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SOME COMPANIONS OF FEJER’S INEQUALITY FOR
CO-ORDINATED CONVEX FUNCTIONS

Muhammad Amer Latif and Sever S. Dragomir

Abstract. In this paper some companions of Fejér’s inequality for double integrals are
established which generalize the inequalities of Hermite-Hadamard type from [4] and

(9]

1. Introduction
It is well known in literature that a function f : [a,b] — R is convex on [a, b] if the
inequality:
fOr+ (1 =Ny) <Af(z)+(1-2) f(y),
holds for all x, y € [a,b] and A € [0, 1].

Many inequalities have been established for convex functions in past few years
but the most famous is the Hermite-Hadamard’s inequality (see [7, 8]):

(1) (450) < < f@ 0

2 7
due to its rich geometrical significance and applications.

The following inequality gives the weighted generalization of (1.1):

(1.2) f(”b)/ (@) dx<7/f dx<f(a);f<b)/abp(x)dx,

where f : [a,b] — R is a convex function and p : [a,b] — [0,00) is integrable and
symmetric about z = %“7. The inequality (1.2) is known as Fejér’s inequality for
convex function.

The inequalities (1.1) and (1.2) have been generalized, extended and refined in
a number of ways see for example [2, 3, 4, 6, 11, 12, 13, 14, 15, 16, 17, 18] and the
references therein.
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Let us consider a bidimensional interval A =: [a, b] x [¢,d] in R? with a < b and
¢ < d, a mapping f: A — R is said to be convex on A if the inequality:

flaz + (1= a)z,ay + (1 - a)w) < af(z,y) + (1 - a)f(z,w),

holds, for all (z,y), (z,w) € A and « € [0,1] .

Dragomir [4] (see also [2]) introduced a new concept of convexity, which is called
the coordinated convexity, as follows:

A function f : A — R is said to be convex on the co-ordinates on A if the partial

mappings fy : [a,b] — R, fy(u) = f(u,y) and f : [c,d] = R, fo(v) = f(z,v) are
convex where defined for all x € [a,b],y € ¢, d].

A formal definition for co-ordinated convex functions may be stated as follows:

Definition 1.1. A function f : A — R is said to be convex on the co-ordinates
on A if the inequality:

flx+ (1 —=t)y,su+ (1—s)w)
<tsf(z,u) +t(1—s)f(z,w) +s(I =) f(y,u) + (1 = )(1 = s) f(y, w)

holds for all ¢,s € [0,1] and (z,y), (u,w) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates. Fur-
thermore, there exists co-ordinated convex function which is not convex, (see [4] or
[2]).

In [4] an inequality of Hermite-Hadamard type for co-ordinated convex mappings
on a rectangle from the plane was established and some properties of mappings
associated to it were also discussed. D. Y. Hwang, K. L. Tseng and G. S. Yang
considered a monotonic nondecreasing mapping connected with Hadamard type
inequalities in two variables and some Hadamard type inequalities for Lipschitzian
mapping in two variables were established as well in [17]. Recently M. Alomari and
M. Darus [1], proved a Fejér inequality for double integrals and considered some
mappings related to it to establish some inequalities for Lipschitzian mappings.

The main purpose of the present paper is to establish new companions of Fejér-
type inequalities for co-ordinated convex functions on rectangle from the plane and
hence generalizing the results from [4] and [9].

2. Main Results

In what follows let f : [a,b] X [¢,d] — R be a co-ordinated convex function and p :
[a,b] x [c,d] — [0, 00) be integrable and symmetric about z = %t and y = <. We

now define the following mappings on [0, 1]?, associated with Fejér type inequality
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for double integrals proved in [1], by:

G(t,s):i {f (ta—l—(l—t)a;b7sc+(1_8)C';d>

+f(ta+(1—t) ‘2”’ d—i—(l—s)c—;d)

+f<tb+(1—t) ;bsc+(1—s)c;d)

+f(tb+(1t) ;b sd+ (1 - )”d)],

2
He = G [ [ (e 0052 ) s

1 /b a+x a+b c+y c+d
-1/ [f(t B T )

(ta—i—x 1_t)a+b’sy+d+(1_s)c+d>
2 2
—|—f(tb—£x 1_t)a—2i—bjsc—|2—y+(1_8)c+d>

+f(tb§9” paon ity <1s>°’;d)]p<x,y>dydx,

sy—+(1—3s)

[\V]

[\

L(t, ) = b_ai _c// Flta+ (=t zsc+(1—s)y)

+fta+(1—-t)z,td+(1—s)y)+ f{tb+ (1 —t)z,sc+(1—5)y)
+f b+ (1 —t)z,sd+ (1 —s)y)]

3 [P (romn gt am )
+f<ta+(1—t)xz+a,sc+(1—s)y;d)
r+b

and

v (ta+(1t)2,sc+(1s)y;rc>+f (taJr(lt)x;rb,str(ls)y;rd

+f(tb+(1—t)x;a,sc+(1—s)y;6)+f(tb+(1—t) ;asc—i-(l—s)y_'_d

+f(tb—l—(l—t)x;b7sc+(1—s)y;c)

+f (tb+(l—t) ;—b sc—i—(l—s)y;—d)]p(x,y)dydx.
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We will use the following lemma in the sequel of the paper:

Lemma 2.1. [1] Let f : [a,b] X [¢,d] — R be a co-ordinated convex function and
let

a <y <z <x2 <yo <bwith x1 4+ 22 = Y1 + Yo,

a<w; <v; <y <wy < b with v1 + ve = wy + wa.

