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CONTINUITY FOR MULTILINEAR COMMUTATOR OF
BOCHNER-RIESZ OPERATOR ON BESOV SPACES *

Tong Qingshan

Abstract. In this paper, we prove the the continuity for the multilinear operator as-
sociated to the Bochner-Riesz operator on the Besov spaces.

1. Introduction

As the development of the singular integral operators, their commutators and
multilinear operators have been well studied(see [1-7]). From [2][7][13][15][18], we
know that the commutators and multilinear operators generated by the singular
integral operators and the Lipschitz functions are bounded on the Triebel-Lizorkin
and Lebesgue spaces. The purpose of this paper is to introduce the multilinear op-
erator associated to the Bochner-Riesz operator and prove the continuity properties
for the multilinear operator on the Besov spaces.

2. Preliminaries and Theorems

First, let us introduce some notations. Throughout this paper, ) will denote a
cube of R™ with sides parallel to the axes. For a locally integrable function f, the
sharp function of f is defined by

#
(@) = sup |Q|/ F() — faldy,

where, and in what follows, fo = |Q|7! fQ f(z)dx. Tt is well-known that(see
[14][15])

# ~ 111 .
F#(2) ~ sup f|Q|/|f — cldy
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For 3 > 0, the Besov space Ag(R") is the space of functions f such that

£, = sw AP p)| /1) < o,
z,h € R"
h#0
where AF denotes the k-th difference operator(see [18]).
For b; € Ag(R™) (j =1,---,m), set

m
10114, = T T 119114,
j=1

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m,
we denote by C7" the family of all finite subsets o = {o(1),---,0(j)} of {1,---,m}

of j different elements. For o € C7", set 0 = {1,---,m} \ 0. For b= (b1, bm)
and 0 = {o(1),- - -,0(j)} € O, set by = (by(1), * *,bo())s bo = boqry -+ b
10114, = 1bollis = oo 4,-

Definition 1. Let 0 < p,q < 00, € R. Fork € Z,set B, = {z € R" : |z| < 2F}

and Cy = By \ Br—1. Denote by xi the characteristic function of Cy and yg the
characteristic function of By.

o (5) and

(1) The homogeneous Herz space is defined by
Ki (R = {f € Li,o(R"\{0D) : [1fllig. » < o0},

where
oo

1/p
iy » = [ > 2’““p||ka|’zq] ;

k=—o00

(2) The nonhomogeneous Herz space is defined by

K P(R") = {f € Ljpe(R") : || fllxcg- » < o0},

loc

where

oo 1/p
I[fll e » = lZQk“pllekliq + IIfXBo||’£q] ;

k=1
And the usual modification is made when p = ¢ = oo.

Definition 2. Let 1 < ¢ < 0o, @ € R. The central Campanato space is defined
by

loc

OLa, o(R") = {f € LL(R") : ||flc.. , < oo},

where

1

1/q
F() = Faomlide | -
BO Json B(0.)

Ifllera, , =sup B0, )] <
r>0
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Definition 3. Suppose b;s are the fixed locally integral functions on R™ and

m € N,(j=1,---,m). The maximal operator Bg* associated with the multilinear
commutator generated by the Bochner-Riesz operator is defined by

where

BL(@ = [ B =] bs() - ).
Bi(x) = =B (x/t) and (BY(F))(E) = (1~ £Ie)LF(). We also define

BY(f)(x) = sup | B (f)(z)| = sup
>0 >0

| Bl wsway).

which is the Bochner-Riesz operator([8]).

Let H be the space H = {h : ||h|| = sup,~ |h(t)| < oo}, then,Bgt(f)(z) may be
viewed as a mapping from R™ to H, and it is clear that

BY(f)(x) = |IB! (f)(2)]]

and . .
B3 (f)(x) = ||B5 (f)()]].

Note that when by = --- = b,,, Bg . 1s just the commutator of order m. It is well
known that commutators are of grea{ interest in harmonic analysis and have been
widely studied by many authors. Our main purpose is to study the boundedness
properties for the maximal multilinear commutator on Besov spaces.

Now we state our theorems as following.
Theorem 1. Let § > (n—1)/2,0< 8 < 1/mand b; € Ag(R") forj=1,---,m.
Then Bg* is bounded from LP(R") to A5y /p(R™) for any n/(mB+0) < p < n/d.

