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SHARP MAXIMAL FUNCTION AND MORREY SPACES
ESTIMATES FOR MULTILINEAR COMMUTATOR OF SINGULAR
INTEGRAL OPERATORS WITH NON-SMOOTH KERNELS *

Shen Ying, Huang Chuangxia and Liu Lanzhe

Abstract. In this paper, we will study sharp maximal function estimates for some
multilinear commutator of the singular integral operators with non-smooth kernels. As
their applications, the boundedness of these operators on Lebesgue spaces and Morrey
type spaces are obtained.

1. Introduction and Notations

Let T be the Calderén-Zygmund singular integral operator, a well known result
of Coifman, Rochberg and Weiss states that the commutator [b, T|(f) = bT(f) —
T(bf) (where b € BMO(R™)) is bounded on LP(R") for 1 < p < co. In [2][4][7][11-
14], the sharp estimates for some multilinear commutators of the Calderén-Zygmund
singular integral operators are obtained. In [3] and [10], the boundedness of the
singular integral operators with non-smooth kernels and their commutators are
obtained. The main purpose of this paper is to study the properties of multilinear
commutator of singular integral operators with non-smooth kernels by means of the
establishment of their sharp maximal function estimates.

First, let us introduce some notations. Throughout this paper, Q@ = Q(x,d)
will denote a cube of R™ with sides parallel to the axes, whose center is x and side
length is d. For a locally integrable function b, the sharp function of b is defined by

1
b# (z) = sup —: / b(y) — beldy,
Qo |Q| 5
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where, and in what follows, by = |Q|™! [ b(x)dz. It is well-known that (see [6])
Q

1
b (z zsupinf—/by — c|dy.
gt M e

We say that b belongs to BMO(R™) if b# belongs to L°>°(R"™) and ||b||gro =
|[b¥|| . For 0 < 3 < 1, the Lipschitz space Lipg(R™) is the space of functions f

such that @) — W)l
N r)— T
||f||L1P5 - zsylelgn |x — ylﬁ

T FY

< 0

Definition 1.1 A family of operators Dy, ¢ > 0 is said to be an ”approximation
to the identity” if, for every ¢ > 0, D; can be represented by the kernel a;(x,y) in
the following sense:

D) = [ ale)f(0)dy
RTL
for every f € LP(R™) with p > 1, and a,(z,y) satisfies:

lar(,y)| < he(z,y) = CE2s(|z =y /1),
where s is a positive, bounded and decreasing function satisfying

lim r"*€s(r?) =0

T—00

for some € > 0.

Definition 1.2 A linear operator 7' is called the singular integral operators with
non-smooth kernel if 7" is bounded on L?(R™) and associated with a kernel K (z,y)
such that

T(f)(x) = / K(z,9)f (s)dy
J

for every continuous function f with compact support, and for almost all  not in
the support of f.

(1) There exists an ”approximation to the identity” {By,t > 0} such that T'B;
has associated kernel k;(z,y) and there exist ¢1,co > 0 so that

| K (z,y) — ke(x,y)|de < ¢ forall y e R".
|z—y|>cit1/2
(2) There exists an ”approximation to the identity” {A¢, ¢ > 0} such that A,T
has associated kernel Ky (z,y) which satisfies
1/q

/|Kt(w7y)|qdy < C2Q7V
Q
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and

1/q

K (2,y) = Ki(z,y)|"dy | < Cr(2¥[x — o)~/
2k |z —xo|<|z—y|<2kt1|z—x0|
if |z —y|> est'/?,
for ¢5 > 0, where {C}} is a sequence of positive constant numbers for each k € N

and (g,q") is a fix pair of positive numbers with 1 < ¢ < oo and 1/¢+ 1/¢' = 1.

Given some locally integrable functions b; (j = 1,---,m). The multilinear
operator associated to T is defined by

For b; € BMO(R™)(j =1,---,m), set

Ibllro = [ ] 1b5llzmo-
j=1
Given a positive integer m and 1 < j < m, we denote by C7" the family of all finite
subsets 0 = {o(1),- - -, 0(j)} of {1 : m} of j different elements For o € CT",
set 0¢ = {1,---,m}\ 0. For b = (b1, - -, by) and o = {o(1),- - -,0(j)} € C™,

bs = (bo(1)** bo(s))s bo = ba(1)-bo(jy and ||bs||Brro = ||bg(1)||BMO |16 () ||BMo-
When b; € Lipg(R"), we have the similar results.

