FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 27 No 2(2012), 229-238

SHARP FUNCTION ESTIMATE FOR VECTOR-VALUED
MULTILINEAR COMMUTATOR OF FRACTIONAL AREA
INTEGRAL OPERATOR *

Weiping Kuang

Abstract. In this paper, we prove the sharp function inequality for vector-valued mul-
tilinear commutator of fractional area integral operator. By using the sharp inequal-
ity, we obtain the boundedness of the commutator from LP(R™) to LI(R"™), where
b= (b, - ,bm), b € BMO(R"), 1< j <m.

1. Introduction

As the development of singular integral operators, their commutators have been
well studied (see [1-4]). In [4][11-13], the sharp estimates for some multilinear
commutators of the Calderén-Zygmund singular integral operators are obtained.
The sharp inequalities of Littlewood-Paley commutators have been well studies(see
[5-9]). The main purpose of this paper is to prove the sharp function inequality for
vector-valued multilinear commutator of fractional area integral operator. By using
the sharp inequality, we obtain the boundedness of the commutator from L?(R™)
to LI(R™), where b = (by,---,b,), bj € BMO(R™), 1 < j < m.

2. Notations and Results

First let us introduce some notations (see [3][11][12]). In this paper, @ will
denote a cube of R™ with sides parallel to the axes, and for a cube Q, let fg =
Q|1 fQ f(z)dz. The sharp function of f is defined by

P _
) = s o /Q F) — foldy.
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It is well-known that (see [3])

#(2) ~ sup in ﬁ /Q F(y) - Cldy.

Q>x c€C

We say that b belongs to BMO(R") if b* belongs to L°*(R") and define ||b|| a0 =
|67 || L. It has been known that (see [14])

[[b — bargllBaro < Ck|[bl|Bao-

Let M be the Hardy-Littlewood maximal operator, that is
M) =sup Q" [ |fwldy
T€Q Q

We write that M, (f) = (M(|f|P))"/? for 0 < p < co. For 0 < § <n, 0 <1 < oo, set

1 11
Mus(7)(e) = 5w (it [ 1Fl'd)
o= \ Q7 J,
For0<i<p<mn/§, 1/qg=1/p—d/n, we have

|| Mi5()l|le < Clf]]Le-

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m,
we denote by C7* the family of all finite subsets o = {o(1),-+,0(j)} of {1,---,m}
of j different elements. For o € C7", set 0 = {1, --,m} \ 0. For b= (by, - bpm)
and o = {o(1), -, 0(j)} € CJ", set by = (bo(1), " * 1 bo(j))s bo = bo(1) -+ bo(j) and
[1bs||Brro = ||bo()l|BMO - - - [|bo()| | BMO-

In this paper, we will study vector-valued multilinear commutator of fractional
area integral operator as follows.

Definition. Let 0 < § < n. Suppose functions ¢ satisfies the following
properties:

(1) [gn ¥(@)dz = 0;

(2) [¥(@)] <O+ |af)=+1=0;

(3) [z +y) —¥(@)] < Cly|*(L + |z[)~ 27 where 2Jy| < |z|.

Set 1 < r < o0, bj(j =1,---,m) are fixed local integratiable function on R".
Let I'(z) = {(y,t) € R} : [z — y| < t}, its characteristic function is xp(y), vector-
valued multilinear commutator of fractional area integral operator is defined as

follows:

. . 1/r
1% S(F) @), = (Z(Si,a(fi)(x))") ,

i=1
where

1/2
SE o)) = ( JRGCE = ) ,
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H —b;(2)) | ely — 2)f(2)dz

1/2
4 s(1)(@) = ( /1 )IFtb(f)(x,y)I2ffff> ,

m

B0 = [ TI00) - b | duly = 15

j=1

when m = 1,

where

Py () = t7" 0 (x/t), t > 0. Define

5 dydt e
Y
S¢5 [// |Ft tn+1] )

This is the fractional area of integral operator [12].

Now we state our theorems as following.

Theorem 1. Let 1 <r < 00, 0 < 6 < n, bj € BMO(R"™), where j =
1,---,m. Then for any 1 <[ < oo, there exists a constant C' > 0 such that for any
f e C§°(R") and any & € R™,

(155, 5 () # (@) < C {118l Baro Mis(If1,) +ZZ 1511 2aro Mi(1S575 (£)1:) (&)

Jj= IGGC"L

Theorem 2. Let 1 <r <oo, 1 <p<n/é,1/g=1/p—56/n,0<§ <n,
b; € BMO(R™), where j = 1,---,m. Then |S3,7§|r is bounded from LP(R™) to
Li(R™).

