m,Z)
< ||(m=) IS B Dy - ) ()
t+ |z -yl |z — z|™
n\/2 Ao
t 1 Rmz(A27I,Z)(.Z’—Z)
- E il D1 A _
+ (t+\x—y|) ol T, @1t |z — 2™ 1(2)¢e(y — 2) f1(z)dz
t nA/2 1 Ry (A1;, 2)(z — 2)°2 ~
. D T D2 A - d
+ (t""lx_y') ‘a2|:m2a2! R" ‘.’D—Zlm 2(Z)¢t(y Z)fl(Z) o
n\/2 ajta al A az A
t 1 —z)T2 DXL A D2 A
+( ) [ MDA (-9 1 (21
t+|z—y| _ _aglas! |z — z|™
[ar[=my,|ag|=m2 Rn

Vi(y—2)f1(z)dz
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t ni/2 i t ni/2 i
(m) F (f2)(x,y) — (m) F(f2)(zo,y)

= Il(x) + [2(:(:) + [3(:(:) + [4(:(?) + 15(56),
thus,

+

ﬁ /Q ‘gf(f)(x) B gf(f2)(lo)‘ dx

1 C C C 1
< — I d — I d — I d — I d — I d
|Q|/Q t{z)do + |Q|/Q 2(@)de + |Q\/Q 3(@de + |Q\/Q a(w)da + |@|/Q »(@)de
= I+ I+ I3+14+15.

Now, let us estimate Iy, I3, I3, Iy and I, respectively. First, for x € Q and y € Q,
by Lemma 1, we get
Ry (Ajiz,y) < Cle—yl™ S (1D 4, |saro,

laj|=m;

thus, by the (L", L?)-boundedness of gy for 1 <r <n/§ and 1/q¢ =1/r — §/n, we
obtain

2
ho< Ol X 10 alsvo | g [ st @i

5=1 \Jayl=m;

1/aq
Z ||DajAj||BMO <22|/Qg)\(f1)(l’)|qd$>

N
Q
e

=1 \lagl=m,
2 1/r
< CII{ X 10%aliowo | @ ([ 1n@ra)
J=1 \Jej|=m; Q
2
< CIT| Do IIPYAjllsmo | Msw(f)(&).
J=1 \ley|=m;

For I, denoting r =pgfor 1 <p<n/d,q>1,1/q+1/¢ =1land 1/s=1/p—§/n,
we have, by Holder’s inequality,

1 N
I <C Y [ID*A4lzmo Y @LIQA(DalAlfl)(x)|dz

[oa|=m2 |og |[=mq

N

5 1/s
C > |ID*Asllpmo Y (ﬁ/}zn|g>\(Da1A1f1)(z)|sdI)

[oa|=mg |og |[=mq

N

- 1/p
¢ Y D asllovo Y 1@ ([t @ ra)

[oa|=ma |og |[=mq

N

E I I E 71 ‘ A ( )‘pql e 71 |f(z)[P? e
C D2 Asllpmo ( / D1 Aq(x dx) ( i / f(x d:c)
Q ~ —ré/n [~
) | | Q ‘Q| Q

[ag|=ma |ag|=m

N

2
el ( > |DaAj||BJWO> Ms,(f)(Z).

i=1 \|a|=m;



Sharp Estimates and Boundedness for Multilinear Integral Operators 263

For I3, similar to the proof of Is, we get

2
13<CH Z [|1D*AjllBrmo | Msy(f)(T).

j:1 Ialsz'
Similarly, for 14, denoting r = pgs for 1 <p<n/d, q1,q2,95>1,1/q1+1/q2+1/g5=1
and 1/s =1/p — §/n, we obtain

1 - -
I,<C Z |Q/Q lga (D A1 D? Ay f1 ) ()| d

|ar|=m1,|az|=m

1 _ ~ 1/s
sC ) (IQI/ |9A(DQ1A1DQQA2f1)($)|Sd93)

la1|=m1,|az|=m2

- - 1/p
<c % e ([ i iep i pwr)

|ar|[=ma,|az|=m2

1 ~ prar s 4 _ 1/paz
C — [ D™ Ay (z)|P1d — [ 1D%2 Ay(x)|P%2d
2 <|Q|/Q| . m) <|Q|/@| . x)

|ar|[=ma,|az|=ma

1 1/pas
X <|Q|1_,.5/n/@f($)|pq3d$)

2

N

< CH Z [|[D*AjllBrmo | Ms(f)(Z).

