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INVERSE AND SATURATION THEOREMS FOR LINEAR
COMBINATIONS OF A NEW CLASS OF POSITIVE LINEAR
OPERATORS

Bramha Dutta Pandey and B. Kunwar

Abstract. The inverse and saturation theorems for the linear combinations of a class
of positive linear operators of convolution type have been proved in this paper. This
class contains a number of well known positive linear operators as special cases. The
results make use of one of the Peetre’s K-functionals. The analogues of inverse and
saturation theorems in simultaneous approximation have also been proved.

1. Introduction

During past few decades a number of authors [1], [2], [6], [10], [11], [14] and
[15] etc. have made an extensive study of the problems related to the inverse
and saturation for different classes and sequences of the linear positive operators.
In the present paper we study the inverse and saturation problems for the linear
combinations of a new class of linear positive operators L,. This class contains
several well- known sequences of linear positive operators as special cases [8] in
particular Gamma operators of Muller, Post-Widder and the Modified Post-Widder
operators.

Let M(R™) be the class of complex valued measurable functions on R, M, (R™)
the subset of M(R™) consisting of the functions essentially bounded on R*t. We
define

(1.1) L.(f:z)= D(mm,a)xm"'m_l/ w0 G f(w)du
0

where

a—1
mn"t =

D(manaa):l—‘(T%l)a

m,z,n€ R, a€R, fe&M(R").

Clearly, (1.1) defines a class of positive linear operators.
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1.1. Basic Definitions and Preliminary Results

Definition 1.1. Let (> 1) be a continuous function defined on ITR*. We call Q,
a bounding function if for each compact K C IR™, there exist positive numbers ny
and Mj, such that

L, (Q2) <M, z€K.

For our operators the bounding function is
Qu)=u""+ e®" 44, where a,b,c > 0.
For this bounding function €2, we define
Dq = {f € Loc(IR")

such that
f(w) f(u)

limsup ——= and limsup —=
u—0 o) u—soo 0(u)

exist.

Definition 1.2. Let f be a continuous function on [a,b] € Rt and § > 0. The p—
modulus of continuity of f is defined by

: wy(f,0) = lim p —pypi (P x+jh
0D =t S (8 ) e
z,x + ph € [a,b)

for p = 1, wy(f,§) is simply written as w(f,d). If w(f,d) < M&?, (0 < B < 1), where
M is a constant, we say that f € Lipﬁ/[.

We define
Lip(B; a,b) = UnrsoLipy,,
Loo[a,b) = {f : f is essentially bounded on [a, b]},
AC[a,b] = {f : f is absolutely continuous on [a, b]},
Lip(p, B;a,b) = {f : f¥) € AC[a,b],k =0,1,2,...,(p— 1) and ) € Lip(B;a,b)},
For 0 < 8 < 2 and some constant M,
LZZ(p, /6; a, b) = {f : w2p(f7 5) S M(sﬁka k= 07 ]-7 23 teey (p - 1)}

for p =1, Liz(p, B;a,b) reduces to Lip*(1;a,b).

We introduce some more classes of functions:

Co(R") = {f : f is continuous on R" and has compact support in R},
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C®(R*) = {f: f is k — times continuously differentiable on R*},

C(()k)(R+) = {f e C®(R*) : f is compactly supported on R*},
CI™(RT) ={f: f e C™(R*) and f* k=0,..,m are bounded on R*}.

For any fixed set of positive constants a;,i = 0,1,2, ..., p following [13] we define
the linear combination L, , of the operators L, by

Lagn(f; ) ozgi agi a(zp
1 Loqn(f?-f) Oél_ al_ alp

13 L(fo=x| e
Loyu(fiz) oyt ay? o . an?

where A is the determinant obtained by replacing the operator column by the
entries '1’. Clearly

P
(1.4) Lyp=>Y_C(,p)Lan,
§=0

for constants C(j,p),j =0, 1,2, ...,p which satisfy

> Clp) =1.

j=1
L, p is called a linear combination of order p. L, o denotes the operator L, itself.

