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A MULTI-STEP CURVE SEARCH ALGORITHM IN NONLINEAR
OPTIMIZATION: NONDIFFERENTIABLE CONVEX CASE

Nada I. Duranovié¢-Mili¢i¢ and Milanka Gardasevié-Filipovié

Abstract. In this paper a multi-step algorithm for minimization of a nondifferentiable
function is presented. It is based on the results from [5] and [6]. The algorithm uses the
Moreau-Yosida regularization of the objective function and its second order Dini upper
directional derivative. This method uses previous multi-step iterative information and
curve search to generate new iterative points. It is proved that the algorithm is well
defined, as well as the convergence of the sequence of points generated by the algorithm
to an optimal point. An estimate of the rate of convergence is given, too.

Keywords. multi-step, Moreau-Yosida regularization, unconstrained non-smooth con-
vex optimization, second order Dini upper directional derivative.

1. Introduction

The following minimization problem is considered:

(1.1 min f(x)
where f : R" — RU {400} is a convex and not necessary differentiable function with
a nonempty set X* of minima.

For nonsmooth programs, many approaches have been presented so far and they
are often restricted to the convex unconstrained case. It is reasonable because a
constrained problem can be easily transformed to an unconstrained problem using
a distance function. In general, the various approaches are based on combina-
tions of the following methods: subgradient methods; bundle techniques and the
Moreau-Yosida regularization.

For a function f it is very important that its Moreau-Yosida regularization is a new
function which has the same set of minima as fand is differentiable with Lipschitz
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continuous gradient, even when f is not differentiable. In [13], [14] and [23] the
second order properties of the Moreau-Yosida regularization of a given function f
are considered.

Having in mind that the Moreau-Yosida regularization of a proper closed convex
function is an LC' function, we present an optimization algorithm (using the second
order Dini upper directional derivative (described in [1] and [2])) based on the
results from [5]. That is the main idea of this paper.

We shall present an iterative algorithm for finding an optimal solution of problem
(1.1) by generating the sequence of points {x} of the following form:

(1.2) Xen = Xp+ s+ ade k=0,1,...,5#0, dc#0

where the step-size a; and the directional vectors s and di are defined by the
particular algorithms.

Paper is organized as follows: in the second section some basic theoretical pre-
liminaries are given; in the third section the Moreau-Yosida regularization and its
properties are described; in the fourth section the definition of the second order Dini
upper directional derivative and the basic properties are given; in the fifth section
the semi-smooth functions and conditions for their minimization are described.
Finally in the sixth section a model algorithm is suggested and its convergence is
proved, and an estimate rate of its convergence is given, too.

2. Theoretical preliminaries

Throughout the paper we will use the following notation. A vector s refers to

T
a column vector, and V denotes the gradient operator i, i, e, i . The
dx1’ dxy ax;,
Euclidean product is denoted by (:,-) and || - || is the associated norm; B(x, p) is

the ball centred at x with radius p. For a given symmetric positive definite linear
operator M we set (-, -)p = (M-, -); hence it is shortly denoted by ||x||§/I = (X, X)M.
The smallest and the largest eigenvalue of M we denote by A and A respectively.
The domain of a given function f : R" — RU {+c0} is the set dom(f) = {x € R"| f(x) <
+oo}. We say that f is proper if its domain is nonempty.

The point x* = argmin, ., f(x) refers to the minimum point of a given function
f:R" = RU {+oo}.

The epigraph of a given function f : R" — R U {+oco} is the set epif = {(a,x) €
RxR" a > f(x)}. The concept of the epigraph gives us a possibility to define
convexity and closure of a function in a new way. We say that f is convex if its
epigraph is a convex set, and f is closed if its epigraph is a closed set.

In this section we will give the definitions and statements necessary in this work.
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Definition 2.1. A vector g € R" is said to be a subgradient of a given proper convex
function f : R* = R U {+o0} at a point x € R" if the next inequality

(2.1) f@ > fx)+g" - (z—x)

holds for all z € R". The set of all subgradients of f(x) at the point x, called the
subdifferential at the point x, is denoted by Jf(x). The subdifferential Jf(x) is a
nonempty set if and only if x € dom(f).

