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FEJER INEQUALITY FOR DOUBLE INTEGRALS *

M. Alomari and M. Darus+

Abstract. Fejér inequality for double integrals is established. Two mappings in connection
with Fejér inequality for double integrals and some inequalities for Lipschitzian mappings
in two variables are also established.

1. Introduction

Let f : I € R — Rbeaconvex mapping defined on the interval I of real numbers
and a, b € I, with a < b. The following two inequalities hold

b b b
b
(11 f(“—;b)f;a(x)dmff(x)p(x)dmwfp(x)dx,

where p : [2,b] — R is non-negative, integrable, and symmetric about x = 4. This
inequality is known as the Fejér inequality for convex mappings (see [1,2,5,6]).

Let us consider the bidimensional interval A := [a, b] X [c, d] in R?> with a < b and
¢ < d. Recall that the mapping f : A — R is convex in A if

fAx+Q =Nz Ay+ A1 -Nw)<Af(x,y)+ 1 -A) f(z,w),
forall (x,y), (z,w) € Aand A € [0, 1].

Dragomir [3] introduced a new concept of convexity, which is called the co-
ordinated convex function, as follows: A function f : A — R which is convexin A is
called co-ordinated convex on A if the partial mappings f, : [2,b] — R, f, (u) = f (1, y)
and fy : [c,d] = R, f; (v) = f (x,v), are convex for all y € [c,d] and x € [a, D].

An inequality of Hadamard’s type for co-ordinated convex mappings on a rect-
angle from the plane R? was established by Dragomir in [3], as follows:
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16 M. Alomari and M. Darus

Theorem 1.1. Suppose that f : A — R is co-ordinated convex on A. Then

b d
a+b c+d 1
(1.2) f( 27 2 )g(b—a)(d_c)fff(x/y)dydx
<f(alc)+f(ﬂ,d)+f(b,c)+f(b,d)
b 1

The above inequalities are sharp.

If f : [a,b] X [c,d] — R is a co-ordinated convex function, then the following
mapping on [0, 1]* can be defined

bod
1 a+b c+d
H(t,s):mfff(tx+(1—t)7,sy+(1—S)T dydx.

The mapping H has the following properties (see [4]):

(i) H is co-ordinated convex and monotonic non-decreasing on [0, 1]%.

(ii) we have the following bounds for H:

b d
1
sup H(t,S)Z mfff(x,y)dXdyzH(l,l),

te[0,1]?

boc+d
inf H(t,s) = f(‘“r s )zH(0,0).
te[0,11? 2 2

Recently, Hwang, Tseng, and Yang [4] established a monotonic non-decreasing
mapping connected with the Hadamard'’s inequality for co-ordinated convex func-
tions in a rectangle from the plane, as follows:

Theorem 1.2. Suppose that f : A C R?* — R is co-ordinated convex on A := [a, b] x[c, d]
and the mapping F : [0,11* — R is defined by

F(ts) = 10-9G=9 a)(d—c xff f((lzt +(1;t)x,(l;rs)c+(1;)y)
+f((l+t) +(1; )x,(lzs)d+(1
(5 () (5)
(5o (5 e (5 (57 o) v

9}
+
—_

—_

Then
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(i) The mapping F is a co-ordinated convex on [0, 1]°.

(ii) The mapping F is a co-ordinated monotonic nondecreasing on [0,1]*.
(iii) We have the bounds

te[0,1]

b od
inf F(t,s):mfff(x,y)dydsz(0,0)

wp P = L@ @D @A+fOD

t€[0,1]? 4

Also, some Hadamard’s type inequalities for Lipschitzian mappings in two vari-
ables were given in [4] in the following way:

Theorem 1.3. Let f : [a,b] X [c,d] — R satisfy Lipschitzian conditions, that is, let for
(t1,s1) and (t3,s2) € [a, b] X [c, d] we have
)f(tllsl) —f(fz,Sz)) <Lyt = |+ Ly |s1 = 5o
where Ly and L, are positive constants. Then
Lilti —tol(b—a) + Lals1 — 52l (d = ©)
4

[F (t1,81) = F(t2,82)| <

and
Lilty —tol(b—a)+ Lolsi —s2|(d — )

|H (t1,51) — H (t2,82)| < 1

In this paper Fejér type inequalities for co-ordinated convex functions on a rectangle
from the plane are established. Two mappings associated with these inequalities
and some of their properties, and refinements are given.