Let M be the Hardy-Littlewood maximal operator defined by

M(p)(e) = sup |712| / F)ldy,
Q

we write that M,(f) = (M(f?))'/? for 0 < p < co. The sharp maximal function
Ma(f) associated with the ”approximations to the identity” {A;,¢ > 0} is defined
by

M) = sp o / F() = Aw, (F)(9)ldy,

where tg = 1(Q)? and [(Q) denotes the side length of Q.

Definition 1.3 For 1 <17 < co and 0 < 8 < n, the fractional maximal operator
Mg, is defined by

1/r

VD) = g0 | [ 170)
Q
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2. Sharp Maximal Function Estimates

Theorem 2.1 Let T be a singular integral operator with non-smooth kernel as
in Definition 1.2. If the sequence {Cj} € I!, then for any 1 < s < oo, there exists
a constant C' > 0 such that for all smooth functions f with compact support, and
any * € R™,

ME(TH)(@) € CM(f)(),a.e.

Proof. Fix a cube Q = Q(zo,d) and & € Q, We write, for fi = fx20 and
f2 = fx2qe,

& [ 1@ - A7) @) o
Q
— ﬁ / IT(f1)(z) + T(f2) () — A, T(f1)(x) — A, T(f2)(2)] da
Q

1 1 1
<@ Z T @det Z AT () @)t Q/ () () Arg T(fo) ()l de

= h+ 1L+ Is.

For I, by the Holder’s inequality and the L*-boundedness of T', we get

1/s
L < (lg / |T<foQ><x>|Sda:)

|
Q
1/s

IN

1 S
c @24 F@)ldy
< oMUPE).

For Iy, Is, when 1/qg+1/¢' =1 and ¢’ < s < o0, by (2) of Definition 1.2, we have

L < ﬁ Z R/ K1) 1 £ ()Xo () ldyda

1/q'

1/q
1 ,
ol / / K, y)|dy / Fldy| e
Q Q Q

1/q
i -1/q q
‘g Q/ 20 Z Fldy|  de

IN

IN
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1/q'
1/ ,
< |f()|* dy dzx
IQI/ 12Q
2Q
1/s
< / o [ 1wl |
- IQI 12Q|
2Q
< (@).
1
I3 < @ | K (z,y) — Ki(z, )| f(y)|dydx
Q 20
<@/ / (K (@) — Ko, )|/ (9)ldyda
Q F=lok e ao|<|o—y| <2k |z—0|
1/q
1 oo
< a/z K (2,y) — Ki(w,y)|dy
Q *=1 \ok|w—wo|<|o—y| <2+ [z —o|
1/q'
x ()| dy dzx
Elz—xo|<|z—y|<2kt1|z—x0|
1/q
1 [ n/d /
< —/ch(2k|x—170|) /e / Lf ()| dy dx
Q) &~
Q(z0, 28+ [z —xz0])

1/q'
< L/ic ! / F@)Pdy | de
= Q) &7 | 1QGo, 25w — o))

Q Q0,25+ [z—0])

1/s
< o [ye : [ ]
S A y)|7dy T

Q1) & | 1QGwo, 25Tz = o))

Q

Q(z0,2k+ | x—x0|)

< CMNE Y G
k=1
< CMy()(@).

This completes the proof of the theorem .

