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SHARP FUNCTION ESTIMATE FOR VECTOR-VALUED
MULTILINEAR COMMUTATOR OF FRACTIONAL AREA

INTEGRAL OPERATOR ∗

Weiping Kuang

Abstract. In this paper, we prove the sharp function inequality for vector-valued mul-
tilinear commutator of fractional area integral operator. By using the sharp inequal-
ity, we obtain the boundedness of the commutator from Lp(Rn) to Lq(Rn), where

b⃗ = (b1, · · · , bm), bj ∈ BMO(Rn), 1 ≤ j ≤ m.

1. Introduction

As the development of singular integral operators, their commutators have been
well studied (see [1-4]). In [4][11-13], the sharp estimates for some multilinear
commutators of the Calderón-Zygmund singular integral operators are obtained.
The sharp inequalities of Littlewood-Paley commutators have been well studies(see
[5-9]). The main purpose of this paper is to prove the sharp function inequality for
vector-valued multilinear commutator of fractional area integral operator. By using
the sharp inequality, we obtain the boundedness of the commutator from Lp(Rn)

to Lq(Rn), where b⃗ = (b1, · · · , bm), bj ∈ BMO(Rn), 1 ≤ j ≤ m.

2. Notations and Results

First let us introduce some notations (see [3][11][12]). In this paper, Q will
denote a cube of Rn with sides parallel to the axes, and for a cube Q, let fQ =
|Q|−1

∫
Q
f(x)dx. The sharp function of f is defined by

f#(x) = sup
Q∋x

1

|Q|

∫
Q

|f(y)− fQ|dy.
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It is well-known that (see [3])

f#(x) ≈ sup
Q∋x

inf
c∈C

1

|Q|

∫
Q

|f(y)− C|dy.

We say that b belongs to BMO(Rn) if b# belongs to L∞(Rn) and define ||b||BMO =
||b#||L∞ . It has been known that (see [14])

||b− b2kQ||BMO 6 Ck||b||BMO.

Let M be the Hardy-Littlewood maximal operator, that is

M(f)(x) = sup
x∈Q

|Q|−1

∫
Q

|f(y)|dy.

We write that Mp(f) = (M(|f |p))1/p for 0 < p <∞. For 0 < δ < n, 0 < l <∞, set

Ml,δ(f)(x) = sup
Q∋x

(
1

|Q|1−δl/n

∫
Q

|f(y)|ldy
)1/l

.

For 0 < l ≤ p < n/δ, 1/q = 1/p− δ/n, we have

||Ml,δ(f)||Lq ≤ C||f ||Lp .

Given some functions bj (j = 1, · · · ,m) and a positive integer m and 1 6 j ≤ m,
we denote by Cmj the family of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m}
of j different elements. For σ ∈ Cmj , set σc = {1, · · ·,m} \ σ. For b⃗ = (b1, · · ·, bm)

and σ = {σ(1), · · ·, σ(j)} ∈ Cmj , set b⃗σ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j) and

||⃗bσ||BMO = ||bσ(1)||BMO · · · ||bσ(j)||BMO.

In this paper, we will study vector-valued multilinear commutator of fractional
area integral operator as follows.

Definition. Let 0 < δ < n. Suppose functions ψ satisfies the following
properties:

(1)
∫
Rn ψ(x)dx = 0;

(2) |ψ(x)| 6 C(1 + |x|)−(n+1−δ);

(3) |ψ(x+ y)− ψ(x)| 6 C|y|ε(1 + |x|)−(n+2−δ),where 2|y| < |x|.
Set 1 < r < ∞, bj(j = 1, · · · ,m) are fixed local integratiable function on Rn.