Let [a¢',V'] C (a,b) with ( ={g: g € Cé2p+2), supp g C [a',V]}, for f € Co(RT)
with supp f C [a/, '] we define

K(&.$) = mf{1f = gl + &(lall + [|o>* )}

where 0 < £ <1 and the norms are the Chebyshev norms on [a’, b'].

A function f € Co(R™) with supp f C [a/,b] is said to belong to the intermediate
space Co(3,p+ 1;a/,0'),(0 < 8 < 2) if

Ifll;= sup {€ 2K, f)} < oo
0<e<1

For a detailed account of Peetre’s K — functional and the intermediate spaces, we
refer [5].

We state the following results on the spaces Co(8,p + 1;a/,b') and Liz(8,p +
1;a/,b") by employing K (&, f) in the proofs of inverse and saturation theorems.

Lemma 1.1. Let0<a<d <d’ < <V <b<oo. If f € Co(RT) with supp
fCla"”v"], then f € Co(B,p+ 1;a',0) iff f € Liz(B,p+ 1;a,b).
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Lemma 1.2. Let 0 < <2 and 0 < a < b < co. The following statements are
equivalent:

(i) f € Liz(B,p+ 1;a,b)

(ii) (a) if m<Blp+1) <m+1,m=0,1,....,(2p+1), f™ eaists and belongs to
Lip(B(p+ 1) — m;a,b) and

(b) ifm+1 = pp+1),(m = 0,1,2,...,2p) f) exists and belongs to
Lip*(1;a,b)

Lemma 1.3. If for £,n € (0,1) and a constant M there holds

s, &
where 0 < B < 2, then there exists a constant M’ such that

K(& f) < M'€5.

Throughout the paper {), : n € N} denotes an increasing sequence of positive
numbers such that

(1) ng — o0 as s — o0, and

(2) for some constant C' > 0, *= < C, s e N.

2. Inverse theorems (ordinary approximation)

Let K(&; f) denotes the Peetre’s K —functionals. We first prove:

Lemma 2.1. Let0<a<d <a’<b’' <V <b<oo. If f€ M(R") with supp
fcla’,b"] and

—B(p+1)
2

(2.1) sup, (L, p(f;2) = f(2)] = o(ns ); (s = 0)

where 0 < 8 < 2 and p is a non negative integer, then f € Co(RT) and n > 1, there
holds

B(p+1)

(2.2) KEf)<Mn~ "z +nPteR(n= 0 f)|,

where M is a constant.
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Proof. Due to the condition ";“ < C' it is sufficient to prove (2.2) with n re-
placed by ns where s is sufficiently lafge. Since G(u) = u™e~*" is infinitely differen-
tiable. Therefore for some ¢ > 0, G(u) is (2p + 2)—times continuously diﬂerentiable
on (1—24,1+426). Here & can be chosen so small that 0 < 26 < min{l — %, & —1}.

o b
It is obvious that we can find a function G* € C5PT?(R*) s.t.

(2.3) G*(u):{ Glu),  Ju—1]<9 }

0, u<Zoru>f

Then, if L? denotes the operator in (1.1) obtained by introducing (2.3), in view
of (2.1) we also have

, B(p2+1)
(2.4) sup |Ly, ,(f;2) = f(z)] < M'ng , (s —00)
z€[a,b]
where M’ is some positive constant and L* _ are the linear combinations corre-

ns,p
sponding to the operator L}. Here we notice that L} (f;x) € CéQp+2)(R+) with
supp L (f;2z) C [a/, V] for all n € RT. In view of (2.4) it is clear that f € Co(R™)
and

B(p+1)
25)K (& f) < Mns 7 +&{[|L5, ,(F19)]| cpor +HL:1327§+2)(f;x)Hc[a/ b’]}'

Next, we assert that for each g € ( = {g: g € C(()2p+2) (RT), supp g C [d/,b']}
there holds the inequality

(26) ‘ L2 g x)Hc[a/ by~ A gllega o
where A; is a constant. We have
2p+2lp 1 4]  D**(m,n, a) .
N[ g <Clgle Y Y 0 D imnay i (u = 11751),
j=0 v=0 m,n,a

where C} is a constant, L** is the operator defined by (1), with G(u) = u™e™*" re-
placed by G*(u) and a by a+j and D**(m,n, «) [3] is the corresponding D(m,n, «).