Theorem 2.2 Let T be a singular integral operators with non-smooth kernels as
in Definition 1.2. If the sequence {kCy} € I' and b; € BMO(R") for j =1,---,m,
then for any 1 < s < oo, there exists a constant C' > 0 such that for all smooth
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functions f with compact support, and any € R",

M (To(f)(@) < Cllbllsaro (Ms

HMS

Z )) ,a.e.

ecy

Proof. Fix a cube Q@ = Q(z0,d) and € @, We write, for fi = fx2¢ and
J2 = [x2qes

(e = | [H }K(I,y)f(y)dy
S
- / I, 20) = (b5(s) — (b3)2)] K (,)f )y
= )o K(x
I105(0) - ()0 / o
£ Y () (b(a) — (B)eo)s /<b<y> (0)20)0- K (2.3)  (4)dy
j=1 UEC]”.” Rn
Loy / T1(55() — (b5)20) K (2, 9) £ (4)dy
Rn J=1
and

Rrn J=1

=TIt - ()20) / K, (, 9) f (4)dy
j=1 Rn

3 S ) (b)) Jo)=Br20)oe Kl )1 01y
j:laEC]m Rn

then
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N Z S / (b(y) — (B)2q)o K (2. 9) f1 (y)dy

Rn

C
n /_H K (2, 9) 1 (y)dy

T 05 = (5)20) / Ko 9) f1 (v)dy

j=1

, 20)e [ (o) ~ V0o il ) 1wy
7j=1 G’EC] Rn

[ TI®W - 620Kl A @y
Rn 7=1

11 o) [ (K(w.) = Kalir.y) o)y
Jj=1 Rn

iy )20)s [ (65) = (B)aa)ae (K 2,3) = Kl ) Fa(w)dy
Jj=1 UGCJ Rn

+L f[ Q) (K (z,y) — Ke(x,y)) f2(y)dy

thus
|—Z Tb AtQTb (:Z?)| d:Z?
1 1 1 1
< @ I (z)dx+ @Q/ Ir(z)dz+ @Q/ Is(z)dx+ @Q Iy(z)dx + @Q Is(z)dx

1 1 1
+@Q/16(:17)d17+ @Q/I7($)d$+ mzfg(x)d:c—l— @qlfg(x)d:c

= Lh+DL+Is+I+I5+ I+ I + Is + I,

For I, by the Hélder’s inequality, and the L*-boundedness of T', we get

he & /|H )20) 1T (Fxe0) (@) de
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1/s’ 1/s
m 1 .
< C||b||BMoMs(f)(55)-

For I, by the Minkowski’s inequality, we get

m—1 1
Lo< > —/I(b(I)—(b)zQ)allT((b—(b)zQ)acfXQQ)(x)ldI

= Lo @

i Q
1/s’ 1/s

VA
Q
g
™o
8|~
—
=

~Opalelax| {5 / T (f) (@) *da

j=loeCm 2Q
m—1

< C Z bo || a0 My (T, (f))(2).
j=1 oceC™

Take an sg such that 1 < sy < s < oo. Denote by 1/s; = 1/s9 — 1/s, then
1 < s1 < co. To estimate I3, we use Holder’s inequality and the L*°-boundedness

of T.
m 1/s0
I3 < i/|T H )20)Fx20) (@)% da
q /Ml
Q
m 1/s0
) |Q|/|H 20) || f (@) Xx2q (z)|* dx
Vs 1/s
1 S
< (|2Q|/r[1|b bj)2ql® dm) (m/|f(x)| da:)
2Q 7 50
< ClbllzroM.(f)().

For Iy, when 1/q+1/¢' =1,1/s+1/s' =1 and ¢ < ¢, s < 0o, by Holder’s inequality
and (2) of Definition 1.2, we have

L < |712| Q/ |j1211<bj<w> ~ (by)20) R/ K (. 9) 1 (y)dylde

1/q 1/q

1
< |Q| Hlb balde| | [ [ 1K@l dyda

Q R™
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. 1 , ,
Clitllsao | 1o / ( / [ )|* ) ( / |f(y)|sdy)q/5dx}
L Q 2Q 2Q
i 1/q
= 1
Cllflzaio | 5 / 12Q|~9/%( / If(y)lsdy)q/sd:r]
L Q 2Q

1/s
. 1
Clilovo | g / If(y)lsdy)
2Q

C[b]| a0 M (f)(2).