Let Γ(x) = {(y, t) ∈ Rn+1
+ : |x− y| ≤ t}, its characteristic function is χΓ(x), vector-

valued multilinear commutator of fractional area integral operator is defined as
follows:

|S b⃗ψ,δ(f)(x)|r =
( ∞∑
i=1

(S b⃗ψ,δ(fi)(x))
r

)1/r

,

where

S b⃗ψ,δ(f)(x) =

(∫
Γ(x)

|F b⃗t (f)(x, y)|2
dydt

tn+1

)1/2

,
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F b̃t (f)(x) =

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)f(z)dz

when m = 1,

Sbψ,δ(f)(x) =

(∫ ∫
Γ(x)

|F bt (f)(x, y)|2
dydt

tn+1

)1/2

,

where

F bt (f)(x, y) =

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)f(z)dz,

ψt(x) = t−n+δψ(x/t), t > 0. Define

Sψ,δ(f)(x) =

[∫ ∫
Γ(x)

|Ft(f)(x)|2
dydt

tn+1

]1/2
,

This is the fractional area of integral operator [12].

Now we state our theorems as following.

Theorem 1. Let 1 < r < ∞, 0 < δ < n, bj ∈ BMO(Rn), where j =
1, · · · ,m. Then for any 1 < l <∞, there exists a constant C > 0 such that for any
f ∈ C∞

0 (Rn) and any x̃ ∈ Rn,

(|S b⃗ψ,δ(f)|r)#(x̃)≤C

||⃗b||BMOMl,δ(|f |r)(x̃)+
m∑
j=1

∑
σ∈Cm

j

||⃗bσ||BMOMl(|S b⃗σc

ψ,δ (f)|r)(x̃)

.
Theorem 2. Let 1 < r < ∞, 1 < p < n/δ, 1/q = 1/p − δ/n , 0 < δ < n,

bj ∈ BMO(Rn), where j = 1, · · · ,m. Then |S b⃗ψ,δ|r is bounded from Lp(Rn) to
Lq(Rn).

3. Proofs of Theorems

To prove the theorems, we need the following lemmas, which is well known.

Lemma 1. Let 1 < r <∞, bj ∈ BMO(Rn), j = 1, · · · , k, k ∈ N . Then

1

|Q|

∫
Q

k∏
j=1

|bj(y)− (bj)Q|dy ≤ C
k∏
j=1

||bj ||BMO

and  1

|Q|

∫
Q

k∏
j=1

|bj(y)− (bj)Q|rdy

1/r

≤ C

k∏
j=1

||bj ||BMO.
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Proof of Lemma 1. Let 1 < pj <∞, j = 1, · · · , k satisfies 1/p1+· · ·+1/pk = 1,
by the Hölder’s inequality,

1

|Q|

∫
Q

k∏
j=1

|bj(y)−(bj)Q|dy ≤
k∏
j=1

(
1

|Q|

∫
Q

|bj(y)− (bj)Q|pjdy
)1/pj

≤ C

k∏
j=1

||bj ||BMO,

and  1

|Q|

∫
Q

k∏
j=1

|bj(y)− (bj)Q|rdy

1/r

6
k∏
j=1

(
1

|Q|

∫
Q

|bj(y)− (bj)Q|pjrdy
)1/pjr

≤ C
k∏
j=1

||bj ||BMO.

Lemma 2. [12] Let 1 < r <∞, 0 < δ < n, 1 < p < n/δ, 1/q = 1/p− δ/n. then
|Sψ,δ|r is bounded from Lp(Rn) to Lq(Rn).

Proof of Theorem 1. It suffices to prove for f ∈ C∞
0 (Rn) and some constant

C0, the following inequality holds:

1

|Q|

∫
Q

||S b⃗ψ,δ(f)(x)|r − C0|dx

6 C

||⃗b||BMOMl,δ(|f |r)(x̃) +
m∑
j=1

∑
σ∈Cm

j

||⃗bσ||BMOMl(|S b⃗σc

ψ,δ (f)|r)(x̃)

 .

Fix a cube Q = Q(x0, d) and x̃ ∈ Q, write, f = g + h = {gi}+ {hi} for gi = fiχ2Q,
hi = fiχ(2Q)c .

We first consider the Case m = 1.

Write,

F b1t (fi)(x, y) = (b1(x)−(b1)2Q)Ft(fi)(y)−Ft((b1−(b1)2Q)gi)(y)−Ft((b1−(b1)2Q)hi)(y).