Now, in view of (2.7) and the fact that supp g C [a/, V'], (2.6) is clear. Also, for
every g € (, it is clear that

(2.8) HL:L(QIH-Q)(Q; x)H < A, Hg(2p+2) H

Cla’ b’ Cla’,b']

where A is a constant. Using (2.7) and (2.8) for every g € ¢ we have
29 |Ln pFi g + || L2250

< PIMIS = gllogar s + 15 T g loger ) + |92

Cla’p'] —

Cla’, b’
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where M” is a constant . Hence, by (2.5) and (2.9)with M = max{M', M”} and
for every g € (, we have

_Bp+1)
KN <M=+, €] = gllogpntns D gl o+ s>

Cla’,b’]
(2.10)
Taking the infimum on the right hand side of (2.10) we get (2.2). This completes
the proof of the lemma. [

Now we are in position to prove the main result of this section.

Theorem 2.1. Let f € Dg. If 0 < r < 2p+2,p € N° (set of non-negative
integers) and 0 < a1 < as < ag < by < by < by < 00, then in the following
statements the implication (i) = (ii) = (4i).

3

() supsefay b [ Ln., p(f32) = f(2)] = olns

(ii) if r # [r], fUD exists and belongs to Lip(r — [r];az,bs) and if r = [r], =1
exists and belongs to Lip*(1;as, bs);
(55) SUDociag o0 [ En, p(f10) — F@)] = O(n=5)  (n— o0).

Proof. Since 0 < r < 2p + 2, we write r = G(p + 1) for some 5 € (0,2). We
first prove that (i) = (¢éi). Assuming (#¢) and using Lemma2 ap < aj = o’ < af <
as” < az <bg <by” <by < =bs<byand gg € C§°(RT) be such that go(u) =1
for u € [as”,b2”] and supp go C [ag,bz] Then, since f € Liz(3, (p + 1); a2, b2) also
f* = fgo € Liz(B,p + 1; a2,b2) and supp f* C [ah, bS]. Hence by Lemma 1.1

210)  [Lnp(f;2) = f(@)] < [Lup(f = F52)[ 4 [Lnp(f552) — f7(2)] <
< |Lup(f552) = f*(@)| + Bin~ %,

where Bj is a constant independent of n and x. Now for any g € ¢ and = € [a}, b}],
we have

Lup(F52) = F@) < Lnp(F* = g50)] + | Lngplgi2) — g(@)] + lg(x) — (@)
< Ballf* — ollctug g + 1 En i) — ()]

) (ns — 0);

where Bs is a constant.

By a mean value theorem,

2p+1 .
92 gy 4 L e,
(2p +2)!
for all u € R, where &, € (u, ). Hence,
AR )] )2
g () i u—x
Luglatwpa) =o(e) = 3 EE L (= apio) + LoD g 6)50)

j=1

Z ; say
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By the definition of L, p,

(2.12) ‘Z < Ban~ (Y 21’24“:1 Hg(j)H _, for large n and z € [a3, b3].
- = Cla,b3)
Also,
213 X W et 510G Lagnl(u = 2¥%2)
’ > (2p+2)! = ’ an ’

IN

Byn~@+1) H g<2p+2>H ’
Claz,b5)

where Bs, By are constants. Hence if Bs = max(Bs, By), we have
2p+1

(2.14) Luplgi2) = ()] < Bsn™ 0D 3 g0
j=1

Claj,b3]

Since there exist a constant Bg such that

.