1/q

IN

IN

IN

IN

For I5, Is when 1/s+1/s; + 1/s2 = 1, we have

I5

N

N

N

IN

IN

IN

Sy 4 / 40) = ) | 166 = @) Vst

=1 UGC’"

1/q'
DS (|Q|/' 'q‘“”)

Jj=1 UGC’"

1/q
CY L ——

Q R"

m—1
Cy> > lbsllpmo

j=1 ceCy*

1/q
1 O VY (N
|Q/(/If@)l dy) (/I(b(y) (b)2Q)oe | dy) ](zéth( ,y)|*2dy) d]

Q2Q

OZ S 1B llsao / b(y) — (b)20)ac | dy) V1 [2Q] /%4 ( / )P dy)?
Jj= IUECJm 2Q
m—1

CS S llmaollboc a0 QI [2Q] 1152 / ()| dy)7
Jj= IUGCJ’"

O||b||BMOMs(f)( )

1/s1 1/s2
1 m
Is < @Q/ (Zé |J1;[1(bj(y) — (by) dy) ( |K:(z,y)] dy)
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1/s
( |f(y)|5dy) da
Q

< Ol 5aro]2Q|/* [2Q| /5 / F)Pdy)
2Q

IN

CI[b]| Baro My(f)(%).

For I7, Ig, Iy, we have

I; < (
(|Q|//
QR
1/q
Cllbl o [ / [ 1K)~ Kelw )l an) [ 15y |dy>q/5dx]

Sl

m 1/q'
/H bj)2q” df”)

1/q
— Ki(z,y)|?| f2(y )|qdydiv)

<
Q 2Q° 2Q¢
q/s’
- 1 s ’
< Clbllsao [@/Z / |K (z,y) — Ki(z,y)|* dy
Q F=1Xk |z —ao|<|o—y|<2F 1z —ao|
ars 1/q
x [ iwrd dx]
Q(wo,2k+ [z —x0])
a/s 1/q

IN

7 1 > —nN S| S
Clllowo |7 [ S20u2Ha = o~ [ vwre| @
QkZI

Q(z0,2FH |z —20])

- 1 = 1 .
C”b”BMO@Z;C’“ Eeeasrery N AU B

Q(zo, 2k |z —10])

IN

IN

C||bl| Baro Mo (f) (%) ZCk

IN

C|[b)| Baro My (f)(E).



I <

N

N

N

IN

IN

IN
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5 a1 /106~ 0l [1006) = @5 = Koo ) ot
Q R
m—1 1 1/q
CZ Z (@/KM@ - (b)zg)glqld:c)
1/q
X (i / / |(b(y) - (b)zQ)gc|q|K(x7y) — Kt(xay)|q|f2(y)|qdyd:c)

m—1 oo
> > lbollzmo [ﬁ/Z / K (z,y) — Ki(z,y)[*2dy
Q

j=1 ocCy E=1\ok |2 — 0| <|z—y| <25+ [z —0|
Q/Sl
X [(b(y) — (b)2@)oe|** dy
\o* o — ol <[yl <25+ o —o]
als 1/q
x / () dy dx]

\o¥ |z —zo| < [a—y| <28+ —azo|

S b, 1 3 Fla — o))"/ — e[t
> ||b0||BMO[|Q|Q/I;Ck(2 |z — o) / (b(y) = (b)2q)oe| ™ dy

j=1 0663" K1Q
q/s 1/q
| [ lswrdy dx]
k+lQ
1/q

el - 1 ,
Y S Wirliowo | g7 [ 1o = aol /s

Jj=1 ceCy Q

X 37 O 2 QP By | maso M ()(7)
k=1

Clbllzaro M (£)(&) Y kCr
k=1

C[b)| Baro My (f)(Z).

q/s2

q/s1
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1/s2
1 1S )
& /> / (K (e, y) — Kol )| dy
Q F=1 \gk(o—ao|<|a—y| <2+ [a—ao|
1/s1
” / H 16 (y) — (bj)2q|™ dy
\et o —ao|<lo—y|<25+1|a—rg| =1
1/s
x / Sy |
2k o —o| <|z—y| <25+ o —a0|
1/s1
1 & o
_/ch(2k|x—x0|) n/sh / H|b 2Q| 'dy
Q) & 1
Q k+1Q Jj=
1/s
| [ |

2k+1Q

Q / |z — 2|~ "/Szd:czckz kn/s2 | M1 QY52 ||| aro M (f)(%)

=1
C|lbl| Baro ML (f)(E) chk

C|b]| Baro M (f)(%).