By Minkowski’s inequality, we get

1

|Q|

∫
Q

||Sb1ψ,δ(f)(x)|r − |Sψ,δ(((b1)2Q − b1)h)(x0)r|dx

≤ 1

|Q|

∫
Q

( ∞∑
i=1

∥∥(b1(x)− (b1)2Q)χΓ(x)Ft(fi)(y)
∥∥r )1/r

dx

+
1

|Q|

∫
Q

( ∞∑
i=1

∥∥χΓ(x)Ft((b1 − (b1)2Q)gi)(y)
∥∥r )1/r

dx

+
1

|Q|

∫
Q

|||χΓ(x)Ft((b1 − (b1)2Q)h)(y)− χΓ(x0)Ft((b1 − (b1)2Q)h)(y)|||rdx

= I + II + III.
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For I, by the Hölder’s inequality with exponent, 1/l + 1/l′ = 1, we get

I =
1

|Q|

∫
Q

|b1(x)− (b1)2Q||Sψ,δ(f)(x)|rdx

≤ C

(
1

|2Q|

∫
2Q

|b1(x)− (b1)2Q|l
′
dx

)1/l′ (
1

|Q|

∫
Q

|Sψ,δ(f)(x)|lrdx
)1/l

≤ C||b1||BMOMl(|Sψ,δ(f)|r)(x̃).

For II, choose 1 < l < p < q < n/δ, 1/q = 1/p − δ/n, l = ps, by Lemma 2 and
Hölder’s inequality, we get

II 6
(

1

|Q|

∫
Rn

|Sψ,δ((b1 − (b1)2Q)f1)(x)|qrdx
)1/q

≤ C

|Q|q

(∫
2Q

|(b1(x)− (b1)2Q)f(x)|prdx
)1/p

≤ C|Q|(−1/q)+(1/ps′)+(1−δps/n)/ps
(

1

|2Q|

∫
2Q

|b1(x)− (b1)2Q|ps
′
dx

)1/ps′

×
(

1

|2Q|1−δps/n

∫
2Q

|f(x)|psr dx
)1/ps

= C|Q|(−1/q)+(1/ps′)+(1/ps−δ/n)
(

1

|2Q|

∫
2Q

|b1(x)− (b1)2Q|ps
′
dx

)1/ps′

×
(

1

|2Q|1−δl/n

∫
2Q

|f(x)|lrdx
)1/l

≤ C||b1||BMOMl,δ(|f |r)(x̃).

For III, by Minkowski’s inequality, we obtain

III(x)

6

∫ ∫
Rn+1

+

(∫
(2Q)c

|χΓ(x) − χΓ(x0)||b1(z)− (b1)2Q||ψt(y − z)||f(z)|r

)2
dydt

tn+1

1/2

≤ C

∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r

∣∣∣∣∣
∫ ∫

|x−y|≤t

t1−ndydt

(t+ |y − z|)2n+2−2δ

−
∫ ∫

|x0−y|≤t

t1−ndydt

(t+ |y − z|)2n+2−2δ

∣∣∣∣∣
1/2

dz

≤
∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r

(∫ ∫
|y|≤t,|x+y−z|≤t

∣∣∣∣ 1

(t+ |x+ y − z|)2n+2−2δ
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− 1

(t+ |x0 + y − z|)2n+2−2δ

∣∣∣∣ dydttn−1

)1/2

dz

≤
∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r

×

(∫ ∫
|y|≤t,|x+y−z|≤t

|x− x0|t1−n

(t+ |x+ y − z|)2n+3−2δ
dydt

)1/2

dz,

note that when |y| ≤ t, 2t + |x + y − z| ≥ 2t + |x − z| − |y| ≥ t + |x − z|, we can
easily obtain ∫ ∞

0

tdt

(t+ |x− z|)2n+3−2δ
= C|x− z|−2n−1+2δ,

then, for x ∈ Q,

III(x)