For a convex function f it follows that f(x) = max,er:{f(z) + g7 (x — 2)} holds, where
g € df(2) (see [7]).

The concept of the subgradient is a simple generalization of the gradient for non-
differentiable convex functions.

Lemma 2.1. Let f : S — R U {+o0} be a convex function defined on a convex set S € R",
and x’ € intS. Let {x} be a sequence such that x, — x’, where X1 = Xi + €Sk + eidk,
k=0,1,...,5¢#0,dx #0, &k >0, &g = 0and sy — s, dy — d and gy € df (xx). Then all
accumulation points of the sequence {gy} lie in the set df (x').

Proof. Since gi € df(x;) then the inequality f(y) > f(x) + gf - (v — xx) holds for
any y € S. Hence, taking any subsequence for which gr — ¢’ it follows that
f(y) = f(x')+gT - (y - x'), which means that ¢’ € df(x'). O

Definition 2.2. The directional derivative of a real function f defined on R" at the
point x” € R" in the direction s € R", denoted by f’(x’,s), is

fO& +t-5) = f(X)
t

2.2 "(x',8) = 1i
(22) f,5) = lim
when this limit exists.

Hence, it follows that if the function f is convex and x” € dom f, then

(2.3) f +t-8)=f(x)+ - f/(x7,8)+o(h)
holds, which can be considered as one linearization of the function f (see in [8]).
Lemma 2.2. Let f : S — R U {+o0} be a convex function defined on a convex set S € R",

and x’ € int S. If the sequence x — x’, where xi = x" + &Sk, € > 0, e = Oand s — s
then the next formula:

@4 i

holds.

Proof. Seein [9] or [17]. O
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Lemma 2.3. Let f : S — R U {+00} be a convex function defined on a convex set S C R".
Then df(x) is bounded for Vx € B C int S, where B is a compact.

Proof. Seein [10] or [12]. O
Proposition 2.1. Let f : R" — R U {400} be a proper convex function. The condition:

(2.5) 0 € df(x)

is a first order necessary and sufficient condition for a global minimizer at x € R". This can
be stated alternatively as:

(2.6) Vs e R", sl =1 max sTg>0.
gedf(x)

Proof. See[16]. O

Lemma 2.4. If a proper convex function f : R" — R U {+oo} is a differentiable function
at a point x € dom(f), then:

(2.7) 9f(x) = (Vf(x)}.
Proof. The statement follows directly from Definition 2.2. O

Lemma 2.5. Let f;: R* = RU {400} forie (1,2,...,n},n € N be convex functions, and
f(x) = maXieq1,0,..n) fi(x). Then the function f is a convex function, and its subgradient at
the point x € R", i.e. g € df(x) is given as follows:

2.8) g= {Z Aigi

iel

ZAi:l’ Ai>0, gi€dfi(x) for ief}

iel
where 1 is the set T = {i € I| f(x) = fi(x)}.
Proof. Seein [7]. O

Definition 2.3. The real function f defined on R" is LC! function on the open set
D C R" if it is continuously differentiable and its gradient Vf is locally Lipschitz,
ie.

(2.9) IVf(x) =Vl < Llix -yl for x,ye€D

for some L > 0.
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3. The Moreau-Yosida regularization

Definition 3.1. Let f : R" — R U {+0c0} be a proper closed convex function. The
Moreau-Yosida regularization of a given function f, associated to the metric defined
by M, denoted by F, is defined as follows:

(3.1) o) = min{ 7o) + 31y~ o,

The above function is an infimal convolution. In [18] it is proved that the infimal
convolution of a convex function is also a convex function. Hence the function
defined by (3.1) is a convex function and has the same set of minima as the function
f (seein [8]), so the motivation of the study of Moreau-Yosida regularization is due
to the fact that minyeg+ f(x) is equal to minyeg: F(x).