This completes the proof of the theorem .

Theorem 2.3 Let T be a singular integral operators with non-smooth kernels
as in Definition 1.2. If the sequence {C)} € ! and b; € Lipg(R") for j =1,---,m
with 0 < 8 < 1, then for any 1 < s < oo, there exists a constant C' > 0 such that
for all smooth functions f with compact support, and any = € R",

ME(Ty())(@) < Clbl Lipy Ming,s(f)(E), ae.

Proof. Fix a cube Q@ = Q(z0,d) and € @, We write, for fi = fx2¢ and
f2 = fx2qe, same as in Theorem 2.2, we write

<

QI / ITo(1)(@) = A To(f) ()] de

1 1 1
@zll(x)dx—i—@Q/Iz(:v)d:v—i-@q)/lg(x)dfc—k @Zl4(w)dw
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+r§2|/15(x)dx+rclm/lg(x)d:v—i-ra/b(x)dx
Q Q Q
1 1

= i+ h+Js+i+J5+ s+ Jr+ Js + Jo.

Holder’s inequality gives that

1/s
. s [ 1 .
Bl @ | 7 [ M) ds
Q
1/s
. 1 .
< ClbllLips W/U(yﬂ dy
2Q
< Cllbl|Lipy Ming,s(f)(2).

For Jy, let n,n' be the integers such that n+n" =m, 0 <n <m, 0 <y’ <m. By
using the Holder’s inequality, the weighted boundedness of T on L™ we get

nCY Y & (@ﬂ ~bag)a | dr /rr (b=bag)o- Fraq)(@) [ da
1

1/s

j=loecm
1/s

<03 3 [ 106 - bag)l e / (b(0)~bag)a £ (1) *dy
]:10€Cm|Q|
Q
1/s
< S Bl QIR IR o Q15 / F)ldy
2 |c2|
Q

IN

C||b||szg mp, S(f)(‘/z.)

For Js, by Hélder’s inequality, we have
1/s

Js < ﬁ Z'T(]Ul(bj — (0j)20) fx2q)(x)|*dx QI'*

1/s
O m
< Siops / T b5 @) — B5)s0)f () °dy
Q )
1/s
1-1/s s
< |Q||Q| 1Bl 21y, QI Z F)Pdy
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< C||b||Lz;Dg mp, S(f)(j)

For Jy, Js and Jg, by Holder’s inequality and (2) of Definition 1.2, we have

Jy

Js

Je

IN

IN

IN

N

IN

IN

N

IN

1 m
@Q/|J1:[1(bﬂ(x> - (bj)2Q)R[ Ki(x,y) fx2q(y)dy|dx

s fres) (o)

mo 1 /s
Bl ams QI 2| / F)Pdy | de
Q

C11b|ip, | QI

IQI

CIIbIILzm mﬁs(f)(f)

o /| b)s0) |/| b))l | )1 )y
j= 1 UeCm
ms 1
OS5 Wl 5y [ [ el
j=1 UGCm Q Rn
1/s 1/s
mﬁ 1 s’ s
ClBlln 01 g7 [1iewlar] | [lrwra)|
Q Q

C1B| i, mﬁs(f)(ff)-

0||b||um|c2|7@ / / Ko )| () | dyde
Q R»

ClIB|ips Ming.s () (@)-

For J;, Jg and Jo, let 1,1 be the integers such that n+1n" =m, 0 <n <m, 0 <
7 < m, we have

J: gﬁ Q/ |jr:[l<bj<x> — (b;)20) R/ K (2,y) — Koo, 9)|| foly)|dyda

1/s’
7 mp 1 = s’
< COb]|Lips Q™ @/Z / |K (2, y) — Ki(z,y)|"dy
k=1 kz—mo|<|z—y|<2k+1|z—m0|
1/s
x / F)ldy | do