3. Proofs of Theorems

To prove the theorems, we need the following lemmas, which is well known.
Lemma 1. Let 1 <r < o0, b; € BMO(R™), j=1,---,k, k€ N. Then

|Q|/ H|b oty < CT[ Ity llowro

j=1

and
1/r

k
al,L H|b wieldy| < T] Ilsvo.

Jj=1
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Proof of Lemma 1. Let1 < p; < oo, j =1,---, ksatisfies1/p1+---+1/pp =1,
by the Hoélder’s inequality,

1/p; k

Jj=1

(IQI/ 111t 'dy) H(@/ o5y dy>/

Jj=1

and

< CHHijBMO-

Jj=1

Lemma 2. 12| Let 1 <r<o00,0<d<n,1<p<n/d, 1/g=1/p—3J/n. then
|Sy.5]r is bounded from LP(R™) to LI(R").

Proof of Theorem 1. It suffices to prove for f € C§°(R™) and some constant
Cy, the following inequality holds:

a1 | 1S @1, — Colte

< (|b||BMoM15 /1) +Z > 1165 llmaroMa(|Sks (£l ))

j=loeCy

Fix a cube Q = Q(zo,d) and & € Q, write, f = g+ h = {g:} + {h;} for g; = fix20,
hi = fix2q)e-

We first consider the Case m = 1.

Write,

Fy (fi)(@,y) = (b1(2)=(b1)2@) Fo(fi) ()= Fo (01— (b1)20)9:) ()~ Fr (b1 =(b1)2) i) (y).

By Minkowski’s inequality, we get

1Q] / HSbl —1Sy.6(((b1)2¢ — b1)h)(z0),|dx
|Q|/ (ZH (b () = (b1)2@)xr @ P (F) W) ) dz

1/r
(ZHXFT)Ft (b1 — (51)2Q)9i)(y)Hr) dx

IN

IQ\

+7/ X @) Ee (b1 = (01)2)h) () = Xr(ao) Fr((br = (b1)20)h) (9)][]-dz
QI Joq
= I+I1I+1I1
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For I, by the Holder’s inequality with exponent, 1/l + 1/l =1, we get

. |Q‘/|b1 — ()2l S5 () (@), do

(|2Q|/ b1(2) — (b1)20]" dx>1/ll <|22|/ |Sy.s(f )(ﬂf)u_dx)l/l

< CllallzyoMi(|Sy.s(f)lr)(2)-

For II, choose 1 <l <p<q<mn/§ 1/g=1/p—4d/n,l = ps, by Lemma 2 and
Holder’s inequality, we get

A

1< (et Goaneiae)
< |Q0q ( / 0n(o) - <b1>2Q>f<m>|£da:)l/p

IN

, 1 , 1/ps
(=1/@)+(1/ps")+(1=dps/n)/ps [ _—__ b — (b ps’ g
Q| (IZQI /2Q| 1(w) = (b1)20] 33)

1 1/ps
- - PSd
y (|2 e /2@|f(x)7~ x)

, 1 .o\ e
_ (~1/a)+ s+ /ps=s/m) (L[N sy
ciQ) (07 /L, 1)~ (gt as)

1 1/1
) <|2Q|1—5l/" /2Q |f(a:)|idx)

< Cllb1||BmoMys(1f]r)(Z).

For 111, by Minkowski’s inequality, we obtain

I1I(z)
5 1/2
dydt
<|// ( e —xmo)|bl<z>—<b1>2Q||wt<y—z>||f<z>r> W]
Ry \J(2Q)°
ti"dydt
< C b (b1)
N (2Q)“| 1( ) ! 2Q‘|f |’I' y\<f i+ |y72|)2n+272(S
=" dydt
- n+2-25 dz
|lzo—y|<t (t+ |y - Zl)
< [ (o) - Gl £(2) // !
- Jo)e ! e <t |oty—z|<t | (E+ v +y — 2])2nF2-20
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1 dydt\ /2
Y ) dz