2. Fejér Inequality for double integrals with two related mappings

In order to prove our main theorems, we need the following lemma:
Lemma 2.1. Let f : [a,b] X [c,d] — R be a co-ordinated convex function and let

bwith x1 + x2 = Y1 + 1o,

//\//\

d with v1 + v, = Wy + Wy.

Then, for the convex partial mappings f, : [a,b] = R, f, (t) = f (t,y) and f, : [c,d] = R,
fx(s) = f(x,9), forall y € [c,d] and x € [a, D], respectively, the following holds:

(2.1) fxa,s)+ f(x2,s) < f(yi,s)+ f(y2,s), Vselcd],

and

(2.2) ftv)+ f(t,v) < f(t,w)+ f(t,wy), VEeE]ab],
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Proof. Consider f, : [a,b] = R, f, (t) = f (t,y). If y1 = y» then we are done. Suppose
1 # Y2 and write

Y2 —X1 X1 — W1 Y2 — X2 X2 — Y1
X1 = + , Xp = + Y
! yz—y1y1 yz—y1y2 : ]/2—y1y1 yz—ylyz
since f is convex, we have
x —
fi,s)+ f,s) < 5) + 1_‘1;1f(yz,5)
. f( s )+ ylf(yz,s)
]/2
2y — (xl + x2) (x1 +x2) = 211
= ————jj————f(l,) ——————————f( 2,5)
Y2 Y2 —
= f(y.s) +f(y2, s),

what means that (2.1) holds. In a similar way we can show that (2.2) holds, which
completes the proof. O

Fejér-type inequality for co-ordinated convex mappings is established as follows:

Theorem 2.1. Let f : [a,b] X [c,d] — R be a co-ordinated convex function. Then the fol-
lowing double inequality holds

b d
[ [ fGyp (e y)dydx

b c+d
23) f(%%) —
[ [p(x,y)dydx
fla,c)+f(c,d)+f(b,c)+ f(bd)
=< 4 7

where p : [a,b] X [c,d] — R is positive, integrable, and symmetric about x = ””’ and y =
&4 The above inequalities are sharp.

Proof. Since p is positive, integrable, and symmetric about x = % and y = ¢, by
the inequalities (2.1) and (2.2) we have

a+b c+d

f(a-;b C+d)fjp(xy)d]/dx—ff (a+b C+d)p(xy)dydx

f(“b )(a+b x,c+d — ) dydx

[ (a+blc-£d)+f(a-£b c+d)

%Nh

2 2 2 2
%Nli %N|+

p (x,y) dydx

a o
NI
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atb c+d

2 2
<afCfI'f(x,y)+f(a+b—x,C+d—y)]p(x,y)dydx

ash crd
2 2 b d

=fff(x,y)p(x,y>dydx+fff(x,wp(x,y)dydx
7 axh crd
2 2

=fbfdf(x,y)1ﬂ(x,y)dydx

b d
f@ﬂ9+f@ﬂb+f@m)+fwj)fifPWAD@Mx

and

4
:ff[f(ﬂfc)+f(Crd)Zf(brc)+f(b’d)]p(x,y)dydx
+ff[f(a,c)+f(c,d>zf(bfc)+f(b’d)]p(a+b—x,c+d—y)dydx
b cxd

Il
= %N|
o %N|

[f(a,c) SIGLRS{AS (b'd’] p (3, ) dyd

a+b c+d

2 2
>ﬂfCf[f(x,w+f(a+b—x,c+d—y)1p(x,y)dydx

atbh c+d

=fzfzf(x,y)p(x,y)dydﬂfbfdf(x,y)p(x,y)dydx

axh crd
b d
- f f £ (6 y)p () dydx

2 2
which completes the proof.

In (2.3), take p(x, y) = 1. Then the inequality (2.3) is reduced to the double in-
equality (1.2), and therefore, if we choose f(x,y) = xy in (2.3), then we have the
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equality, which shows that (2.3) is sharp. [

The next theorem introduces a mapping associated with the first inequality in
(2.3) and describes some of its properties.