kle—zo|<|z—y|<2kt|z—x0]
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1/s
N mB 1 - —n/s s
< CO|[Bl|ipy |QI S @/ch(2k|f—$o|) / / F)Pdy | de
Q k=1 Q (0,254 [z —x0|)
. 1 i -
< Cllleans 5 [ S Cul2 Q)%
Q) &
Q
1/s
! F@)fdy | d
X
1Q (0, 25 [z — ao)] v
Q(xo,2F [z —x0])
< Ol ip Munso(F)(3) 3 Ci
k=1
< C||g||LiPﬁMmﬁ75(f)(‘%)'
m—1 1
K< ¥ Y o [ 1060 - @)
j=1 UGC;-" Q
x / (6(y) — (B)ag)oe 1K (@,y) — Kole,y)|foy)ldyde
Rn
m—1
<Y S WBollbins 5 — 2016 |1ins
j=1 ceCm
1 ,
< [ [ o=l K wy) ~ Kutw )l foo)ldyda
Q Rn
l/s/
- 1 [ o
< Cllllus g [ 2 / K (a,) = Ko, o)| " dy
Q F=1 \okjo—go|<|z—y| <25+ |z—a0|
1/s
% (2 |z — o)™ / F)ldy | de
klo—zo|<|z—y|<2kt|z—z0|
N 1 © ms
S UO||b||L1pB@/ZCk|2k+1Q| n
Q k=1
1/s
1 S
F)ldy | de

|Q (o, 25+ & — o)
Q(wo, 28 [w—wol)

IN

ClIBl|ipa Mins,s (£)(&):
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- 1
To < Clflsiny 7 [ [ 1y =20 1K .) = KoL o)y
Q R»

1/s
- 1 [ o
< Ollbll“"’ﬂ@/z / K (2, y) — Ki(z,y)|” dy
Q@ P \erjo—ao| <Ja—y|<2+1|o—ao|
1/s
< (24 — o))" / fWPdy| o

2k |z —zo|<|z—y| <2kt |z —120]|
< C”b”LipﬁMmﬁ,s(f)(‘%)'

This completes the proof of the theorem .

3. Applications

3.1. Boundedness on Lebesgue Spaces

Lemma 3.1(see [3][10]) For any v > 0, there exists a constant C' > 0 indepen-
dent of v such that

[{w € R : M(f)(x) > DA, MF (f)(2) < YA} < Chl{w € R™ : M(f)(x) > A}
for A > 0, where D is a fixed constant which only depends on n. So that

1M ()l < CHME (f)]|r

for every f € LP(R"),1 < p < 0.

Lemma 3.2(see [6]) The fractional maximal operator Mg , is bounded from
LP(R™) to LP(R™), where 0 < B <n,r <p<mn/B, and 1/qg=1/p— 3/n.

Theorem 3.1 Let T be a singular integral operator with non-smooth kernel as
in Definition 1.2. If the sequence {kCy} € I! and bj € BMO(R") for j =1,---,m,
then T is bounded on LP(R") for any 1 < p < oo, that is

IT5(f)l|r < CliBllmarolIf e,

where C' > 0 is independent of f.

Proof. Choose 1 < s < p in Theorem 2.2 and by using Lemma 3.1, We first
consider the case m = 1, we have

ITo(F)llLr < IM(To(F)]]zr < ClIME (To(f))]]
Cllbllzaro (IIMs(f) + My(T(F))]1£2) < Clbllsaro (1f]1ee + IT()]]zr)

<
< Olbl[sarol ] e
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When m > 2, we may get the conclusion of Theorem 3.1 by induction. This finishes
the proof.

Theorem 3.2 Let T be a singular integral operators with non-smooth kernels
as in Definition 1.2 and the sequence {Cj} € It If 0 < 3 < 1, b= (b1, ,bm)
with b; € Lipg(R™) for 1 < j < m, then T} is bounded from LP(R™) to LY(R") for
l<p<n/mBand1/p—1/q=mp/n, that is

T ()l e < ClIbl|Lips 1 f]] 2o,
where C' > 0 is independent of f.

Proof. By using Lemma 3.2 and the boundedness of T', we have

ITo(A)llee < [M(To(f)lLe < ClIME(To(f))l| Lo
< ClIbl|Lips [|Mimg,s(f)]]Ls
< Ollfllce.

This complete the proof.