=1 \Jal=m,

For I5, we write

t nix/2 ‘ A2
(m) F{ (f2)(,9) — (m) FA(f2)(z0,1)

-/ {(t)wz B (t)nm] o By (i) ) ooy

t+ |z —yl t+[zo —yl |z — 2™

t ni/2 1 1 2 5
+ (m) ‘/n (lSC—ZIm - |CC() —Z|m> H ij(Ajvx:Z)wt(y7Z)f2(z)dz
Jj=1

n\/2 5 5 A,
Hom) [ (R =R (i, ) 222285y ) po(eya:
Rfl

t+|zo —yl |zo — 2|™

n\/2 _ R -
+(;> /n (R’mz (A2;x,2)—Rm, (Az;xo,z)) th(y — 2)fa(2)dz

t+ |zo — y| o = z|™
R D I R
— ol Jpn |\t 4+ |z — ] |z — 2™
[og [=my
. nA2 R (A — ) ~
7(7) By (A2i20,2)(@0 = )" | o 4, () (y — 2)fa(2)d
t+ |z —yl lzo — 2™

( t )n/\/Q le (Al;x,z)(m—z)oQ
t+ |z -yl

|z — 2™

1
"X ik

lag|=m
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_ ( t )nA/Q Fmy (Al;xo’z)Wo —z)*2
t+|zo — yl

1
+ Z allag!/Rn

lar|=m1,|az|=m2

] D Aa(2)nly — 2) fal2)de

lzo — 2|™

( t )n)\/2 (z—z)artaz < t )7l>\/2 (mo—z)@1taz
P P w2 \ixleo—y] 202"

x D1 A (z)Da2A2(Z)¢t(y — 2)fa(2)dz
R S R R AR E A

By Lemma 1 and the following inequality(see [16]):
ba, — b, | < Clog(|Q2|/|Q1]I[bl|Baro for @1 C Q2,

we know that, for z € Q and z € 2571Q \ 2*Q,

[R(A;2,2)] < Cle—2™ Y (ID*Allsmo + (D*A) gy — (D*A)g))
|a]=m
< Cklz — 2™ Z [|DYAl|pyo-

|a]=m

Note that |z — z| ~ |z — z| for z € Q and z € R™ \ Q and by using the inequality:
a'/? = b2 < (a—b)'/? for a > b > 0, we obtain, similar to the proof of Lemma 4,

N 2 5 2 1/2
|u<“\|<c/ (/ . {t */2|wwoP/th(yz>||f2(z)Hj1|ij(AMZ>} dydt) dz
Rn

(t+|x—y|)(">‘+1)/2 ‘m72|m n+1

| — o'/ 2|f2()I T3y |Rm, (A5 2, 2)]

< C
|z — 2™
1/2
(o (i)™ i) s
z
R+ \t+ |z — g (t+ |y — z|)2n+2-26
. \x—x0‘1/2‘f2(z)|nj:1 | R (Aj;z,2)| /oo dt 1/2dz
b R™ |l — z|™ 0 (t+ |z — z])2n+2-20
o/ By (Agiz 2| fo(llw — ol 2
= Rn |360 7Z|m+n+1/276 z
a |CC _:C0|1/2

< CH (I ‘Z [[D*A; ||BMO> Z/;k+1Q\2k WV(Z)WZ

N
Q
.:w
~/

- 1
DA 22716/2 _ /
i J||BMO> kz::lk A |f(2)ld=

N
Q
.:w
/

> DaAjHBMO) Ms, () ().

|a|=m;

|z — o]
|1.0 _ Z|m+n+1 5

oo
1D A, g2 e =@l d
<|Z : ]||BNIO>§Lk+1@\2k@ o — o1 (2142
o -

‘mj

[l

IN
Q
\

H |Rom, (Aj;2,2)| fa(2)|dz

N
n':]w
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2 - X
“A; 29-k__ L
1;[ (mz 1D ]HBMO) ;k 2 T /Qk@ 1£(2)|d=

|=m;

2
cll ( > |D“Aj||BMo> M. (f)(%).
AW

|[=m;

For Iég) and Ié4), by the formula (see [5]):

R (A;2,2) — Ry (A; 2, 2 Z 5' —18/( (DPA;z,20)(x — 2)P
|Bl<m

and Lemma 1, we have

|Ron(A;3,2) = Rn(A;m0,2)| < C Y D o — o)™ P!z — 21P1|| D* A | paso,

[Bl<m |a|=m

thus, similar to the proof of Lemma 4,

2 [e%s}
]3) C DA / ]{;M d
< eI X oo |32 [ ki

Jj=1 \|al=m; k=0

<C

e

> ID*Ajllumo | Ms.(f)(#)-

J=1 \lal=m;

4
[l

N

CH Z [|D*Aj||Brmo | Ms, (f)(Z).