Then, for the convex partial mappings f, : [a,b] — R, fy,(u) = f(u,y) and f; :
[e,d] = R, fz(v) = f(x,v), for all x € [a,b],y € [c,d], respectively, the following
hold:

(21) f(:l?l,’U) + f(IQvU) < f(yhv) + f(y27v)7 fO?” all v € [Cv d] )
and
(2.2) ft,v1) + fu,v2) < flu,wr) + f(u,ws), for all u € [a,b].

Theorem 2.1. Let f, p, I be defined as above. Then the following inequality holds:

b pd
e (80 [ i

atb
§4[ / f(x,y)p(4x — 2a — b, 4y — 2¢ — d) dydx

+/2 / ’ f(z,y)p 4z — 2a — b, 4y — ¢ — 2d) dydz
3a c+

2 2
—|—/ / f(z,y)p(dx —a — 2b,4y — 2¢ — d) dydzx
U.T-I-h 3cz—d
a+3b c+3d
4 4

+ / f(x,y)p(4x—a—2b,4y—c—2d)dydx]

a+b ct+d

1,1 b pd
g/ / I(t,s)dsdtgllf(a+ ,c+d>/ / p(z, y)dydz
0 0 4 2 2 a Jc
bordq a+x c+y at+x d+y
[ Ll () ()

b+x c+y b+x d+vy a+b c+y
rr (GRS e (5 (5

() e () e (S ) [ v
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Proof. Using simple techniques of integration, under the assumptions on p, we have
the following identities:

ey (5050 /b/dp(x,wdyda:
= 16/a+b/ / / (a—i—b c—|2—d> p(2z — a,2y — ¢)dsdtdydz,

atb ctd
(2.5) 4 [/ / f(z,y)p(4x — 2a — b, 4y — 2¢ — d) dydx
satb [3ctd
e =
—|—/ / f(z,y)p (4 — 2a — b, 4y — ¢ — 2d) dydzx
Satb Jetd

a+3b

(z,y)p(4x —a — 2b,4y — ¢ — 2d) dydx

3c+d

a+3b L+3d

a+b c+d

74/&1“ sesa [flx,y)+ fla+b—z,y)+ f(x,c+d—1y)

p(de —a—2b 4y02d)dyd1’]

+fla+b—2x,c+d—y)|p(dx —2a —b,4y — 2c — d) dydx

AN S

4
a+b 3(c+d) y 3(a+b) xy c+d
+f(z+ a4 )t I\ Ta et

o (3(a4+ b) : 3(0: d) g)] p (22 — a,2y — ¢) dsdtdydx

(2.6) /l/ll(t,s)dsdt:
//// {(era (lt)a;rb,sczwa(ls)C;d)

+f< m+a+(1_t)a+b7(1_8)c—;y+sc—|2—d>

+f((l—t)a—;m—f—ta;b,sc—;y—i—(l—s)c_‘_d)

b d
+f <(1_t)a—;—x+ta—2|— ,(1—3)C;y+sc—; )]p(w,y)dsdtdydm
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/// /é (a0 )

+f(t 5 +(1—t)a+b’(1_5)d+y+56+d>

2 ) B
a+t+x a+b d+y ct+d
1— .
+f(( Dttt )
(o n T 0t gy e AN ) dsdtdyd
2 2 5 >
T+b a-+b c+y cid
1-— 1—
//// |:< +< t>2782+( S)2>
+f(m+b (l—t)a+b7(1_8)c+y+sc+d>
2 2 5
+f((1—t)x+b+ta+b,sc+y+(1—s)c+d>
b b p
(=228 420 1) Y L ET NN (o, y) dsdtdyda
2 2 5 5
//// {( (1*75) B ’STﬂL(l*s) 5 >
+0b a+b d+y c+d
(- 1—5 2ty
+f< 1=t = (L) == +5— )
+f(<1—t)x+b+ta+b,sd+y+(1—s)c+d)

+f((1_t) 2 tt— (I =8) —5— +s

2 5 )]P(xay)dsdtdydx
/ / 0 Aé[ (a+b (1—t)x,sc+2d+(1_8)y)

+f<t@2b 1)z sy 4 (1) ;d)
(

a+b c+d

(e (—t) s +(1_s)y)

c+d

sy+(1—s) )] p(2z — a,2y — c) dsdtdydx

/ / /0/05[ (a+b (1—t)$,sc—|2—d—|—(1—8)(C+d—y)>

+f(t“;b+(1—t):c7s(c+d—y)+(1—s) d)
)

+(1—-5)(c+d—y)

v +
S

+f <tm+ (1—1) 222,

+

c

[\]

at+b c+d
y S
2

+f(tx+(1—t)
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sterd-+ (-5 5]

x p(2x — a,2y — ¢) dsdtdydx

// { (““’ (1—t)(a+b—a),s

ctd
<a+b 1—t)(a+b—x),8y+(1—s)c+d)
)