3.2. Boundedness on Morrey Type Spaces

The estimates for sharp maximal functions can be applied to obtain the bound-
edness properties not only on Lebesgus spaces, but also on Morrey type spaces.

Morrey spaces have been great value through the years in studying the local
behavior of solutions to second elliptic partial differential equations. For the bound-
edness of classical singular integral operators on Morrey spaces, referring to [1][5].

Definition 3.1 A function f € L} (R") is said belong to the classical Morrey
space MJI(R"), 1 <p < q < oo, if

1
P

1_1
IIfIIMg=BsuE |B|a~» /lf(:v)|”d;v < 0.
y 8
B

Definition 3.2 For a general positive function ¢ on R™ x R, the generalized
Moerry space LP'% with 1 < p < oo is defined as follows:

LPP(R") = {f € Li,o(R"), [|f||Lre < +00},

loc

where
1/p

e = sw | — [ 1wPay

xER™,r>0 QD(I,’I”
B(z,r)

Lemma 3.3(see [8]) Let ¢ be a positive function on R™ x R and there exists
a Cy satisfying 0 < Cy < 2™ such that

o(x,2r) < Cop(x,2r) for all x € R™,r > 0. (3.1)
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If 1 < p < oo, then
1M fllLee < |IfllLoe and [|Mfllzee < |[f#]|Loe,

where C' is independent of f.
Lemma 3.4(see [9]) Let ¢1 be a positive function on R™ x RT. Suppose 0 <

a<n 1<l<p <n/a,1/ps =1/p1 —a/n and cp;/m = cp}/pl. If there exists
0 < Cy < 2"1/P2 such that (3.1) holds for ¢; and C4, then

IMa,1fllLezez < Cllf|lLrven,

where C' is independent of f.

Theorem 3.3 Let T be a singular integral operators with non-smooth kernels
as in Definition 1.2 and the sequence {Cy} € ['. If ¢ is a positive function on
R™ x R* such that (3.1) holds and 1 < p < oo, then T is bounded on LP*?(R"™).

Proof. For 1 < p < oo, there exist an s such that 1 < s < p. It follows from
Theorem 2.1 that

NTfllpoe < |IM(TF)||oe < CME(TF)]| Lo
< CUM(f)l|Lre = CHIMALIYS..
< CUIPILE .. = CllfllLoe.

This completes the proof of the theorem

Theorem 3.4 Let T be a singular integral operators with non-smooth kernels
as in Definition 1.2 and the sequence {kCj} € I'. If ¢ is a positive function on
R™ x RT such that (3.1) holds, 1 < p < co and b; € BMO(R") for j =1,---,m,
then T} is bounded on LP¥.

Proof. Taking an s such that 1 < s < p. By Theorem 2.2 and Theorem 3.3,
when m = 1, we have

IT(Dlrs < M ane < CIME T 0
< Clibllso (IMo(T )|z + [ M()llzoe)
< Clibllsaio (IMATS s +IMASIIIS..)
< Clbllasio (LA + 1AL )
< Clbllzao (1T fllire + 111 lzrs)
< Clibllsoll e

When m > 2, we may get the conclusion of Theorem 3.4 by induction. This finishes
the proof.

Theorem 3.5 Let T be a singular integral operators with non-smooth kernels
as in Definition 1.2 and the sequence {Cx} € I*. If ¢; is a positive function on
R" x Rt and 0 < 3 < m, b; € Lipg(R") for j = 1,---,m, 1 < p1 < n/mf,
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1/ps = 1/p1 — mB/n and goé/pz = cpypl, and there exists 0 < C; < 2"P1/P2 guch
that (3.1) holds for ¢ and C1, then T is bounded from LP*#1(R™) into LP2#2(R").

Proof. For 1

from Theorem 2.

I To ()| Loz e

This finishes the

4.

10.

11.

12.

13.

< p1 < n/mf, there exist an s such that 1 < s < py. It follows
3, Lemma 3.4 and Theorem 3.3 that

< IM(Ty(£))]| revee < C|| M (Ty(£))]| Lr2-w2
< CHbHLiPﬁ (||Mmﬁ,s(f)||LP2wP2)
< C||b||LiPB||f||LP1#’1.

proof.
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