Theorem 2.2. Let f : [a,b] X [c,d] — R be a co-ordinated convex function, and consider

the function p : [a,b] X [c,d] — R which is positive, integrable, and symmetric about
x=%and y = %4 Let S be a function defined on [0, 1] by

b od
S(t,s)zfff(tx+(1—t)¥,5y+(1—s)%i)p(x,y)dydx

Then S is a co-ordinated convex function on [0, 1]%, non-decreasing on [0, 1]1%. Moreover,

inf 5(t,5)=5(0,0) = (“b”d)ffp(xy)dydx

(t,5)el0,1?

and

b d
sup S(t,s):S(Ll)=fff(x,y)p(x,y)dydx

(t,5)€[0,1]*
Proof. Fixs € [0,1]. Then forall o, > O witha + =1 and ¢, £, € [0,1], we have

a+b

S ((th + ‘Btz, S) = fff((()étl + ‘Btz) X+ [1 - ((xtl + ﬁtz)]

sy+(1—s)

)P (x, y)dydx

b d
:fff(a(t1x+(1—t1)¥)+5(t2x+(1 tz)ﬂ),

c+d
sy+(1-5s) T)P(x, y)dydx

sy+(l—s)cz

b d
<afff(t1x+(1—t1)“;’b,
a c , )
+ﬁfff(t2x+(l—t2)¥, sy+(1—s5)d

=aS(t1,s) + BS(t2,s).

d
) p (x, y)dydx

)P (x, y)dydx
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Ift € [0,1]is fixed, then for all s1,s, € [0,1]and a, f > Owith a+p = 1, we also have:
S (t/ asy + ﬁSZ) <a$ (t/ Sl) + :BS (t/ SZ) 7

which shows that S is co-ordinated convex on [0, 1]2.

To show that S is non-decreasing on [0, 1]?, fix s € [0,1]. If 0 < t; < £, < 1 with
x € [ "*b] then

t2x+(1—tz)¥ < t1x+(1—t1)a;b f(a+b— x)+(1—t1)”+b
< t@a+b- x)+(1—t2)ﬂ,
where,
t1x+(1—t1)%b] h(a+b- x)+(1—t1)”;’b -

a+b

:[t2x+(1—t2)a+b] [tz(a+b X) +(1—t)

By inequality (2.1) and the assumptions that is p is positive, integrable, and sym-

metric about x = “;b, we have

b

d
S(t,s) ff (tlx +(1- t1) sy 1- s) )p (x, y)dydx
um
2 d
fff(t1x+(1—t1) sy+(1—s) )p(x,y)dydx

a+b

2 d
+ff[f(tl(a+b—x)+(l—t1)a2b sy+(1—s)c+d)

p@a+b—x,y)]dydx

2
a

f(t1x+(1—t1)”+ sy + (1—5)“2”1)

+b

+f(t1 @+b-x+(1 —tl)”2 sy + (1—s)—)]p(x y) dydx
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S
T
<

[f(t2x+(1 —tz)”2 +b sy + (1_s)ﬂ)

N
ac N|
ng}&

+f(t2(a+b—x)+(1—t) il (1—s)c )]p(xy)dydx

a+b

2 d
- fff(t2x+(l—t2)¥,5y+(1—s)c+d

a+b

2 d
+ff[f(tz(a+b—x)+(1—tz)a;—b,sy+(1—s)c-|2_d)

pla+b—x,vy)]dydx

)P (x, y)dydx

= fff(t2x+(1—t2)a2 sy+(1—s)—) (%, y)dydx

= S (tz ’ S) .
This shows that S (t, o) is co-ordinated non-decreasing for all t € [0, 1]. If t € [0, 1] is
fixed, then for all s € [0, 1] we also have that S (o, s) is co-ordinated non-decreasing
forall s € [0,1]. Thus S is co-ordinated monotonic non-decreasing on [0, 1]%. There-
fore,

S(t,s)=S5(0,s) >5(0,0) = (a+b C+d)ffp(x y) dydx,

S(t,s)<S(t,1)<S(1,1)=fff(x,y)p(x,y)dydx,

which completes the proof. O

Now, a mapping associated with the second inequality in (2.3) and some of its
properties are considered.

Theorem 2.3. Let f : [a,b] X [c,d] = R be a co-ordinated convex function, and consider
the function p : [a,b] X [c,d] — R which is positive, integrable, and symmetric about
x=5and y = L. Let A be a function defined on [0, 1]> by

_ 1+t 1-t 1+s 1-s x+a Yy+c
A(ts—ff a+ x,2c+2y)p(2,2)

1+t 1-t 14s, 1-s x+a y+d
J’f(z‘“’z"’zd+ 2 )(2’2)
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+f(1+tb+1—tx 1+s +1_Sy)p(x+b y+c)

2 2 VT2 T 2 2
1+t 1-t 1+s 1-3s x+b y+d
+f( > b+ > X, > d+ > y)p( A )]dydx

Then, A is co—ordinated convex function on [0, 1%, symmetric about (%, %) non-decreasing
on [0,1]%, and