89

+f<tx+(1—t)a+b,

S

u—sw)

2
b d
—|—f<t a+b—zx)+ (1—t)a;_ ,sc—; +(1-9)y

+f (t (a+b—a)+ (1t)a;b,sy+(1s)cgd>]

x p(2z — a,2y — ¢) dsdtdydx

/O/O[(a”’ (17t)(a+b—z),scgd +(1—8)(c+d— y))

oL

b d
(ta;r 1-t)(a+b—x),s(c+d—y)+(1—29) c; >
+f(t Fh—a)+ (l—t)a;—b,sc—;d—i—(l—s (c+d— y))

+f(t(a+b—x)+(1—t)a;_bvs(c""d_y) (1-3) C—gd)]

x p 2z — a,2y — ¢) dsdtdydx

27) f<a+b c+d>// xydyder// { <a+m c—|2-3/>
a+x d+vy b+zx c+y b+x d+vy a+b c+y
+f( ) e () e (RS s ()

a—|—x c+d a+b d+ b+x c+d
)+f( 5 ,2y>+f< 5 g )]p(ﬂs,y)dydw

a+b c+d a+x c+y

////H <) (55

+f(a—;—x’c+22d—y)+f(a+22b—m,c—|2—y>+f<a—2|—b,c—|2—y>
+f<a—|2—x)c—|2—d>+f(a+22b—x,c—|2—d)

b 2d — 2b — 2d —
+f<a;_ ,C+2 y>+f<a+2 x7c+2 y)]p(w,y)dsdtdydx
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A / e (5555)

+f ( > Y )] (22 — a, 2y — ¢) dsdtdydx

y
(e
/ {f +b_xy)+f(a—|—b,c+d)

2
—|—f(a—|—b—:lc ) ( Y >} (2 — a,2y — ¢) dsdtdydx

/Hb/Hd/Z/’ifwc+d AUCEEY

+f (@c—l—d) +f(a—i—b,c—l—d—y)}p(2x—a,2y—c)d3dtdyda:

2 2
/ // [ a+b$70+dy)+f<a;rb’c—2kd>

d b
+f <a—|—b—3:,c+ )+f<a+ ,c—|—d—y)]p(2x—a,2y—c)dsdtdydx

u,+b

2 2
By Lemma 1.1, the following inequalities hold for all (t,s) € [0 %]2 and (z,y) €
[a, “42] x [c, <54] : By setting yy = % 4+ 242, oy = wp = &b gy = 73(‘1:{’) — 2 in

(2.1) for (z,v) € [a, %] x [c, <£2], we observe that

(25) 4f(““’ )sa[f(gﬂjb,v) +f(3(“jb)—§,v)i,

holds.
C

Multiplying both sides of the inequality (2.8) by 4, replacing v = % and then

applying (2.2) for wy = £ + <4 v = vy = 4w, = w — ¥ for both of the
expressions on right-side of (2.8), we have that

(29) 167 (““’ ”d) s4[f (‘”’“’ﬂf,‘;’ﬁ*d)

2 2 4
r a+b 3(c+d) vy 3(a+b) zy c+d
+f(2+ i 74‘2)”(4‘2’# i )
(a+b) =z 3(c+d) vy

holds.

Now by choosing 31 zt%ﬂ’—k(l—t)x, T1 = Tg = %—I—GTH’,ygzta:—F(l—t)“T“’
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n (2.1) for all (z,v) € [a, %F2] x [¢, ¢4¢], the following inequality holds:

(2.10) 2f (; + aib,v)

<of (ta;—b+(1—t)x,v)+f<tx+(

a+b _ _ 3(a+b) T
ZIT y 1 = T2 = —F — — 35, Y2

2¢], we notice that

A

By replacing y1 = t(a+b—x) + (1 —
(I-t)(a+b—2x)in (2.1), for v € [c, ¢

(2.11) 2f ((‘“Lb) ;v)

gf(t(aerx) (14)“31’ v)

+f(ta—2|—b (1—t)(a+b—9€)7v>,

holds.
Multiplying both sides of (2.10) and (2.11) by 2, setting v = ¥ + C;d and v =
w — %, then using (2.2), the following hold:

(2.12) 4f (z

3
< (1950 s a-0ns v - ay)

B Yy
+f<ta+b+(1—t)x,sy+(1—s)C;d>
+f<tx+(1—t)a;b,sc—;dﬁ-(l—s)y)

+f<tx+(1—t) e )c;d>,

2
(ta+b c+d

(2.13) 4f< “+bM y)

(1—%)x, +(15)(c+dy)y)

+f(ta+b (1=t)z,s(c+d—y)+ (1—s)cgd>+

b d
f(tx (1-1%) a; ,sc—; +(1—s)(c+d—y))

+f(tx+(1—t)(IQH)7s(c+d—y)+(l—s)c—gd>,
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(2.14) 4f< (a+0b) g (c;—d)_g)

a+b

f(t a+b—z)+(1-1)
< a+b c+

+fl{tla+b—z)+(1—-1)

+f(ta+b Q- (a+b—=),s(ctd—y)+(1—s)

s(c+d—y)+(1—s)c+d>

T T

[\

d+(1—s)(c+d—y)

)
c+d)

2

+f(a+b+(1—t)(a+b—x),sc+d+(1—s)(c+d—y)>
and
3(a+b) =z y c+d
(2.15) 4f<4—2,2+ ’ )
Sf(t(a+b—a:)+(1—t)a+b syt (1— ) C;d

a+b

+f<t(a+b—x)+(1—t) 55y

+f<ta;b+(1—t)(a+b—m) sy+(1—s)

+f(ta;rb+(1t)(a+bx)

d
C+ 1—8

)
c+)

d

ﬁ
+1\>

H-s).