Theorem 2. Let 6 > (n —1)/2, 0 < B < 1/m, 1 < @1 < n/mpB, 1/q2 =
/g1 —mpB/n, —n/g2 — 1 < a < —n/qo and b; € Ag(R") for j = 1,---,m. Then
B}, is bounded from K(‘;I’OO(R") to CL_q/n—1/gs,q, (R").

Remark. Theorem 2 also hold for the nonhomogeneous Herz type Hardy space.
3. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 1.(see [9]) Let § > (n —1)/2 and 1 < p < oo. Then B! is bounded on
LP(R).
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Lemma 2.(see [18]) For 0 < f < 1,1 < p < 00, we have

, 1/p
Bl msupi/ b(x) — bg|dr =~ sup ( / —b pdx)
|| ||/\[3 u ‘Q|1+ﬁ/n Q| ( ) Q‘ |Q‘ﬁ/n |Q| | Q‘

1 1 Y/p
%supinfi/ |b(x) — ¢|dx ~ supinf ——— </ |b(x)—c|pdx> .
Q@ c QP Ju Q@ < QP \1Ql Jq

Lemma 3.(see [17]) For o < 0,0 < ¢ < 00, we have

||f|\f<;;= oo SggQWHfXBuHLq-
o

Lemma 4. Let 0 <71 <n, 1< p<n/n. Suppose b € Ag(R"), then
|bori g — bp| < C|bl[ 5, k2" BIP/™ for k> 1.

Proof.

A

k
lbor+1p —bp| < Z|b21+13—5213|

b(y) — bas+1p|dy

IA
[ing
_E?
E

IN

1/p
b(y) — sz+lB|pdy>

2/+1B

~ 1
C; (|2j+1B

k

Cllbll4, Y 127 B
=0

Cl[blIx, (k + 1)[2¥F1 B/

< C|lbl|a, k25 Bl

IN

IN

Lemma 5.(see [6]) Let 0 < np < 1,1 <r <n/n, 1/r—1/s =n/n and b; €
Ag(R™) for j=1,---,m. Then Bgy* is bounded from L"(R™) to L*(R™).
Proof of Theorem 1. It is only to prove that there exists a constant Cy such

that
1

b
[B[TFmA/n1/p /B |Bs..(f)(x) — Coldz < C||f]|r-

Fix a ball B, B = B(xo,r), we decompose f into f = f; + fo with f1 = fxp, fa =
fX(R"\B)~
When m = 1, for Cy = B(((b1)5 — b1) f2)(20), we have

B (@) = (b1(z)—(b1) ) BY (f) (@)= B ((b1—(b1) 8) f1) () = By (b1 —(b1) B) f2) ().
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Then
1BY,(f)(@) = BX(((b1) 5 — b1) f2) (o))
|1 BR,(f)(@)]] = 1B (((b1) 5 — b1) f2) (o) ]

1854 (f)(@) = By (((b1) 5 — b) fo) (o)

(b1 (x) = (01) ) BY (S @) + 1B (01 = (01)5) f1) ()|
HIBY (b1 = (b1) B) f2) (@) = BY (b1 — (b1) ) f2) (o) |
A(z) + B(x) + C(x).

For A(z), by the LP-boundedness of B with 1 < p < oo, we obtain, using Hélder’s
inequality with 1/p’ +1/p =1,

1
TB[FA/17p /B |A(@)lda

- Wﬁ /B |(b1(x) = (b1) 5) BI(f) ()| dx

B 1 (1 " AN
= C|B|1+ﬁ/n—1/p B/ (W/BKbl(m) b1)B)| dx) </| Idx>

|B|/n+1/p
Cmnblwwm

< Cllballa, 1] e
For B(z), taking 1 < r < p < oo and p = rt, by Holder’s inequality, we have
__ B(z)|d
|B[+8/n=1/p |, |B(2)|dz

- e [ B s - )@l

IN

IA

IA

1/r

1/r
CW(/B |(b1 () — (b1)B)f($)|rdx>

1 1/rt! 1/rt
rt’ rt
C|B|m_1/p+1/r</ [b1(2) = (b1) 8] da:) (/Bf(x)| dx)

|B|ﬁ/n+1/rt’ . 1/rt’ y 1/rt
CTBprimrn |B|B/n(|B|/ b1 (& )| dw) (/Blf(m)l d:f:>

|B|B/m+1/r
WHMHABHJ‘HW

IA

IA

IN
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OB, 111
For C(z), we have, for x € @,
Clx) = |IBI((br — (5r)a@)f)(@) — BI((b1 — (b1)20) f2) (@)
= sup / (b1 (y) — (b1)20) f () (B (& — ) — B (o — y))dy]
>0 |J(2Q)°