(t5)€[0,1]?

b od
inf A(t s) = A(0,0):fff(x,y)p(x,y)dydx

b od
sup A(t,s)=A1,1) = f@a+f@d+fbo+fbd ffp(x, y) dydx.
(t,9)€0,1]2 4

Proof. Fixs € [0,1]. Then for all o, f > O with @ + f = 1 and ¢, , € [0, 1], we have
A(Détl +ﬁf2,$) =

3 [l e e v

1+at1+ﬁt2 l—(at1+ﬁt2) 1+s 1-s x+a y+d
+f(  E m A ] U et
1+at1+ﬁt2 1—(at1+ﬁt2) 1+s 1-s x+b y+c
+f( 2 2 TPl 2
1+at1+ﬁt2 1—(at1+ﬁt2) 1+s, 1-s x+b y+d
+f( 7 o At y)|P\ T )
b d
1 (l+t1)a+(1 t)x (1+t)a+(1—-t)x 1+s 1-s (x+a y+C)
_4ff[( P 2 ’2C+2y)p2’2
a c
1+t)a+(1-H)x 1+t)a+(1-t)x 1+s 1-s x+a y+d
+f(a 2 " 2 ’2d+2y)’”(2’2
A+t)b+(1-H)x (1+tH)b+(1—-t)x 1+s 1-5s x+b y+c
+f(a 2 " 2 ’2”2)”(2’2
A+t)b+(Q-t)x (A+b)b+(1A-t)x 1+s 1-s x+b y+d
+f(a > +p 2 ,2c+2yp2,2dd

d( b
1 (l+t1) (l—tl) 1-s x+a y+c
<zf{“f[f( 2 T T*Ty)”( )
1+t 1-t 1 +d
a+t) ¢ 21) +Sd sy)p(x;ra,yT)
+ + )

+f((1 ;tl)b+ (1_t1)x,ﬂc+ 2y)p(x

N

2 2

(1+t1) (1—t1) 1+s -5 x d
2 7 vz 0t 2 y)p( 22 )|*
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b
+ﬁf|:f((1-;f2)a+(1—2t2)x’1;-SC+1;5y)p(x;—a’y;-C)

+f((1+t2)a+ (1—t2)x 1+sd+ 1-s )p(x+a y+d)

2 2 2 2 27 2
(1+t) 1-t) 1+s 1-s x+b y+c
+f( > b+ > X, 2 c+ > 4 I
— d
+f((1+t2) +( 2t2)x1+s 12 y) (x+b v+ )dx}dy

= aA(t,s) + A (ta,s)
Ift € [0,1]is fixed, then for all s1,s, € [0,1]and ¢, f > Owith a+p = 1, we also have:
A (t/ asy + ,BSZ) < aA (t/ Sl) + ﬁA (t/ SZ) ’

which shows that A is co-ordinated convex on [0,1]%. To show that A is non-de-
creasing on [0, 1]?, fix s € [0,1]. Let 0 < #; < #» < 1. Since

PR 5520 3 25 o
) I e e e P e

1+s 1—5) x+b y+c
2 2 Y\ 2

- d
b+a-x), 25401 Sy)p(x+b,y; )]dydx.

2

we have
b d
1 1+t1) (1—t1) 1+s 1-s ) (x+a y+C)
A(tl’s)‘zlff[f((z S S R St ) L G e
1+H (1—t1) 1+s 1—5) x+a y+d
+f((2”+2x’2d+2y”2’2
: )

2 2

Also, since

(1+t2)a+(1—t2)x<(1+
2 2 S\ 2
( +

2] (1—t1) (1+t1) (1—t1) _
a+ > X < > b+ > (b+a-x)

)
tz)b+(1_t2)(b+a—x);
t

e

“[(52)e ()57 (520w
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and f is co-ordinated convex on [a, b] X [¢,d], by Lemma 2.1, we have

b od
1 1+1t) 1-t) 1+s 1-s (x+a y+c)
A(t1,S)<4ff[f( y At Xt — y)p 5

+f((1;t2) (1 )(b+ 9, 1;rsc+1;sy)p(x;rb’y;-c)

+f((1+t2)u+(1_t2)x 14s, 1-s ) (x+a y+d)

2 7 v 4t 2 2

+f((1;t2) +( )(b+ 9, 1;Sd+1;Sy)p(x;b,y;d)]dydx

b d
1 1+t) 1-t) 1+s 1-3s (x+a y+6)
4ff[f(2”+2x’2c+2y”2’2

((1+t2) +( —tz)x 1+SC+1_S )p(x+b y+6)

+f 2 Y2 2

+f((1+t2) (1;t2)x,1-2f'5d+1;$y)p(x+ﬂ y

_ — d
+f((1;t2)b+ 1 ztz)x,l;rsd+125y)p(x+b’y )]dydx

= A(tl,S).