\}

By setting y1 =z, x1 =t + (1 —t)x, 2o = to + (1 —t) 4L, yo = =L in (2.1),

the following holds:

a+b

(2.16) f (t

for all v € [c, <52].
By the choice of y; = “E2, 21 =t (a + b — 2)+(1

—I—(l—t)x,v) —&-f(m—l—(l—t)a;—b,v)

</, >+f(“+b ),

—t) ot gy =t (1—¢) (a+b—2),

Yo =a+b—xin (2. 1) for all v € [c, <54], the followmg holds

(2.17) f<t(a+b—x) (1—t)a—2'—b )+f(

a+b

+(1—t)(a+b—x),v)

2

<f(a+b—x,v)+f<a+b7v).

By respective settings v = <t + (1—s)y, v

=sy+ (1—s) v =sgd+

(1—s)(c+y—y),v=s(c+y—y)+(1—s) <% in (2.16), and (2.17), using (2 2)
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for particular choices of wy, wsy, v1, vo and then summing up the resulting inequal-

ities, we obtain

a+b+(1—t)x,sc+d

(2.18) fG
a+b

+f(t+(1—t)x sy+(1—s)

+f<m+%1—w
+f<m+(1w

gf(x,y>+f(x

a+b (l—t)x,sc+d

a+b
2 b

+fo+a—w

+f<m+(1w

< f(z,c+d

a+b

(zm)f( (1—t)(a+b—x),s

a+b

+ 1t

+fltla+b—2)+

("
+f<ta+bx
(v

a+b

2
a+b c+d
2

c+d a-+b
; +f 5 oY)t

+(1-t)z,s(c+d—y)+ )
sc+d+ﬂ—sﬂc+d—w>
)

s(c+d—y)
—w+f<%cgd)

+f(a

+<1—s>y)

c+d
2

c+d
s
’ 2

+(1-3s)y

,sy+(1—s) 5

o —

a+b c+d
2 7 2 ’

—|—(1—s)(c—|—d—y)>

(1_s>c—|—d

[\]

2

o
IS8

+
2

+(1-ys)

+b a+b c+d
2 7C+d_y)+f( ) ) ) )a

c+d

+(I—Qy)

1—t)(a—|—b—x),sy+(1—s)c—|2—d>
a+b c+d
(1—-1) 5 3 +(15)y)
b d
(-0 st -9 S5
Sf(a+b_$7y)+f<a+b_xac—i2_d>

+f(a+b >+f<a+b c—|2—d>
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(2.21) f<t(a+b—x)+(1—t)a;b,sc—;ci+(1—s)(c+d—y)>

a;b,s(c+d—y)+(1—s)c+d)
‘)
)

+(1-5)(c+d—y)

-|-f(t(a—|—b—:c)—|—(1—t)

(o)
+

+f< a+b+(1—t)(a+b—x),s(c+d—y)+(1—s)

[\)

c+d
2

+f(ta;b+(1—t)(a+b—m),s

b d
<f(a; ,c; )+f(a+b—rc,c+d—y)

Jrf(a;rb,chdy>+f<a+b:c,cgd).

Multiplying the inequalities (2.9), (2.12), (2.13), (2.14), (2.15), (2.18), (2.19), (2.20)
and (2.21) by p(2z —a, 2y — ¢) and integrating respectively over ¢ on [0, %], over s on
[0, 2], over z on [a, 2] and over y on [c, 1¢] and using the identities (2.4)-(2.7),
we derive (2.3).

This completes the proof of the Theorem. [

Before presenting our next theorem, we first quote the following result from [10,
Theorem 1, page 3] to be used in the sequel:

Theorem 2.2. [10, Theorem 1, page 3] Let f : [a,b] X [¢,d] — R be a co-ordinated
convezx function and the mappings I : [0,1)* — R and p : [a,b] x [¢,d] — [0,00) be
defined as above. Then we have

1. The mapping I is co-ordinated convex on |0, 1]2,

2. The mapping I is co-ordinated monotonic nondecreasing on |0, 1]2,

3. We have the bounds

b

(2.22) f(a;'b7c—|2—d)/a / i
=1(0,0) < I(t,s) <I(1,1) = // { (:c—f—a y_24_0>

+f(z+a y;d)+f<x42rb7y42rc>+f<x42rb’yj2u1)]p(x’y)dydx.