Definition 3.2. The minimum point p(x) of the function (3.1):

(32) p(x) = argmin, . {£0) + 3y — 1,

is called the proximal point of x.

Proposition 3.1. The function Fdefined by (3.1) is always differentiable.
Proof. Seein [8]. O

The first order regularity of F is well known (see in [8] and [13]): without any
further assumptions, F has a Lipschitzian gradient on the whole space R". More
precisely, for all x1, x, € R” the next formula:

(3.3) IVF(x1) = VF(x2)II* < A(VF(x1) = VF(x2), x1 = x2)
holds (see in [13]), where VF(x) has the following form:
(3.4) G = VF(x) = M(x - p(x)) € If(p(x))

and p(x) is the unique minimum in (3.1). So, according to above consideration and
Definition 2.3, we conclude that F is an LC' function (see in [14]).

Note that the function f has nonempty subdifferential at any point p of the form
p(x). Since p(x) is the minimum point of the function (3.1) then (see in [8] and [13]):

(3.5) p(x)=x—M"'g where gedf(p(x)).

In [13] it is also proved that for all xq, x, € R" the next formula:

(3.6) lIp(x1) = pe2)llfy < (M(x1 = x2), p(x1) = p(x2))

is valid, namely the mapping x — p(x), where p(x) is defined by (3.2), is Lipschitzian

with constant n (see Proposition 2.3. in [13]).
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Lemma 3.1. The following statements are equivalent:
(i)x minimizes f; (i)p(x) = x; (iii))VF(x) = 0;
(iv)x minimizes F; W) f(p(x)) = f(x); (Vi)F(x) = f(x).
Proof. Seein [8] or [23]. O

4. Dini second upper directional derivative

We shall give some preliminaries that will be used in the remainder of the paper.

Definition 4.1. [22] The second order Dini upper directional derivative of the function
f € LC! at the point x € R" in the direction d € R" is defined to be

. . [Vi(x+ad) = V()] -d
,d) =1 .
b (x,d) m;lsoup "

If V£ is directionally differentiable at x;, we have that

[Vf(x + ad) = VI -d
(04

b, d) = f7 (xx, d) = 1;?01
for all d € R".

Since the Moreau-Yosida regularization of a proper closed convex function f is an
LC! function, we can consider its second order Dini upper directional derivative at
the point x € R" in the direction d € R". Using (3.4) we can state that:

Fi(x,d) = limsup A d,
alo o

where F(x) is defined by (3.1) and g1 € df(p(x + ad)), g2 € If(p(x)).

Lemma4.1. Let f : R" — R be a closed convex proper function and F is its Moreau —
Yosida reqularization. Then the next statements are valid.

(i) Fpy (e, kd) = K2F7) (xi, )
(ii) Fp(xi, d1 + da) < 2(F(xk, d1) + Ffj(xx, d2))

(iii) [F7 (e, d) < K- ||d||2, where K is some constant.
Proof. Seein [22] and [2]. O

Lemma4.2. Let f: R" — R be a closed convex proper function and let F be its Moreau
— Yosida regularization. Then the next statements are valid.

(i) F}5(x,d) is upper semicontinuous with respect to (x,d), i.e. limsup, ,  F/(x;,d;) <
Fi(x,d) when (x;,d;) — (x,d)
(ii) Ff(x, d) = max{d"Vd| V € 0*F(x)}.

Proof. Seein [22] and [2]. O
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5. Semi-smooth functions and optimality conditions

Definition 5.1. A function VF : R" — R" is said to be semi-smooth at the point

x € R" if VF is locally Lipschitzian at x € R" and the limit }m} {Vh}, V € 9*F(x + Ah)
ALO

exists for any 4 € R"™.

Note that for a closed convex proper function, the gradient of its Moreau-Yosida
regularization is a semi-smooth function.

Lemma 5.1. [22]: If VF : R" — R" is semi-smooth at the point x € R" then VF is
directionally differentiable at x € R" and for any V € 0*F(x + h), h — 0 we have:
Vh — (VF) (x,h) = o(||hll). Similarly we have that hT VI — F(x, h) = o(||h|[?).