This shows that A (¢, o) is co-ordinated non-decreasing for all t € [0,1]. If t € [0, 1]
is fixed, then for all s € [0, 1], we also have A (o, s) is co-ordinated non-decreasing

for all s € [0, 1]. Thus A is co-ordinated monotonic non-decreasing on [0, 1]%. Now,
A(t,s) > A(0,s) > A(0,0)

_1 a+x C+y a+x C+y) a+x d+y a+x d+y
_4ff )p( f( 2 JP\T2 2
b+x c+y\ (b+x c+y b+x d+y\ (b+x d+y
+f(2’2)p(2’2)+f(2’2”2’ aydx

=fbfdf(x,y)zﬂ(x,y)dydx

Alt,s) <A1 <A(1L1)
b d

1 d

3 [lroon(50 59)  reas(55 )

y x+Db y+d

55) s @y ( )

_ f(mc)+f<a,d>+f("'c”f(b’d)ffp(x,wdydx

x+b

dydx

+F 0,0 (

4
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and thus the proof is completed. [

3. Lipschitzian mappings

In this section Fejér type inequalities for Lipschitzian mappings in two variables
are established.

Theorem 3.1. Let f : A? - R satisfy Lipschitzian conditions, that is, let for (t1,s1) and
(t2, 52) € A%, we have

)f(tllsl) —f(fz,Sz)) < Lt = b+ Ly st = 5o
where Ly, L, are positive constants.

If there exists m > 0, such that |p) < m, for all (x,y) € [a,b] X [c,d], then
mLy
4
forall (t,5) #(0,0), Y (t,s) € A2, Also,

GB1) |Atts) - Al s)| < —= @@= (b—a) |t - f2|+mTL2 (b—a)(d—c)’lsi — s

(3.2) |S (t1,51) = S (t2, 32)| < % (L1 |ty = t2l (b —a) + Lo |s1 — 52/ (d — ¢))

Proof. For (t1,s1) and (t2,52) € A%, we have

|A(ty,51) = A(tz, 50)|

bd
LTt 5 s (e 5 e 1)

a+x ct+y
X"’( 2 "2 )‘

1+4 1-t 1+s 1—51) (1+t2 1-t 1+s, 1—52)
+‘f(2a+2x,2d+2 f2a+2x,2d+2y
a+x d+y
Xp( 2 2 )
1+4 1-1 1495 1—51) (1+t2 1-t 1+s, 1-5 )‘
+f(2b+2x,zc+2 f2b+2x,2c+2y
+
x|p b+x’C y
2 2
1+4H 1-t 143 1—51) (1+t2 1-t, 1+s; 1-s )‘
(St St S |- f( b S S 2y
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-’”—Ll(d—c)(b—m o=t + 2 b= ) @ = F sy = 5.

Also,

IS (t1,51) = S (tz, o)l

ff ‘f t1x+(l—t1) Sly+(1—51) +d)

—f (tzx + (1 - tz) Szy + (1 - Sz)

it <f1-fz>(x-¥)

WlL1|t1—t2|f‘ {1+b‘d mL2|51—52|f' C+d'd
B b-a) (d-oc)

=7 (Ll Ity — 2| (b —a) + La|s1 — 52| (d — ©))

d)‘ Ip(x, y)l] dxdy

(s1—52) (y - #)H dydx

+ Lo

which completes the proof. [

27

Remark 3.1. If wetaket; =s; =0and t, = s, = 1in Theorem 3.1, then (3.1) and (3.2) can be

reduced to

b d b d
)+ flad)+ 6,0+ fb,d
f@O+fad [0+ )ffp(x,y)dydx—ffp(xly)f(xry)dydx

<m(b—a)(d—c)[—(b— )+—(d—c)]

(3.3)
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and

v bt frmae | fronscnm
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<T(Le-a’+L@-9?),

respectively. The inequalities (3.3) and (3.4) are the Fejér type inequalities for Lipschitzian
mapping in two variables.

1.
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