Theorem 2.3. Let f, p, I be defined as above. Let f be twice differentiable on
[a,b] X [¢,d] and let the first order partial derivatives of f be co-ordinated conver.
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If p is bounded on [a,b] X [c,d], then

m—i—a y+c r4+a y+d
(2.23) 0>Its—f// [ ( 5 >+f< 5 ,2)
(TR ) s () e v

fla,c) + fla,d) + f(b,c) + f(b,d

b —a)(d—e)

/ /fxydm4npw,

for all (s,t) € [0,1]%, where ||p|| . = sup Ip(z, )] .
(z,y)€E€la,b] X [c,d]

gu—wu—@[ :

Proof. Utilizing the integration by parts, we have

2 _ _
(2.24) / / <a+b )(c—gd_y) [8 f(a+bax(;cz;c+d )

_ 2 _ 2
_Pfla+b-wy) &f(zr,c+d y)  f(xy) dyda
0xdy dzxdy 0xdy

L) (5

:f(ac)—l—fadIf(bc)+f(bd)(b_a) d—c) //fxydydx

d—c
2

b J—
[ 10+ s ajae =50 [ ir0) + sy

Using substitution rules for integration, under the assumptions on p, we also have
the following identities:

r4+a y+c r4+a y+d
(229) /(/ () ()

+f<ac+b y+c>+f(x+b w)}p(x,y)dydx

2 72 2 72

// { <x+a’y;c>+f(z;a’c+22dy>

a+2b—x c+2d— a+2b—x y+ec
+f< 5 y>+f< 5 ﬂp@wMWx

a+b ct+d
2 2

:/ / [f (z,9) + f(x,c+d—y)+ fla+b—x,y)

C

+fla+b—x,c+d—y)|p2r —a,2 — cy)dydx
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and

I A T (R
+f<tx+(1—t)a;b7s(c+d—y)+(1—s)c—gd)
+f<t(a+b—x)+(1—t)a;b,sy—k(l—s)C+d)

b d
+f (t(a+b—x)+(1—t)a;r ,s(c+d—y)—|—(1—s)cg )]
x p(2x — a,2y — ¢)dydz,
for all (t,s) € [0,1]°.

Now using the co-ordinated convexity of the first order partial derivatives and that
of f, under the assumptions on p, the inequality

(2.27) [f(a—l—b—x,c—i—d—y)—f<a+b—x,s(c+d—y)+(1_5)C—;d)

—f(t(a—i—b—m)—i—(l—t)a;b7c+d—y>

+f(t(a+ba:)+(1t)a;b,s(chdy)Jr(ls)c—;d)]p@xaﬂyc)

+ {f(a—l—b—a:,y)—f<a+b—x,sy+(1—s)cgd)

—f(t(a—&-b—x)—&—(l—t)a;_b,y)

+f (t(a+b—x)+(1—t)a;b,sy—i—(l—s)c;d)]p@x—aﬂy—c)

+ {f(x,c-i—d—y)—f(%s(c—f—d_y)_i_(l_s)c—;—d)

2

L serd—y -5 LY

—f<tx—|—(1—t)a+b,c+d—y)

+f<tac+(1—t) )]p(%—a,?y—C)

floy) —flte+(1- ;ry —flezsyt1-s)—
+[ ) f(t +a t)a b ) ( c—l—d)

—f (t:r—k(l—t)a;bﬁy#—(l—s)C—;dﬂp(%—aﬂy—c)

atb c+d Pfla+b—z,c+d—1y)
2 * 2 4 Jxdy

<a-n0-9)(
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782f(x,c+dfy)732f(a+bfx,y) 32f(x,y) H ||
Oxdy 0x0y 0xdy Plleo >

holds for all (s,t) € [0,1]? and for all (z,y) € [a, 2F2] x [c, <52].

Integrating (2.27) over (z,y) € |a, “7“’] x[c, ng], using (2.24)-(2.26), the inequality
(2.22), the inequality from [4, Theorem 1, page 778.] and the facts I(¢,1) < I(1,1),
I(1,s) < I(1,1), we have that the inequalities (2.23) hold.

Hence the theorem is established. [

We again quote a result from [10] to be used to prove our next theorem:

Corollary 2.1. [10] Let f, p be defined as above. Then we have

(2.28) f<a+b7c+d) /b/dp(a:,y)dydac

3a+b 3c+d 3a+b c+3d a+3b 30+d a+3b c+3d
o ) 4 ] (o ) 1 (5 2 + 7 (5 // (,9)dyda

x—i—a y+c r+a y+d x+b y+c
<if [l e (5050 o (5005)
+f (m ; b7 y;rdﬂ p(z, y)dydz

Si[f<a+b7c+d>+f(a,c)+f(a,d)1-f(b,c)+f(b,d)}/b/dp(x7y)dydx

Sf(ac)—kf(ad);lkf(bc+fbd// (2, y)dydz.

Theorem 2.4. Let f, p, I be defined as above. Let f be twice differentiable on
[a,b] X [¢,d] and let the first order partial derivatives of f be co-ordinated conver.
Then

(2.29) ozl(t,s)—f(aC)J’f(ad)”(bc+fbd// (z,y)dydz

4
3 <bfa><dfc>x
- 16
?f(a,d)  9%*f(b,c) 0*f(a,c)
Oyox + Oyox B Oyox B 3y8x ] / / (@, y)dydz.