Lemma 5.2. Let f : R" — R be a proper closed convex function and let F be its Moreau-
Yosida reqularization. So, if x € R" is solution of the problem (1.1) then F'(x,d) = 0 and
Fi(x,d) >0 foralld € R".

Proof. Seein [6]. O

Lemma5.3. Let f : R" — R be a proper closed convex function, F its Moreau-Yosida
regularization, and x a point from R". If F'(x,d) = 0 and F/(x,d) > 0 for all d € R", then
x € R" is a strict local minimizer of the problem (1.1).

Proof. Seein [6]. O

6. A model algorithm

In this section an algorithm for solving the problem (1.1) is introduced. We suppose
that at each x € R" it is possible to compute f(x), F(x), VF(x) and F}(x, d) for a given
deR".

At the k-th iteration we consider the following problem
6.1) min®y(d),  Du(d) = VF)"d + 5 (xi, )
eR”

where F(x,d) stands for the second order Dini upper directional derivative at
X in the direction d. Note that if A is a Lipschitzian constant for F it is also a
Lipschitzian constant for VF. The function ®k(d) is called an iteration function. It
is easy to see that ®,(0) = 0 and ®k(d) is Lipschitzian on R".

We generate the sequence {x;} of the form xy,1 = xk+aksk+aidk, where the directional
vectors s, and dy are defined by the particular algorithms called Direction vector
rule 1 and 2, and the step-size ay is defined by the particular algorithm called Curve
search rule.
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We suppose that at the k-th iteration, there is an index set Iy = {1, 2,...,k}, and we
store information as a bundle By = {(x;, f(xi), gi)| i € I} i.e a set of triplets indexed
by Ii consisting of the generic point x;, the value f(x;) of the objective function f at
the point x;, and an arbitrary subgradient g; € df(x;). Each triplet in the bundle By
defines one linearization f;(x) of the objective function given as

fix) = f(xi) + g (x — x1),

where i € I;. If f is a convex function then f(x) = max.er:{f(z) + g7 (x — z)} holds,
where g € Jf(z). Hence, we have that the function

3 — . — , Tin _ o
Ji(x) = {Q;ﬁg}gﬁ(x) = g;gg{f(xz) +g; (x = xi)}

(which is, in literature, known as a cutting plane function) is a good approximation
of the function f. It is easy to see that f(x) > frs1(x) = fi(x) hold for all x € R,
Function f;(x) is a polyhedral function (piecewise linear function) and hence it is a
closed convex function. More than that, f;(x) could be considered as a composition
of the linear functions, i.e. maxo<i< fi(x). If g€ d ﬁ(x) then since ﬁ(x) is a polyhedral
function according to Lemma 2.5 we have that § = }.,;; Aigi, where [y = {i €
Ii| ﬁ(x) = fix)} and g; € df(x;), i € fk, Zidk Ai =1, A; >0, ie. §is a convex
combination of the subgradients from the bundle By.

Lemma 6.1. Let f : R" — R be a proper closed convex function, {xi} is a sequence of
points from R" and g; € f(x;). Let

<1

filw) = max fi(x) = max{ f(x) + g7 (x = x1)}
be a polyhedral function. If § € dfi(x) then § € df(x) for any x € R".

Proof. Let g € dfi(y) for some y € R". Then by Definition 2.1 the inequality

fe@) > fly) + 4" (x - y)

holds for any x € R". If we suppose that § ¢ Jdf(y) then by Definition 2.1 the next
inequality f(x) < f(y) + §7(x — y) holds for any x € R". So, we get that

@) = f(y) < §"(x = y) < fi2) = fi(y)

hold, and hence f(x) — fi(x) < f(y) — fi(y). Since f(x) > fis1(x) > fi(x) hold for all
x € R" then from f(x) - ﬁ(x) < f(y) - ﬁ(y) it follows that f(y) < ﬁ(y) holds for some
y € R" which contradicts f(x) > ﬁ+1(x) > ﬁ(x) forallxe R". O