We consider the following two cases:
Case 1. 0 < t < d. In this case, notice that(see [8])

1B ()] < C(1 + |z|)~C+n+D/2),

Using the Minkowski’s inequality, we obtain

IA

IN

IN

IN

IA

IA

<

<

[, 00 = @020 BE ) - B0~ )y

o0

oy / 1b1(y) — (b1) 51| F (1) |(1 + |z — | /£)~CHOTD/2) gy
1 2k+1Q\2kQ
> 1
5—(n—1)/2 k((n—1)/2—6) _
C(t/d) 52 (e [ 1)~ @0l sy )

k=1

oo

CY 2K=D/2-0) . (/ [b1(y) — (bl)B|p/d“(y))1/p (/ |f(y)pdy>1/p
|2k+1B| ok+1R ok+1RB

k=1

- X N ,
k((n—1)/2—5) B B k1 (1)
C;::lQ 25 1] K/%HB b1(y) — (b1)2x+18[" dy) + [(b1)2x+15 — (b1)B[|277 B| p]

([ rwra)”

N 1 S 1 Y
2k((n71)/275) 2k+1B B/n+1/p b —(b g
02::1 |2k+1B| | | ‘2k+1B|B/n |2k+1 B 2’“+1B| 1(y) — (b1)or+18[" dy

(o) — <b1>B||2’€“B|1/p’} ( / If(y)lpdy)l/p

k+1B

. n— — 1 n / n /
€Y 0L BB o, 4+ K2 B 1
k=1

) ‘2k+1B|B/n+1/p'

k((n—1)/2—6
C> k2 215

k=1
OB =P by |5, /1] Lo

101l A, 1 f]]zr

Case 2. t > d. In this case, we choose dp such that (n —1)/2 < §p < min(J, (n +
1)/2), notice that (see [8])

(0/02)BS (z)| < C(1 + |z)~@C+(n+D/2)
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we obtain

[, 100 = ©0) 5B )~ Bl )y

< o [ ) - sl mIB -0/ - B )/l
< ot [ ) = G0l Wl 100+ fzo —al )= Dy
B)c
< ot IZ/ b1 (y) — (b1) |1 (W)]|z0 — x| (1 + |zo — y|/t)~CoT(H+D/2) gy
k+lQ\2kQ
_ e 1))2—0 1
< Clayei S g2 5>(W [ )~ @)l )l
k=1 QB
< OB b, 1
Thus

1 1 n
WMD/E,'C(SE)dm<CHb1|Aﬁ|f||LP|B|1H3/nl/p/B|B|ﬁ/ 1/pd$§C||b1||Ag||f||Lp~

This completes the case m = 1.

Now, we consider the Case m > 2. we have, for b = (b1, -+, bpn),
BLAN@) = [ TTHb @)~ ®)a0)  (b5(0) — (By)ag)}BE 2 = ) )y
okt

j=0 ceC™ R
= [105@) - G B @) + (1" B[ 05(0) ~ (5)20))(a)
J—m_l J=
- ()" 0a) ~ D20)s | (6(0) = D)o Bilw ~ 1) )iy
j=1 O'GC;W'
=TI = G2)BI) @) + (0™ B 05 ) — (5)20)f) (@)
j=1 i=1
3 S s (ble) — (B)ag)o B (£)(a)
j=1 oceC™

thus, set Co = BY([T;L,(b; (y) — (bj)20)f2) (o),

|35* B[] @ )2Q) f2) (7o)

j=1

[
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= st |—|B§f[ by)aa)2) o)l
< |IBL(f f[ b)) f2) (o)
< |l [[1@(@ — (020 B (@)

+ ; ;m 1(6(z) — ()20) BEy (F)(@)]

+ 1B (][5 ) = (b0)20) 1) @)

J

Il
N

(b5(y) = (b)2q) f2)(x) = BY (] [ (b bj)2q) f2)(xo)l|

Jj=1

+ 11B(

_::13

Il
N

For I (), by the LP-boundedness of B with 1 < p < oo, we obtain, using Hélder’s
inequality with 1/s1 + -+ 1/s, +1/p =1,