Proof. By the co-ordinated convexity of first order partial derivatives and that of
f, the following inequalities hold:

_f(avc)+f(a+b )+f( C+d) _f(aTb7%d) < (b_a) (d_c) 62f(a7c)

4 - 16 Oydx '
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—fla,d) + f (%52d) + f (o, 59) = £ (452 5*)

(b—a)(d—c)d?f(a,d)

IN

4 16 Oydxr
F.0) 5 (52.0) + 1 (.50 — 1 (S5 50) _ (b= )(d=0) 2 0.0
4 - 16 oydxr '

and

) (S0 £ (0 5) (5 ) a5 (00
4 - 16 Oyoxr

Adding these results, multiplying the resulting by p(x,y) then integrating over
(z,y) € [a,b] X [c,d], the following holds:

(2.30) 7f(ac)+f(ad) + f(b,¢) +fbd// (2, y)dyd
_f<a+b c+d>// dydx—i—;[f(a;b >+f< c—;—d)
() (M)}// s < 000

f(b,d) 9?

0f (a,d)  0*f(b,e) _0f
[ Oyox + dydx B 8y8x 8y83} ] / / (@, y)dydz.

Since

3
b d
;[f(a;b,c>+f<a,c;d>+f<aQM7d)+f<b,c;d)]/a / pla, y)dyda
b d b b d
Zlbia/a f(% J;d)d +d% f<a_2F 7y)dy /a/cp(%y)dydx
b d
22f(a;b,cgd)/a / p(z,y)dydz.

From (2.22), (2.28), (2.30) and (2.31), we get (2.29) and this completes the proof. [

Theorem 2.5. Let f, p, I and G be defined as above. Then

1. The following inequality holds for all (t,s) € [0,1]°:

b pd
(2.32) 1(t,s) <G(t, 8)/ / p(x,y)dydz.
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2. If f is twice differentiable on [a,b] X [c,d] and let the first order partial deriva-
tives of f be co-ordinated conver. If p is bounded on [a,b] X [c,d], then

b opd
(2.33) 02f<a;—byc;d>//p(m,y)dyda:—l(t,s)

<0-a)a-o |ms + 6t 27 (5750 .

2 72
for all (s,t) € [0,1]%, where [lp| . = sup  |p(z,y)|.

(z,y)€la,b] x[c,d]

Proof. (1) Using simple techniques of integration, under the assumptions on p, we
have that the following identity holds on [0, 1]:

(2.34) G(t,s) /b /dp(x,y)dyd;z:
/Hb/LM [ (ta+ 1t)a;rb,sc+(ls)czd>

+f<ta+(1—t) ;b,sd—k(l—s)c;d)

f(tb—i—(l—t) ;bsc—i—( )c;d)

( (1-1) +b,sd+(l—s)c—£d)].

By the choice of y; = ta + (1 —t) 4$° =tr+(1- )ib,xg =tla+b—x)+

(lft)agb,yg th+ (1 —1t) % in ( )forallve[ td) 2 € [a, %F2), (t,5) €
[0,1]%, the following holds:

(2.35) f(tm+(1—t)“2+b7v)+f<t(a+b_x) (1_t)a42rb )

§f<ta+(1t)a—;b >+f<tb+(1t)a;b )

By respective settings v = sy+ (1 — s) %, v =s(c+d —y)+ (1 — s) ¢ in (2.36),
summing up the resulting inequalities s1de by side and using (2.2) for partlcular
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choices of wy, way, v1, v2, we have the following inequality holds:

@%)Kmﬂhoﬁﬁwﬂugﬁﬂ

+f<t(a+b—x) 1-0" sy )C;d)
Slsterd-y -9 50

CH_bas(c—kd—y)—k(l—s)C+d>

f(tm+(1—t)

+f<t(a+b—m)+(1—t)

§f<ta+(1t)a2+b,sc+(ls)c+d>

a+b c+d>

+f<ta+(1—t) ,sd+(1—s)

,s¢+ (1 —s) 5

+f<tb+(1—t)“+b C+d)

+f<tb+(1—t)a—2'—b,sd+(1—s)c—gd).

Multiplying the inequality (2.36) by p (2z — a,2y — ¢), integrating both sides over

(z,y) € [c, 5] x [a, “E°] and using (2.34), we derive (2.32).
(2) By integration by parts, we have

(237 st/“”/“ ( a+b><y_c—2kd>

<[sos (-0 om0 52)

0 a+b c+d
_8xayf (t(a—l—b—x)—i—(l—t) 5 ,3y—|—(1—5)

9? a+b c+d
_axayf(m'i‘(l—f)2,S(c+d—y)+(1—s) 5 )

02 b d
+8x6‘yf (t(a"‘b_x)‘f‘(l—t)(H_ ,s(c—i—d—y)—i—(l—s)c—; )} dydzx

)6

9? a+b c+d
* 9zy (m”r(l—t) sy +(1—s) 2) dydz

=(b—a)(d—0c)[G(t,s)+ H(t,s)]

)
_b;a/cd{f(twr(l—t) ;b sy + (1— )C;d>
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+f<tb+(1—t)a;b,sy—i—(l—s)c;d)}dy

b
_d;C/a {f(tx—i—(l—t)a;b,sc—i—(l—s)c—;d)

+f <tx+(1t)a+b,sd+(1s)czd>}dx.