Algorithm. Let0 < p <1,0 <0 <1,x; € R", and € and u be real positive numbers
small enough, k:=1and Iy = @, Bp = @.
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Step 1. For a given xi calculate fy = f(xx) and gx = g(xx). Set Iy = {k} UIi_1\Sk, where
Sk =1{i € Ikl llxi — xill > p}. Set By = {(xi, f(xi), gi)l i € Ik}

Step 2. If ||gkll < € then STOP; else solve the problem min ||Ziefk /\ig,-” such that
Yiei Ai =1,A; > 0where Iy = {i € Il fu(x) = fi(x)}, fe(x) = maxocice! f(x:) + g7 (x = x;)}
and g; € df(x;), i € Iy and denote by Agk) its solution. If ||Ziejk Az(.k) giH < ¢, then stop.
Otherwise go to step 3.

Step 3. Set xj41 = X + aysi(ax) + aidk(ak), where «y is selected by the Curve search
rule, and si(a) and di(ax) are computed by the Direction vector rules 1 and 2. For
simplicity we denote si(ax) by sk, di(ak) by di and g(xx) by gx.

Curve search rule:

Choose a; = ¢'®, 0 < g < 1, where i(k) is the smallest integer from {0,1,2,...} such
that

) ) . 1, ”
62  F)—Fex+qYsc + ¢ Od) > 0 (—q%{ sk + 50" Fp(; dk>).

Direction vector rule 1:

*

s k<m-1
g+ Y, ai‘lpisk_i+1] k> mk

se(a) = { _ [(1 _ym, ai—lp;{)

where m = card I, m > 1,

; pllgill?
pk = 5 T 7
(m = D[llgill + g7 sicial]

i=2,3,...,m,

and s} # 0, k <m — 1is any vector satisfying the descent property g/s; < 0.
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Direction vector rule 2.

The direction vector d;, k < m — 1, presents a solution of the problem (6.1) and

d; k<m-1
— k7
a@) = { YA k> m.
Step 4. Setk:=k+1, go to step 1.
We make the following assumptions.

Al. We suppose that there exist constants c; > ¢; > 0 such that clldI? < Fp(xx, d) <
c2lld||? hold for every d € R"™.
A2 |ldi]l=1and |lsi]|=1,k=0,1,...

Lemma 6.2. Under the assumption Al the function @k(-) is coercive.
Proof. Seein [6]. O

Remark 6.1. Coercivity of the function @(-) assures that the optimal solution of the problem
(6.1) exists (see in [23]).

Proposition 6.1. If the Moreau-Yosida regularization F(-) of the proper closed convex
function f(-) satisfies the condition Al, then:

(i) the function F(-) is uniformly and, hence, strictly convex;

(ii) the level set L(xg) = {x € R" : F(x) < F(xo)} is a compact convex set, and
(iii) there exists a unique point x* such that F(x*) = minyey ) F(x).

Proof. Seein [6]. O

Lemma 6.3. The following statements are equivalent:

(i) d = 0 is globally optimal solution of the problem (6.1)

(ii) O is the optimum of the objective function in (6.1)

(iii) the corresponding xy is such that 0 € df(xy)

Proof. Seein [6]. O
Lemma 6.4. For a € [0,1] and all k > m, we have g s(cr) < —(1 = p)llgxll*.
Proof. >From Direction rule 1 we have for k > m that:

9k = 9y {— [[1 - ai‘lpﬁ;]gk 3 ai‘lviSk—ml} =
i=2

i=2

1 5 .
= gl + P19 g i 1P s
m=15 g +1ggsiinl
TS M
= ~llgull® + PIFHT N i since glsk i1 <0) = —llgel + plgl? 1-at ot

m—1 4 m-—1 1-
i=1

where the last inequality holds by assumptions. [
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1- m—1
(From assumptions « € [0,1] and m > 1 it follows that a"™ < a, a% < land
1

m—1
Convergence theorem. Suppose that f is a proper closed convex function and F is

its Moreau-Yosida regularization, and the assumptions Al and A2 hold. Then for
any initial point xo € R", x;y — X, as k — co, where ¥ is a unique minimal point.