IN

IN

<

<

1
WMD/B|11($)d$

B [, 0@ = 00)5) - (@) = (b)) B o)l

1/s; 5 1/p
© s I ([, 00 ampae) ([ ops)

|B|m[3/n+1/sl+ “Sm . 1/s;
O B H|B|mﬁ/n |B|/|b1 — (b)B)|¥ dx /\

|B|m6/n+1/sl+~~sm .
ezl 17l

Cl1Bl1 5,11 f 1l e

For I,(x), by the LP-boundedness of B? with 1 < r < p < oo and p = rt, we obtain,
using Holder’s inequality with 1/ +1/r =1 and 1/t + 1/t =1,

1
|B|1+m5/n—1/p/ | ()ld

Z Z |B|1+mﬁ/n 1/p/| *gB ((g—EB)gcf)(x)|dx

j=1 UEC’”

/p
|pdx>
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OZ ) B1+m5/n1/p</| ) —bg)o|" d:,;> (/ BTy, )(x)rd$>1/r

<
J 1 o—eC.NL
m—1 / /7'
|B|IUIB/n+1/T 1 1 R R o
< C Z Z ‘B‘1+mﬁ/n 1/p |B||g|g/n @ 5 |(b(x) - bB)cr' dx

1/r
X( BI(b— B)aCf($)|Tdu(x))
m—1 , 1/T/
|B|Ialﬁ/n+1/r
C'Z Z | B|1+mB/n—1/p |B||a|ﬁ/n |B|/| )ol|" "dx

<
j:1 O’EC.”L
1/rt’ 1/rt
(- >
B
/7’
|B|Iolﬁ/n+1/r 1
= CZ:I Zc: | B|1+mB/n=1/p |B|Ia|ﬁ/n |B| [ Jol " dz
Jj=1 oceC
X|B‘|Uclﬁ/n+1/rt'; i/ |(g(x)—53) c|rtld(E l/TtHfHLp
Bl \ 15[ /5 ’
mﬁ/n+1/r'+1/rt'
w(B - o
< C Z > |B|1+mﬁ/n 1Bl [Boe 1, 1110
Jj= 1060”’

< Clbllagllfllze-
For I3(x), taking 1 <r <p <oo,p=rtand 1/t;+---+1/t,,+1/t = 1, by Holder’s

inequality, we have

1
Ww/3|13(m)df”

- |B|1+mlﬁ/nl/p/B|Bf((b1—(b1)3)~--(bm—(bm)B)f1)(x)dx

1/r
1 1
< — | = B — _ T
= |B|mﬁ/n1/p(|B| /Rn| 2((b1 = (b1)B) -+~ (b — (b)) B) ) (2)xB(2)] dx)
1 1/r
< Ww( / |<(61—<b1>B>-~-<bm—<bm>3>>f<x>rdx)
1/rt; 1/rt
= |B|m5/n 17 ] (/ |bj(x |”de) (/ |f(z |"dﬂ?)
|B|m,6‘/n+1/rt1+~~1/rtm m 1 1 | ‘ " 1/rt;
< |B|m3/n—1/p+1/r E‘B‘mﬁ/n @/Bw?(‘r)_(bﬂ)Bl dﬂ(.’lﬁ) HfHLP
< ClIblla, lIf]]ze-
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For I4(z), similar to C(x), set 1/ry +---1/rym + 1/p =1, we have

I4(x)

= [|BJ( H 7)2Q) f2)( H bj)2q) f2)(zo0)l|
= sup| — (bj)2q) f W) (B} (z — y) — B} (x0 — y))dyl.
>0 J(20)¢

We consider the following two cases:
Case 1. 0 <t < d. In this case, notice that

|BY (2)] < O(1+ Ja])~ 0/,

we obtain
/ — ) B)f (B @ —y) — Bl wo — y))dy
(B)* = 1
m
< o / D@L+ | — gl /)~ C+o+/2 gy
s 110:0) = Ca)l
oo 1 m
< t d5—(n—1)/2 2’(7((77,—1)/2—6) / b — (b d
= C(/ ) kz::l |2k+1B‘ 2k+1B|j];[1( J(y) (])B)||f(y)| Yy
1/r; 1
< Cz2k n=1)/2-9) H / (y) — (bs) Bl dy " / f(y)Pdy !
B |2k+1B| 2k+lB ! 2k+1B
k+1p mﬁ/n+1/h+ /vy, T 1 1 1/r;
k((n—1)/2—6) 2 | () — (b j

- CZQ - B v () fy,y 50~ Oal )

= j=1

X||f||LP

00 B B |2k+lB|mﬁ/n+1—1/p .
< Czkm2k((n 1)/2-9) |2k+1B| Hb||/\ﬁ||f||Lp

k=1
< CIBI™ VP bl | o

Case 2. t > d. In this case, we choose dp such that (n —1)/2 < §p < min(J, (n +
1)/2), notice that