2

By using the co-ordinated convexity of the first order partial derivatives and that
of f, under the assumptions on p, the following inequality holds:

(2.38) {f (m+ (1=1) “T”,ser (1—s) C;d>

~f (tw+(1—t)a;b7cgd>}p(w,y)

- [f <a;b,sy+(18)cgd> f<a;rb,cgd>}p(w,y)

b d
st d-p)+ -9 50

- [f<t(a+b—z)+(1—t)

f (t(a+b—x)+(1—t)a;b,c;dﬂp(x,y)

- [f(a;rb78(c+d—y)+(1—8)c;d) —f(a;b,cgdﬂp(%y)

+ [f<t(a+b—x)+(1_t)a;b,sy+(1_8)c—;d>

y (t(a+bx)+(1t)“;b,cgdﬂp(x,y)

(a0t ()| e

+ [f(m+(1—t)T’S(”d_y)ﬂl_s)cgd)

1 (o 0= ) o)

2 72
(S st ra-p -9 50 -1 (5050 )

2 72

a+b c+d 0? a+b c+d
< - — — —
_st< 5 x) < 5 y) [8m8yf (tm+(1 t) 5 ,sy+(1—s) 5 )

02 b d
0? b d
- oot (t(a+b—x)+(1—t)a; slerd—y)+ (-5 )
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2
Jzxdy

+

F(taro-or a0 sera-n+ =957 ol

for all (¢,5) € [0,1]? and (z,y) € [ “+b] X |c, c;d}

Integrating the inequality (2.38) over (z,y) € |a, 37 [c, #] , under the

450 %
assumptions on p, using the facts 1(0,s) < I(¢,s), I(¢,0) < I(t,s) and (2.37), we
get

b pd
(2.39) 02f<a42—b7042_d>/ / p(x,y)dydr — I(t,s)
< (b—a)(d—c)[H(t s)+G(t,9)] Ipll

_[b;a/cd{f<ta+(1—t)a;’b,sy+(1—s)cgd>
+f<tb+(1t) ;Lbswa(l—s) ;d)dy}

b
+d;c/a {f(tx—i—(l—t)a;b,sc—i—(l—s)c—;d)

af (0400 str (1= 9 S50 b ol

Since f is convex on the co-ordinates, by Jensen’s inequality for integrals the fol-
lowings hold:

(2.40) b_a/cdf(ta+(1—t) atb g +(1—s)c—;d)dy

2 2
b—a [° b d
+ 2a/f(tb+(1t)a;r,ser(ls)c;r )dy

>(b—a)(d—c)G(t,0) > (b—a)(d—c)G(0,0),

and

b
(2.41) d;C/f(tx—l—(l—t)a;b,sc—l—(l—s)c—;d)dx

d—c [° b d
+TC f<m+(1—t)a;”,sd+(1—s)6;r >d:v

> (b—a)(d—c)G(0,s) > (b—a)(d—c)G(0,0).

By using (2.40) and (2.41) in (2.39), we get (2.33).
This completes the proof of the theorem. O
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Theorem 2.6. Let f, p, G, I, S, be defined as above, then S, is co-ordinated
convez on [0, 1}2 and we have the following inequalities:

b d
a2 Gl [ / ple,y)dyde < Syt )

(1—1) 1—s//f:vy (z,y)dydz

f(ac)+f(ad)+fbc+fbd// (2, y)dyd

t
+ts 1

+5t-) / / Flavy) + F(b, )] ple, y)dyda

f(z,e) + f(z,d)] p(z, y)dydx

d b, (b,d)
< ac)+f(a )If( o) + £( // (z,y)dydz,

(2.43) I(1—t1—3s) < Syt s)

and

I1—t,1—s)+I(t,s)
2

(2.44) < Sp(t, s).

Moreover, the following bound is true:

(2.45) sup  Sp(t,s) = fla,0) + Jla, d) + (b )+ f(bd) / / (z,y)dydx.

(t,s)€[0,1]?

Proof. Co-ordinated convexity of .S}, directly follows from co-ordinated convexity of

I

By simple techniques of integration, under the assumption on p, the following does
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hold:

a+b
(2.46) Sp(t,s) / / fla+ 1 —=t)z,sc+(1—s)y)

+flta+(1—=t)z,sc+(1—38)(c+d—1y))
+fta+(1—=t)(a+b—2x),sc+(1—39)y)
fla+(A—=t)(a+b—2),8c+(1—=8)(c+d—1y))
+fta+(I—-t)(a+b—2),sd+(1—35s)y)
+flta+(1-t)(a+b—2),sd+(1—35)(c+d—y))
+f{ta+(1—t)z,sd+ (1 —s)y)
+fta+(1—t)z,sd+(1—s)(c+d—y))
+fb+ 1 —t)z,sc+ (1 —s)y)
+fb+ 1 —-t)z,sc+(1—35)(c+d—y))
+ftb+(1—-t)(a+b—x),sc+(1—9)y)
+fb+1—-t)(a+b—2x),sc+(1—s)(c+d—y))
+fb+(1—-t)(a+b—2x),sd+(1—5s)y)
+fb+ 1 -t)(a+b—2),sd+(1—35)(c+d—y))
+ b+ (1 —-t)z,sd+ (1 —s)(c+d—y))
+f b+ (1 —¢t)z,sd+ (1 — s)y)] p(2z — a, 2y — ¢)dydz,
for all (s,t) € [0,1]2.
By setting, y1 = ta+ (1 —t)z, 21 = 23 = ta+ (1 —t)%E2, yo = ta+ (1 —t)(a+b—2)
in (2.1) for respective settings v = sc + (1 — s)# and v = sd + (1 — S)CJQFd, the
following hold true:

,sc+ (1—s) )

(2.47) 2f(ta+(1t) ath ”d)

Sf(ta+(1—t)x,sc+(1—s)c_;d)

+f(ta+(1—t)(a+b—x),sc—|—(1—s)c;d>

and

(2.48) 2f (ta+(1_t)a+b c+d>

,sd+ (1—3) 5

<f(ta—i—(l—t)x,sd—}-(l—s)c_;d)

+f(ta+(1t)(a+b:c),sd+(1s)cgd),

for all z € [a, %2 and for all (s,t) € [0,1]2. O
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Multiplying (2.47) and (2.48) by 2, then adding and using (2.2) for the particular
choices of wy, wy, v1 and v, we get

(2.49) 4 [f (ta+(1—t)CL2H),sc+(1—s)c+d>

+f <ta+(1—t)a—2‘_b,sd+(l—s)c—;d>}

<fla+(A-t)x,sc+(1—=98)y)+f({ta+(1—t)z,sc+ (1 —3s)(c+d—y))
+fta+(1—-t)(a+b—2x),sc+(1—3s)y)
+fta+(1—=t)(a+b—2x),sc+(1—=38)(c+d—1y))
+flta+Q—-t)z,sd+(1—s)y)+flta+(1—t)z,sd+(1—3)(c+d—y))
+flta+(1—-t)(a+b—2),sd+(1—35)y)
+flta+(1-t)(a+b—2),sd+(1—3s)(c+d—y)).

Analogously

a+b c+d
2

(2.50) 4{]“ (tb+(1t) ,s¢+ (1 —s)

a+b,sd+(1—s)c+d>}

+f (tb +(1-1)
<fb+(A—-t)z,se+1—s)y)+fb+1—-t)x,sc+(1—3)(c+d—1y))
+ftb+(1—-t)(a+b—2x),sc+(1—35)y)
+fb+1-t)(a+b—2x),sc+(1—s)(c+d—y))
+fb+ A —-t)r,sd+(1—s)y)+f b+ (1 —t)z,sd+ (1 —s)(c+d—y))
+fb+(1—-t)(a+b—x),sd+ (1 —3s)y)
+ b+ (1 —t)(a+b—z),sd+(1—5)(c+d—y)).
Multiplying the inequalities (2.49) and (2.50) by p(2z — a,2y — ¢), integrating the
resulting over (z,y) € [a, “$2] x [¢, “t¢] and making use of identities (2.34) and
(2.46), the first inequality of (2.42) holds true.
By using the co-ordinated convexity of f and the inequalities:

/: /cd fa,y)p(x, y)dydz < w /ab /cdp(x’ oyt
/ab / FO.9)pl, y)dydz < W / /cdp(“’” iz
/ab / f (@, e)pla, y)dyda < W / /cdp(x’y)dydx’

/ab /cd (o dype )y < DD /ab /cd”(x’y)dydx
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and

//fxy xy)dydx<f(ac)+f(ad) f(bc—i—fbd// (o, ),

we get second inequalities of (2.42).
Again using the co-ordinated convexity of f

I1—t1-5)
/a+b/ [ (1—t)(a—i—b—:c)—i—ta;_l)’(l_s)(c_i_d_y)+Sc—~2—d>
+f((1—t)x+t‘jl)’(1_8)(C+d_y)+sc+d>

+f((1t)(a+bx)+ta2+b,(ls)y s”d)

a+b

+f ((1—t)x+t ,(1—s)y+sc d)}p(Qm—a,Qy—c)dydx

a+b

/ /‘ { (m+—1—tﬂa+b—x)+th+a—¢ﬂa+b—@

sc+(15)2(c+d§) +sd+(ls;(c+d2y)>
+f(m+&z—ﬂx_%w+wz—wx7w+41—syc+d—y)+sd+(1—s§c+d—yr>
+f(m+%1—tga+b—x)+th+ﬂ—%ga+b—x%sc+(;—@y+@d+(;—$y>
+f(m+«;—0x*_w+(;—wx’w+w;—@y+3m+«;—$y>

p(2z — a,2y — c)dydx < Sp(t,s).

This proves 2.43.
From (2.32), (2.42) and (2.43), we get (2.44). Using (2.42), we get (2.45). This
completes the proof.

Remark 2.1. If p(z,y) = Wl(d%) for all (z,y) € [a,b] X [c,d], then I (t,s) = H (¢,s)

and S, (t,s) = L (t,s) for all (t,s) € [0,1]? and hence from all the above Theorems we get
the inequalities related to the mappings H, G and L
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