6 C

∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r

(∫ ∫
|y|≤t

22n+3−2δ|x0 − x|t1−ndydt
(2t+ 2|x+ y − z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|b1(z)−(b1)2Q||f(z)|r|x− x0|1/2
(∫ ∫

|y|≤t

t1−ndydt

(2t+|x+y−z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r|x− x0|1/2
(∫ ∫

|y|≤t

t1−ndydt

(t+ |x− z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r|x− x0|1/2
(∫ ∞

0

tdt

(t+ |x− z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|b1(z)− (b1)2Q||f(z)|r
|x0 − x|1/2

|x0 − z|n+1/2−δdz

≤ C
∞∑
k=1

∫
2k+1Q\2kQ

|x0 − x|1/2|x0 − z|−(n+1/2−δ)|b1(z)− (b1)2Q||f(z)|rdz

≤ C
∞∑
k=1

2−k/2
(

1

|2k+1Q|1−δl/n

∫
2k+1Q

|f(z)|lrdz
)1/l

×
(

1

|2k+1Q|

∫
2k+1Q

|b1(z)− (b1)2Q|r
′
dz

)1/r′

≤ C
∞∑
k=1

k2−k/2||b1||BMOMl,δ(|f |r)(x̃)

≤ C||b1||BMOMl,δ(|f |r)(x̃).

Thus

III ≤ 1

|Q|

∫
Q

III(x)dx ≤ C||b1||BMOMl,δ(|f |r)(x̃).
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Now, we consider the Case m ≥ 2, we have known that, for b = (b1, · · · , bm),

F b⃗t (fi)(x, y) =

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)fi(z)dz

=

∫
Rn

m∏
j=1

[(bj(x)− (bj)2Q)− (bj(z)− (bj)2Q)]ψt(y − z)fi(z)dz

=

m∑
j=0

∑
σ∈Cm

j

(−1)m−j(b(x)− (b)2Q)σ

∫
Rn

(b(z)− (b)2Q)σcψt(y − z)fi(z)dz

= (b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(fi)(y)

+(−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q)fi)(y)

+
m−1∑
j=1

∑
σ∈Cm

j

(−1)m−j(b(x)− (b)2Q)σ

∫
Rn

(b(z)− b(x))σcψt(y − z)fi(z)dz

= (b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(fi)(y)

+(−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q)fi)(y)

+
m−1∑
j=1

∑
σ∈Cm

j

cm,j(b(x)− (b)2Q)σF
b⃗σc

t (fi)(x, y),

thus, by Minkowski’s inequality, we get

1

|Q|

∫
Q

||S b⃗ψ,δ(f)(x)|r − |Sψ,δ((((b1)2Q − b1) · · · ((bm)2Q − bm))h)(x0)|r|dx

≤ 1

|Q|

∫
Q

( ∞∑
i=1

∥∥(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)χΓ(x)Ft(fi)(y)
∥∥r )1/r

dx

+
1

|Q|

∫
Q

( ∞∑
i=1

m−1∑
j=1

∑
σ∈Cm

j

∥∥∥(b(x)− (b)2Q)σχΓ(x)F
b⃗σc

t (fi)(x, y)
∥∥∥r )1/r

dx

+
1

|Q|

∫
Q

( ∞∑
i=1

∥∥χΓ(x)Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)gi)(y)
∥∥r )1/r

dx

+
1

|Q|

∫
Q

∥∥∥∥∥∥χΓ(x)Ft(

m∏
j=1

(bj − (bj)2Q)h)(y)− χΓ(x0)Ft(

m∏
j=1

(bj − (bj)2Q)h)(y)

∥∥∥∥∥∥
r

dx

= K1 +K2 +K3 +K4.

For K1, by Hölder’s inequality, choose 1 < pj < ∞, j = 1, · · · ,m, such that
1/p1 + · · ·+ 1/pm + 1/l = 1, we get

K1 =
1

|Q|

∫
Q

|b1(x)− (b1)2Q| · · · |bm(x)− (bm)2Q||Sψ,δ(f)(x)|rdx
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≤
(

1

|Q|

∫
Q

|b1(x)− (b1)2Q|p1
)1/p1

· · ·
(

1

|Q|

∫
Q

|bm(x)− (bm)2Q|pmdx
)1/pm

×
(

1

|Q|

∫
Q

|Sψ,δ(f)(x)|lrdx
)1/l

≤ C||⃗b||BMOMl(|Sψ,δ(f)|r)(x̃).