(8/02)BY (z)| < C(1 + |z])~@Hn+D/2),

we obtain

IN

| e [H(bj(y) — (0))B)f (W)(B) (z — y) — B} (x0 — y))dy|

m

ct" /<B)L [ TT®W) = @I @IB (@ = )/1) = B (20 —)/D)ldy

. i1
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< o / 116 ) 1F W)l — (L + feo — yl/6)~ @D/
j=1
< ct ! / f zo — z|(1 + |zg — y|/t) " Cot(+1/2) gy
> frormns 13 Il — (1 + [0 — 91/0)"
o0 1 m
< O(d/t)ntD/2—d0 9k((n—1)/2=60) [ _~ bi(y) — (b d
< g > Ean W A CORI BRI
< OB o] || £ o
Thus

1 o
T, @)ds < Ul 1l

This completes the proof of Theorem 1.

Proof of Theorem 2. Fix a ball B = B(0,1), there exists ¢y € Z such that
2¢0=1 <] < 2%, We choose xg such that 2/ < |zg| < 3l. It is only to prove that

1/g2

€ollxTn 1 b b

geolot /q2>(w /| . |B§’*(f)(x)—Bg’*(fz)(xo)%da;> < ClIfll gy~
x|<2°0

We write, for fi = fxap., and f2 = fxrmap,,, then

B, (f) (&) — BY.(f2)(w0)| < |BE,(f)(@)] + B (f2) (@) — BE.(f2)(z0)l,
thus

1/q2
1 ) )
2eo<a+n/q2><26on / IBg,*(f)(ai)—Bg,*(fz)(xo)qzdx>

|| <2¢0

1 . 1/Q2
9eo(a+n/qz) (260" / |B§,*(f1)(w)|q2dx)
|| <2¢0

IN

1 . . 1/q2
+2€°(a+"/‘12)<260n/|| ; Ist’,*(fz)(x)—Bg,*(fz)(xoﬂ‘”d“f)
x| <20

= Ji+ Js.

For Ji, by the (L%, L%)-boundedness of Bg*(see Lemma 5) and Lemma 3, we get

/¢
0260<a+n/qz>260”/q2< / |f1($)|q1dx>
RW,

2% fx,, | o
Ol e~

For J;, similar to the estimates of Theorem 1, set 1/v1 4+ -+ 4+ 1/v, +1/q1 = 1, we
obtain, by Hoélder’s inequality and recall that —1/¢2 < o and 1/g2 = 1/q1 — mfG/n,

N

IN

IAIA
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We consider the following two cases:
Case 1. 0 < t < d. In this case, notice that

|BY ()] < C(L + |y~ 02,

we obtain

IA

IA

IN

IN

IN

IA

<

<

B, (f2)(x) — Bg,*(fz)(xo)l

ct” ”Z / — 5))| 1F @1+ | — yl/6)- O/ gy
e0+k: j= 1
Cltfay=02 3 oo [ I = emiswlay
k=1 |B€o+k| Beg+k =1

0N okl(n=1)/2-9) / b5l 14 dy

Z IBeo-ﬁ-k‘ Begtk |j= 1 ( ])B) | ( )|

Min-nja-s) 1 T 1/v; 1/

S T .

> raent L (G ARDORCH me

‘mﬁ/n+1/vl+~~1/vm

c Z ok((n—1)/2-0) |Bey+
k=1

1/v;
y — b 'Ujdy> % fXE
H \Beo+k|m5/" <|Beo+k| /éﬁk ) = ()5 1 Xeo+llLar

CZQk (=220 By gV B4 Xeo 4l [
k=1

€'Y MO =) 209
k=1

0204551 o

|B50+k‘

Case 2. t > d. In this case, we choose dy such that (n —1)/2 < §y < min(d, (n +
1)/2), notice that

1(0/82)BS (x)| < C(1 + |z|)~0+(+1D/2)

we obtain

<

| B (f2)(x) — BY,(f2)(x0)|

m

ce 12 [ L0 = @)l @l =511+ o = a1/~ 2y

Ceotk j=1
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IN

<

thus

C(d/t) (D280 37 gkl(n=1)/2=00)

> 1

b1 |B€o+k|

| TLe = es)l sy

0260(*'”//‘1270‘)”5”/\[1||f||f<?£oo.

J2 S OIBl|ag [1f1] gyoe -

This completes the proof of Theorem 2.

(]
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