C(t+ w4 y — 2|)2 220

< /(Q 1b1(2) — (b1)20| 1 £(2)]r

1/2
|z — aot' "
dydt |  dz,
<//<t loty—z|<t (E+ |2 +y — 2])2n+3-20 Yy

note that when |y| <t 2t+ |z +y— 2| > 2t+ |z — 2| —|y| >t + |z — 2|, we can
easily obtain

tn—1

> tdi —2n—1425
/0 (t+ |z — 2)2¥3-23 Clz — 27 7
then, for z € Q,

IT1(z)

1/2
92n+3— 26|1, —1‘|t1 ”dydt
<C b b1) p
1 1)~ (Bll ) (//| ) s
1/2
ti"dydt
<C b1(2)— (b Lz — |2 // .
< /(QQ)J 1(2) = (01)201f ()] ]2 — ol et @y |

1/2 ti="dydt V2
<cC b — (b rlr— d
e T R O R W e =

o 1/2
o tdt
<o =Gl el = ([ s )

|x0 _$|1/2

<cC |b1(2) — (b1)2Q||f(Z)|rW%Z

(2Q)°

< CZ/ o — |/ [ag — 2|20 by (2) — (b1)2ql1 /(<) dz
k=1

251Q\2Q

) 1 1/1
<05 (b [ st
<032 (g [ O

(g (2) -~ (b)sol 02 "

Q] Jyng

<C Z k27%2 (11| | Baro Mus (| f1)()
k=1

< COlb1llBmoMis(| 1) (T).

Thus

III < @ IT1(z)dx < C|b1]|BrroMus(|f|r)(E).
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Now, we consider the Case m > 2, we have known that, for b = (b1, -, bm),

(f)(z,y) = m-x—-z (y — 2) fi(2)dz
e = [ [H(bm by ))]w(y )fi(z)d

()" 00) ~ D0)s | (0(2) — De)ortuly — i)z

= (i) = (b1)2) - - (b (@) — (bm)2@) F2(fi)(y)
+H(=1)"Fi((b1 — (b1)2@) - - (b — (bin)2¢) fi) (y)

£33 I bw) — ) [ () =)o tuly - 2) i)

ecn
= (01(x) = (01)2Q) - - - (b () = (bm)2@) Fr(fi) (y)
H(D™E((01 = (b1)2) -+ - (bm = (bim)20) fi)(y)

20D enlbla) — (Blaa)o 7 (F)(a),

<
Il
—
q

thus, by Minkowski’s inequality, we get

ﬁ/ 15, 5(F) @)l = 1Sp.5((01)2g = b1) -+ - ((bm)2@ — b)) (o) |da

IN

|Q|/< H (b1(w) = (b1)2q) =+ (b (%) = (bim)2q) X (2) F1(fi)(y || > dx

IQI/ (imzl > [ 0@) - ®r@)oxew F ()@, y) T)l/rdx

zl]lGCJm

1/r

+é/ <ZHXF1)Ft ((by — (51)2Q)"'(bm_(bm)zQ)gi)(y)HT) o

1 m
+@|/Q XF(E)Ft(H(bj — (b;)2)M) (¥) = Xr(@o) Fe (] (4 h)(y)
j=1
= K1+ K+ K3+ Ky

Jj=1 r

For K, by Holder’s inequality, choose 1 < p; < oo, j = 1,---,m, such that
pi+-+1/pm+ 1/l =1, we get

K = |Q|/|b1 — (b1)2@| - - - [bm(x) — (bm)2q|1Sy,s(f)(x)|-dx
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< (|22/|b1(> (bl)zmpl)vm, <|Q|/ . Qlemdx)upm
<IQ|/|S“ dw) 0

< ClbllmoMi(|Sy.s(f)]r)(F).

For K5, by Lemma 1 and Minkowski’s inequality, we obtain

K < Z > 3 /Q (6() = B)20) 18775 () (@) d

©)2)a dx>1ﬂ (IQ/ SN @l: d’”>w

S Z ||5(,\|BMOM1<|S%§<f>|r><5c>.