For K2, by Lemma 1 and Minkowski’s inequality, we obtain

K2 ≤
m−1∑
j=1

∑
σ∈Cm

j

1

|Q|

∫
Q

|(b(x)− (b)2Q)σ||S b⃗σc

ψ,δ (f)(x)|rdx

≤ C
m−1∑
j=1

∑
σ∈Cm

j

(
1

|2Q|

∫
2Q

|(b(x)− (b)2Q)σ|l
′
dx

)1/l′ (
1

|Q|

∫
Q

|S b̃σc

ψ,δ (f)(x)|
l
rdx

)1/l

≤ C
m−1∑
j=1

∑
σ∈Cm

j

||⃗bσ||BMOMl(|S b⃗σc

ψ,δ (f)|r)(x̃).

For K3, choose 1 < l < p < q < n/δ, 1/q = 1/p − δ/n, l = ps, by Lemma 1 and
Hölder’s inequality, we obtain

K3 6
(

1

|Q|

∫
Rn

|Sψ,δ((b1 − (b1)2Q) · · · (bm − (bm)2Q)f(x)χ2Q)(x)|qrdx
)1/q

≤ C

|Q|1/q

(∫
Rn

|(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)|p|f(x)|prχ2Q(x)dx

)1/p

≤ C||⃗b||BMOMl,δ(|f |r)(x̃).

For K4, similar to the proof of III in Case m = 1, we obtain

K4(x) ≤ C

∫
(2Q)c

|x0 − x|1/2|x0 − z|−(n+1/2−δ)|
m∏
j=1

(bj(z)− (bj)2Q)||f(z)|rdz,

taking 1 < pj < ∞, j = 1, · · · ,m such that 1/p1 + · · · + 1/pm + 1/r = 1, then, for
x ∈ Q,

K4(x) 6 C
∞∑
k=1

∫
2k+1Q

|x0 − x|1/2|x0 − z|−(n+1/2−δ)|
m∏
j=1

(bj(z)− (bj)2Q)||f(z)|rdz

≤ C
∞∑
k=1

2−k/2
(

1

|2k+1Q|1−δl/n

∫
2k+1Q

|f(z)|lrdz
)1/l

×

 1

|2k+1Q|

∫
2k+1Q

|
m∏
j=1

(bj(z)− (bj)2Q)|l
′
dz

1/l′
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≤ C
∞∑
k=1

km2−k/2
m∏
j=1

||bj ||BMOMl,δ(f |r)(x̃)

≤ C
∞∑
k=1

km2−k/2||⃗b||BMOMl,δ(|f |r)(x̃)

≤ C||⃗b||BMOMl,δ(|f |r)(x̃),

thus

K4 ≤ 1

|Q|

∫
Q

K4(x)dx ≤ C||⃗b||BMOMl,δ(|f |r)(x̃).

This completes the proof of the theorem.

Proof of Theorem 2. We first consider the Case m = 1. Choose 1 < l < p,
we get

|||Sb1ψ,δ(f)|r||Lq 6 ∥M(|Sb1ψ,δ(f)|r)∥Lq ≤ C∥(|Sb1ψ,δ(f)|r)
#∥Lq

6 C∥Ml(|Sψ,δ(f)|r)∥Lq + C∥Ml,δ(|f |r)∥Lq

6 C∥|Sψ,δ(f)|r∥Lq + C∥Ml,δ(|f |r)∥Lq

6 C∥|f |r∥Lp .

When m ≥ 2, we may get the conclusion of Theorem 2 by induction. This finishes
the proof.
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10. C. Pérez: Endpoint estimate for commutators of singular integral operators. J.
Func. Anal., 128(1995), 163-185.
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