2p+2

Z (j)H <B H <2p+2>H
g < Bgllg « 51 T |G

= H ctas sz = Dot g Clas b3)

It follows from (2.10)-(2.13) that for all sufficiently large n

(2.15) sup [Lnp(f;2) = f(2)| <

z€las,bs]

S M/ ||f* _gHC[ag,b;] +n7(p+1){||g||0[a§,b§] + Hg(QerQ)HC[ ) b*]} _|_n*/8(17+1)
a3,05

where M’ is some constant. Taking infimum over g € ¢ in (2.15) for sufficiently
large n we have
(216)  swp [Luy(fiw) = fl@)] < M [n 75

z€[asz,bs]

+ K (n= P )

since f* € Co(B,p+ 1;a3,b3) and ay = a’,b5 = V', we have
(2.17) K(n~®FD; ) < N =A+D)
where M?” is a constant. Also, as r = B(p + 1), it follows from (2.16)-(2.17) that

sup | Lny(fi2) = f(2)] =O(n~*%).

z€[az,bs]

This completes the proof of (i) = (#i1).
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To prove (i) = (4¢). Let us assume (). If supp f C (a1,b1) with a = a1,b = by,
we can choose a’,b',a”,b” such that 0 < a1 =a<d <a” <b <V <b=b <0
and supp f C [a”,b”]. By Lemma 2.1 we obtain

(p+1)

K& f) < Mn™ P72 4Pt e (n= @ ) (n > 1)

Hence by Lemma 1.3 we have (ii). When supp f C [a1, b1] we proceed as follows:

If af, b7 are such that a1 < af < as < by <bf <b; and f* = f on [a1,b1] and
vanishes outside it then also

(2.18) sup  |Ln, »(f*17) — f*(z)| = o(n ?).

z€[at,by]
Let us first consider the case when 0 < r < 1. Let g € C§°(R™) with supp
g C [a”,b”] and g(u) =1 for u € [ag,bs] where a; < af <a' <a” <by <V’ <V <
b} < b1. Then,

sup Ly, p(fg;z) — f*(x)g(2)|

z€la’,b’]
< sup |g(2) L, p(f*(u) = f*(@);2)| + sup L p(f"(u)(g(u) — g(2)); )|
z€la’,b’] x€la’,b’]
=hL+1 (say).
By (2.18)

and by a simple computation

Hence with F' = f*g, we have

(2.19) sup |Lp, p(F;z) — F(x)] = o(ns
z€la’,b’]

from which since supp F C [da’,b'] it follows that F € Liz(8,p + 1;a1,b1) as before
and f € Liz(B,p + 1;a2,b2). Thus by Lamma 1.3 (i7) holds.

Next, we assume that assertion (i) = (ii) holds when 0 < r < ¢ — 4, where
0<d< % is arbitrary and ¢ takes one of the values of 1,2, ...., 2p+1. Since for g =1
the result has already been proved. If we can establish it for ¢ — 6 <r < ¢+ 1—2§
the proof will be over. Hence let ¢ —d < r < ¢+ 1 — 24. Then by the assumption
that f(P~1) exists and belongs to Lip* (1 — &; a3, b3), where [a3,b3] C (ay,by) is any
fixed interval. Let a} < af < ai* <d' <a” <ag <by <V <V <bf* < b} < b3
We choose g as before and write F' = f*g after defining f* = f on [a}, b}] and zero
otherwise.
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Then,
S L, p(F52) — F(z)| < o |9(2) L, p(f" (u) = [ (2); 2)| +
+ o L p(f" (u) = f7(2)(9(u) — g(x)); 2)| + o |/ (@) L, p(g(u) — g(x); )|
=J1+ Jo + J3, say.
Obviously,
Ji1 = o(n;g), Jo o(n;%) and Js = o(n;%).

Combining these estimates we have

sup |Ly, p(F;z) — F(z)| = o(ns )
z€la’,b’]

Again. since supp F' C [a”,b”], as before F' € Liz(8, p+1;af, bt) and (i) follows.
This completes the proof of the theorem. [

3. Saturation theorems (ordinary approximation)

If f € Dq, the following assymptotic relation for L, , holds:

2p+2

(3.1) Luy(fiz) — f(z) = —<p+1>z f(l) iy — T (=)

QpQy...0p
at any x € RT where f(?712) exists. Moreover, if f(?P12) exists and is continuous on
an open interval containing [a, b], (3.1) holds uniformly in = € [a, b]. This asymptotic

formula indicates a saturation behaviour of the linear combinations L, ,. A more
precise result is as follows:

Theorem 3.1. Letp € N°,f € Dq. If 0 < a1 < as < a3 < bz < by < by < 00 in

the following statements, the implications (i) = (i1) = (iii) and (iv) = (v) = (vi)
hold.