Jj=1 oceC™

IN
Q
g
M .
O
g~
\

IN

For K3, choose 1 <l <p<gq<n/d,1/qg=1/p—5/n,1 = ps, by Lemma 1 and
Holder’s inequality, we obtain

1/q
Ko< (g [ 1504001 = (0)20) -+ (b — (bm)ag) o)z ) o

1/p
|Q01/q ( / 1B1(@) = (b)) -+ (b (@) = (b)) PIf (@) 2 (e >dx)

C\16|| aroMis(| 1) (F).

For K4, similar to the proof of 111 in Case m = 1, we obtain

IN

Ky(z) <C 0, |20 — || — 2|~ H/27 6)|H bj)20)I|f(2)]-dz,
2 c

taking 1 < p; < 00, j =1,---,m such that 1/p; +--- + 1/p,, + 1/r = 1, then, for
reQ,

Kife) < €3 [ foo = al oo = 020 TL042) - (B)a) 7))
k=17271Q j=1
- 1
< oyt |dz>
; |2k+1Q‘1—6l/n 2k+1Q

1/
1 " Y
’ (2’“+1Q| 2k 41Q H el dz)



thus
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< CZ kmo—k/2 H 11| BaroMys(flr)(Z)
k=1 Jj=1

< O K27 Blero Mis(1£1)(@)
k=1

< C||bl|saoMis(|f)(%),

K. < ﬁ /Q Ki(2)de < Cll¥l| a0 Mis(1f1,) ().

This completes the proof of the theorem.

Proof of Theorem 2. We first consider the Case m = 1. Choose 1 <[ < p,

we get

1555 (Hlrlls IM (1S3 sz < CHISE 5 ()]r)# ]l e
ClIMi([Sy,s()lr)a + ClIMys(1 1)l Lo
CllSy,s(Hlrllza + CllMus (| flr) Lo

CllIf 1l

INCINCIN N

When m > 2, we may get the conclusion of Theorem 2 by induction. This finishes

the proof.
REFERENCES

1. J. ALVAREZ, R. J. BAaBGY, D. S. KURTZ AND C. PEREZ: Weighted estimates for
commutators of linear operators. Studia Math., 104(1993), 195-209.

2. R. CorrMAN, R. ROCHBERG AND G. WEISS: Factorization theorems for Hardy
spaces in several variables. Ann. of Math., 103(1976), 611-635.

3. J. GARCIA-CUERVA AND J. L. RUBIO DE FRANCIA: Weighted norm inequalities
and related topics. North-Holland Math., 116, Amsterdam, 1985.

4. G. E. Hu AND D. C. YANG: A wvariant sharp estimate for multilinear singular
integral operators. Studia Math., 141(2000), 25-42.

5. L. Z. Liu: Weighted weak type estimates for commutators of Littlewood-Paley
operator. Japanese J. of Math., 29(1)(2003), 1-13.

6. L. Z. Liu: A sharp endpoint estimate for multilinear Littlewood-Paley operator.
Georgian Math. J., 11(2004), 361-370.

7. L. Z. Liu: Sharp endpoint inequality for multilinear Littlewood-Paley operator.
Kodai Math. J., 27(2004), 134-143.

8. L. Z. Liu: A sharp estimate for multilinear Marcinkiewicz integral operator. The
Asian J. of Math., 9(2)(2005), 177-184.

9. L. Z. Liu AND S.Z. Lu: Weighted weak type inequalities for maximal commuta-

tors of Bochner-Riesz operator.Hokkaido Math. J., 32(1)(2003), 85-99.



238

10

11.

12.

13.

14.

Weiping Kuang

. C. PEREZ: FEndpoint estimate for commutators of singular integral operators. J.
Func. Anal., 128(1995), 163-185.

C. PEREZ AND G. PRADOLINI:  Sharp weighted endpoint estimates for commuta-
tors of singular integral operators. Michigan Math. J., 49(2001), 23-37.

C. PEREZ AND R.TRUJILLO-GONZALEZ: Sharp Weighted estimates for multilin-
ear commutators.J.London Math. Soc., 65(2002), 672-692.

E. M. STEIN: Harmonic analysis: real variable methods, orthogonality and oscil-
latory integrals.Princeton Univ. Press, Princeton NJ, 1993.

A. TORCHINSKY : Real variable methods in harmonic analysis. Pure and Applied
Math., 123, Academic Press, New York, 1986.

Weiping Kuang

Department of Mathematics

Huaihua university

Huaihua 418008, Hunan, P.R.of China
kuangweipingppp@163.com