<1)

Proof. 1f di # 0isasolution of (6.1), it follows that ®(dy) < 0 = Pi(0). Consequently,
we have by assumption A1 that

1., 1
(6.3) g(xe)Tdi < _EFD(xk} di) < —§C1||dk||2 <0,

i.e. dy is a descent direction at xifor the function F. From (6.2), A1 and Lemma 6.4
it follows that

; 1 s
64) F(xx) = F(xgi1) = 0 —ql(k)gzsk + §q4’(k)FD(xk; dp)| >
> ¢ Vo1 - p)lgil? + 4" Veslldil? > 0.

Hence {F(xx)} is a decreasing sequence and consequently {x;} C L(xg). SinceL(x¢) by
Proposition 6.1 is a compact convex set, it follows that the sequence {x;} is bounded.
Therefore there exist accumulation points of {x;}. Since the gradient G = VF is by
assumption continuous (because F € LCY), then, if G, = VF(xy) — 0as k — oo, it
follows that every accumulation point  of the sequence {x;} satisfies G = VF(¥) = 0
and hence by Lemma 3.1 follows that X is the minimum point of the function f.
Since F by Proposition 6.1 is strictly convex, it follows that there exists a unique
point ¥ € L(xo) such that G = VF(¥) = 0. O

Hence, {x¢} has a unique limit point ¥ and it is a global minimizer. Therefore we
have to prove that Gy = VF(xx) — 0 as k — oo. There are two cases to consider.

a) The set of indices {i(k)} for k € Kj, is uniformly bounded above by a number I,
i.e. i(k) < I < oo for k € Ky. Consequently, from (6.2) and (6.4) and since g(xx) sy <0
and F,(x; dy) > 0 it follows that

; 1 g
F) = Fl@an) > 0|~ 0gTse + 3450 (oo )| >

1 4 O 4
63) > o|-ggls+ 50 Fowido]| > do1 - pllgdP + SgUFpxiodo.

Since {F(xx)} is bounded below (on the compact set L(x()) and monotone (by (6.4)),
it follows that F(x;;1) — F(xx) — 0 ask — oo, k € Ky. Hence from (6.5) it follows that
llg(xp)ll = 0 and F}(xx, dx) — 0, k — oo, k € Ky.

b) There is a subset K, C Kj such that limy_,, i(k) = oo.
This part of proof is analogous to the proof in [6].
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In order to have a finite value i(k), it is sufficient that sy and d; have descent
properties, i.e.g(xx) sy < 0 and g(x)Tdr < 0 whenever g(x;) # 0. The first relation
follows from Lemma 6.4 and the second follows from (6.3). At a saddle point the
relation (6.2) becomes

1 v
(66) Ft) = Flxien) > 0| 3450, s do)
In that case by Lemma 6.3 dy # 0 and hence, by Al it follows that P}'D(xk; dx) > 0; so

(6.6) clearly can be satisfied.
Convergence rate theorem. Under the assumptions of the previous theorem we have

that the following estimate holds for the sequence {x;} generated by the algorithm.

-1
) o F(xr) — F(xgs1)
F(xa) = F(%) < o [1 TP L Wl '

n=1,2,...where ug = F(xg) — F(X), and diamL(xo) = 1 < oo since by Proposition 6.1
it follows that L(x) is bounded.

Proof. The proof directly follows from the Theorem 9.2, page 167 in [11], since the
assumptions of that theorem are fulfilled. [

CONCLUSION

The algorithm presented in this paper is based on the algorithms from [21], [5] and
[6]. The convergence is proved under mild conditions. This method uses previous
multi-step iterative information and curve search rule to generate a new iterative
point at each iteration. Relating to the algorithm in [21], the presented algorithm is
defined and converges under weaker assumptions than the algorithm given in [21].
Relating to the algorithm in [5], the presented algorithm is defined and converges
for nondifferentiable convex function.
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