(1) SUDeiay ) 1L, o (F12) — f(@)] = o(ns PF), (s — o0)
(i) f@®PtD € AC[ag,by] and  fPP2 € Lo[as, by

(i) SUD,fag o) [ Lnp(F32) — f(2)] = (n=®FV), (n — o0)
(iV) $UD,e(a, 4] Ln. p(f12) = F(2)] = o(ns P*Y), (s — o0)

(v) fe 0 2ay,by] and Z2p+2 1 )(gc) ' py1 =0, T € [ag, ba]
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(V) SUP,ea, by) [Lnp(fi2) = f(2)] = (nFV), (n — o).

Proof. Assume (i). Let L} denote the operator as defined before . It is clear
from Theorem]1 that f(2PT1) exists and is continuous on each closed subinterval of
[a1,b1]. Then let f* € Co(R™) be such that f* = f on [a}, b] where a; < a} < as
and b; < b} < ba. Then we have

sup [ Ln, p(f*52) = f*(2)] = o(n; #T), (s — o0),

z&fas,b3]
where a] < a3 < ag and bj < b3 < by. Also, we have

sup  nPY Ly, (L5 (f*50);2) — La(f;2)]

wefaz,bj)
= sup PV |LE (L, o (f*50) = f*(u);2)] = o(1)
w€las.bj)

where a3 < aj < az and by < b5 < b5. Hence by the uniformity assertion regarding
(6) we have

2p+2 LEi

> o i1 Ln(F752)

i=1

<M
Cla},b%]

7

where M is a constant. Hence for all n sufficiently large,
[sepnzie i, <0
Cla3,b3]
where M; is a constant. But v2p42 541 # 0. Hence there exists a constant M such
that for all n sufficiently large, there holds

L2(2p+2) iz H
H ( ) Claj,b3]

Thus for all n sufficiently large,LfL(zp +2) (f*; x) are uniformly bounded and hence
belong to Loo[a}, bi]. As Loo[a},b3] is the dual ofLq[af, b5].By weak-compactness
there is an h € Ly [a%, b3] and subset {n;}of {n} such that ng2p+2)(f*; x) converges
to h in weak topology. In particular, for any g € C§°(R*) with supp g C (a3, b5)
we have

b b
/ Ly (1 2)g(x)dw —’/ h(x)g(z)dz (n; — o0).

"
as

But by integration by parts,

b3 b3
/ LECP2) (1% 1) g ) di = / LE, (F2)9 ) ()da
aj aj
Hence,
by b bE
h@)g()de = Tim [ L%, (f:2)g2 (@)de = / £ (2)9*? (2)da
a; 1—00 a:’; a:’;
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for every g as above. Hence D?*’*2f*(t) = h(t) is a generalized function. Thus
Df*Cr+2) (1) = h(t) € Loo[a3, b%], implying that f*(P+1) € AC[ag, by and f*(2P+2) ¢
Loo[ar,b1]. But f = f* on [ag,bs] and (ii) follows.

(#3) = (417) is obvious.

Now, let (iv) hold. Then, proceeding as in the proof of (i) = (i4) we have for
all sufficiently large n

2p+2 .I?i .
Z F'ViJFFlL:z(IL) (f*7 CL‘) = 07 HANS [a§7 b;]
i=1

Thus, if P(D) denotes the differential operator Zfﬂﬂ %%,pHDi and P*(D) its

adjoint, for any g € C§°(R") with supp g C [a}, b5] we have for all n sufficiently
large
b b
0= [ PD)L,(f"2)g(x)dx =/ Ly, (f;2)P*(D)g(x)dx
a3 a3

Taking limit as n — oo, we obtain
3
[ £ @P (Diglads o
a3

Hence, D**2f* € Cla},b3] and P(D)f*(z) = 0,z € [a},b3], and (v) follows since
f = f* on [az,b2]. Thus (iv) = (v).