=1 \la|=m,

Similarly, we get

n\/2 A . _ \ai
(5) / ( ) R, (A2; 3, 2)(z — 2)
I < C
II 5 H ‘allz:m t+|:c—y\ ‘x_z|m
ni/2 A - _ )1 ~
_( t ) fima (a0, 2000 2T |y ) )| D Ay ()11 () =
t+ |zo —yl |z — 2™
< C Y ID%Aslleyo Y. D kETF2427F)
la|=m2 lay|=my k=1
1 A., , 1/7‘/ 1 p 1/r
X = D% " d _ r
(IQ’“QI [P A ) (M‘l,ﬂ/n L v)
2
< H( > |DaAj|BMo> Ms,(f)(Z);
=1 ‘O‘I_mg
6 2
1P < eI X2 1P 4jlismo | Ms.(£)(@).
Jj=1 \a|:m]‘



266 Daqing Lu
For Ié7)7 taking ¢1,¢2 > 1 such that 1/r +1/¢1 + 1/g2 = 1, then

ni/2 _ \a1+az
7 x z
r<e Y / (t ) (R i
e o — 2|

lay|[=my,|az|=
( t )M/Q (mo — z)*1+o2
t+ |xzo — yl |zo — 2™

e 1/r
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We choose 1 < r < pin (1), then (2) follows from Lemma 2. For (3), taking
1 < r <min(p, (n —0o)/pd) in (1) and by Lemma 3, we obtain
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This completes the proof of Theorem 1.
Proof of Theorem 2. There only remains to prove (1). Let Q, Q, A;(z), fi
and fs be the same as the proof of Theorem 1. We write
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for o
= Ji+Jo+ I3+ Js+ 5.
Similar to the proof of Theorem 1, we get
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For J5, we write
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then, similar to the proof of Lemma 4 and Theorem 1, we get
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This finishes the proof.

10.

11.

12.

13.

14.

15.

16.

REFERENCES

S. CHANILLO: A note on commutators. Indiana Univ. Math. J. 31(1982), 7-16.

. F. CHIARENZA AND M. FRASCA: Morrey spaces and Hardy-Littlewood mazximal

function. Rend. Mat. 7(1987), 273-279.

J. COHEN: A sharp estimate for a multilinear singular integral on R". Indiana
Univ. Math. J. 30(1981), 693-702.

J. COHEN AND J. GOSSELIN: On multilinear singular integral operators on R™.
Studia Math. 72(1982), 199-223.

J. COHEN AND J. GOSSELIN: A BMO estimate for multilinear singular integral
operators. Illinois J. Math. 30(1986), 445-465.

R. CotFMAN AND Y. MEYER: Wawvelets, Calderon-Zygmund and multilinear op-
erators. Cambridge Studies in Advanced Math. 48, Cambridge University Press,
Cambridge, 1997.

Y. DING AND S. Z. Lu: Weighted boundedness for a class rough multilinear
operators. Acta Math. Sinica 17(2001), 517-526.

D. S. FaN, S. Z. Lu AND D. C. YANG: Boundedness of operators in Morrey
spaces on homogeneous spaces and its applications. Acta Math. Sinica 14(1998),
625-634.

G. Hu AND D. C. YANG: A variant sharp estimate for multilinear singular integral
operators. Studia Math. 141(2000), 25-42.

L. Z. Liu:  Weighted weak type estimates for commutators of Littlewood-Paley
operator. Japanese J. of Math. 29(2003), 1-13.

L. Z. Liu: Triebel-Lizorkin spaces estimates for multilinear operators of sublinear
operators. Proc. Indian Acad. Sci.(Math. Sci.) 113(2003), 379-393.

L. Z. Liu: The continuity of commutators on Triebel-Lizorkin spaces. Integral
Equations and Operator Theory 49(2004), 65-75.

C. PEREZ: Endpoint estimate for commutators of singular integral operators. J.
Func. Anal. 128(1995), 163-185.

C. PEREZ AND G. PRADOLINI: Sharp weighted endpoint estimates for commuta-
tors of singular integral operators. Michigan Math. J. 49(2001), 23-37.

C. PEREZ AND R. TRUJILLO-GONZALEZ: Sharp weighted estimates for multilinear
commutators, J. London Math. Soc. 65(2002), 672-692.

E. M. STEIN: Harmonic analysis: real variable methods, orthogonality and oscil-
latory integrals. Princeton Univ. Press, Princeton NJ, 1993.



270

17.

18.

Daging Lu

A. TORCHINSKY: Real variable methods in harmonic analysis. Pure and Applied
Math. 123, Academic Press, New York, 1986.

A. TORCHINSKY AND S. WANG: A note on the Marcinkiewicz integral. Colloq.
Math. 60/61(1990), 235-243.

Daqing Lu

Department of Mathematics

Changsha University of Science and Technology
Changsha 410077, P. R. of China

1dqcslgdx@163. com