Lastly, (v) = (vi) follows from the uniformity assertion for (6). This completes
the proof of the theorem. []

4. Inverse and saturation theorems (simultaneous approximation)

The inverse and saturation theorems for the class of continuously differentiable
functions are as follows:

Theorem 4.1. Let m € N and f € Do. If0 < g <2p+2,p € N° and 0 <
a1 < ag < az < by < by < by < oo, then in the following statements the following
implications (1) = (i1) = (iii) hold.

(i) fU exists on [a1,b1] and

sup | LU, (f5) = £ (@)] = o(ns

z€la1,bi1]

5, (s — o),

(ii) If ¢ # [q] (the greatest integer not greater than q), f19+™) ezists and belongs
to Lip(q — [g]; a2, b2) and



24 Bramha Dutta Pandey and B. Kunwar

(iii) If g = [q], f 9=V exists and belongs to Lip*(1;as,bs), and

sup [LG)(fF30) = f(@)| = oln™H),  (n— o).

z€las,bs]

Proof.  Assume (i) and consider the function G*(u) defined in (8) implies that
™) (x) is continuous on each open interval of [a;,b;] and moreover that

(4.1) sup
z€lay by

L*(m)(f;x) _ f(m)(ac)‘ = o(ns_%)7 (S — OO)

ng,p
Next, if f* € CJ*(R") and coincides with f on [a},b3] C (a},b}), it follows that

(4.2) sup

z€la},b}]

L) (f5) = £ (@)] = ol

nesp ) (s —0)

where a} < a§ < az < ba < b5 < b5. But here (4.2) is equivalent to

(4.3)  sup

Ns,p
z€la},b}]

Ly, " 0 )ia) =2 0 (@) = (i F), (s = 00).

Thus, by Theorem 2.1, since f* = f on [ag,bs], we have (i7). Next, assume that
f* € C(R*) which coincides to f on [a3,b5] C (a%,b}) then (u™f*(™)d) ¢
Lip(q —[q]; a3,05) if ¢ # [q] and (u™ f*(™)9=1) € Lip(1;a3,03) if ¢ = [g]. Hence by
Theorem 2.1, if a4 < ay < ag < by < b < b)

q

Loy (™ £ (w); 2) = 2™ 0 (@) = o(n %), (n — o).

sup
z€[ag,b5]

But, this is equivalent to

(4.4) sup

w€(ay by]

LG (F () 2) = £ (@) = o(nh), - (= o0).

Ns,P

Again by the coincidence of f* and g on [a5,b5] and (4.4) we have (iii). This
completes the proof of the Theorem. [

Finally, we obtain an analogue of Theorem 1.2 in simultaneous approximation,
this states

Theorem 4.2. Let m € N,p € NPand f € Dq. If 0 < a1 < as < ag < bz <

by < by < o0 in the following statements the implications (i) = (ii) = (i4) and
(iv) = (v) = (vi) hold.

(1) ™) exists on [a1,b] and

s [L2,(552) = 10 (@)] = oz ), (5 o)
xre|al,br
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(i) fertmH) € ACag, by] and fEPT™T2) € Loglas, bo),

(iii) Supive [a3 ,bg]

L (f32) = £ (@)| = o(n~ @), (n — o)

(iv) £ ezists on [ay,by] and

sup
z€[a1,b1]

L, (fi2) = £ (@)] = o7 ), (s = o)

@O () \ (m
(v) f e o?tm+2(a, by] and fo{z(%)( Yip+1 =0, = € [ag,bo]

(Vi) SUDefaq,bs)

LI (f50) = 1 @)] = o(n=HD), (0 o0)

Proof. The proof of this theorem follows along the similar lines, with some
essential modifications as in the case of Theorems 3.1 and 4.1. [J
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