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A SIMPLE ALGORITHM FOR THE CONSTRUCTION OF
LAGRANGE AND HERMITE INTERPOLATING POLYNOMIAL IN
TWO VARIABLES

Milan A. Kovacevié

Abstract. A simple algorithm for the construction of the unique Hermite interpolating
polynomial (in the special case, the Lagrange interpolating polynomial) is given. The
interpolation matches preassigned data of function and consecutive derivatives on a set
of points laying on several radial rays. This algorithm is realized in the software package
Mathematica.

1. Introduction

Given a function f, the interpolating problem consists of finding another function
p, belonging to a prescribed finite dimensional space of functions (usually algebraic
polynomials), whose values at prescribed points (interpolating nodes) coincide with
those of f. This problem is referred to as the Lagrange interpolating problem. If
the values of p and some of its derivatives are equal to the corresponding values of
f and its derivatives at the interpolating nodes, we have the Hermite interpolating
problem.

Let I12 denote the space of polynomials P of two variables of total degree n,

n k
(1.1) P(z,y) = ZZCjkxjyk*j .

k=0 j=0

It is known that dimII2 = (n + 1)(n + 2)/2. We consider the case when the
number of interpolating conditions matches the dimension of IT2. If there is a unique
solution to an interpolating problem, we say that the problem is poised. Unlike the
polynomial interpolation in one variable, the Hermite or Lagrange interpolation in
several variables is not always poised. For refinements of this result see [6], [11],
[13], [2], [12], [16]. However, the problem of the choice of a particular set of points
so that the interpolating problem is poised, especially if it leads to the construction
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of the interpolating polynomial, remains difficult. Some results connected with this
can be found in [1], [17], [15], [5], [7], [10], [14], [2], [8], [4], [3].

In this paper we choose one of the possible situations which leads us to the poised
the Lagrange and the Hermite interpolation in two variables (see, for example, [7],
[5])and allows us the simple construction of such interpolating polynomials.

In that sense, in Section 2 we consider the construction of the unique Lagrange
interpolating polynomial on a set of interpolating nodes on several radial rays. That
allows us to notice the strategy of constructing the unique Hermite interpolating
polynomial, that is going to be used in Section 3. In Section 4 we give the realiza-
tion of constructing the Hermite interpolating polynomial (in the special case, the
Lagrange interpolating polynomial).

2. Lagrange Interpolation on Radial Rays
Putting y = ¢z in (1.1), we have

n k n
(2.1) pe(x) = Pla,lx) =Y > " Coplt ok =3 " ar(0)ak,
k=0

k=0 j=0
where
k .
(2.2) ar(t) =Y Cpptt~  (k=0,1,...,n),
=0

i.e.,
(2.3) ao(E) = CQ(),

a1({) = Col+Ch,

CLQ(E) = 00262 + Clgg + CQQ,

an(l) = Conl™ + Cipl" " 4 Conl" > + -+ + Cppn.

On the other hand, for the given directions (radial rays)
gligo,gl,...,gn (yigll’),

we have
f(a:j,&xj) Efjj (j=O71,...7n—i).
Remark 2.1. Notice that the z — coordinates (z;, 7 = 0,1,...,n—1) of the interpolating

nodes do not necessarily need to be the same for each direction ¢; ( = 0,1,...,n) but we
have them the same because we want to simplify situation.

Let us pose the Lagrange interpolating problem

(2.4) P(xj,0;r5) = fj
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based on distinct points {(x;,4z;) : 7 =0,1,...,n —i} (zm #0, m=0,1,...,n)
on the given distinct directions ¢; e R (i =0,1,...,n).
So, on direction £y we have n+ 1 nodes, on £; we have n nodes, ..., on direction

£, we have only one node. All together, we have (n + 1)(n + 2)/2 interpolating
conditions, which is the same as the number of the coefficients in (1.1).

According to (2.4) and (2.1), for some fixed i (0 < i < n), i.e., direction ¢;, we
have

Zak(fz‘)fﬂ?:fg’,i (1=0,1,...,n—1),
k=0

ie.,
n i—1
Zak(gi)x;?:fj,i_zak(gi)zé‘c (j=0,....,n—1),
k=i k=0

or, using matrix notation

zf agt g an(6) fo.
(2.5) : : _ : ,
37;71‘ x;tlz Ty an(4:) r/Hz
where
i—1
(2.6) f;,i:fj,i—zak(fi)ﬂC? (j=0,...,n—1)
k=0
1
and > =0.
k=0

The system (2.5) has a unique solution for the coefficients a,(¢;) (v = i,i +
1,...,n).

Namely, determinant of the system matrix in (2.5) is the well known modified
Vandermonde determinant (x, € R(v =0,1,...,7), 4,5 € Np)

J J+1 j+i
l‘o O e xo v
) le J+1 le+1
(27) A‘Z(l‘o,,.ﬁz) = .
and
JJ J .
) xal-xl Il (@m—2k), >0
(2.8) Al(xg, ... 2) = _ " o<k<m<i ’ ’
x, i=0.

Since, in (2.5) we have Al _,(zq,...,2n—;) # 0, because z,, # zp (m # k) and
T # 0 (m 0,1,...,n).
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So, solving the system (2.5), we find a;(¢;), a;i11(¢;), ..., an(¢;). The obtained

values a;11(4;),...,an(¢;) will be used later. The value a;(¢;), the previously com-
puted values a;(£p),...,a;(¢;—1) in the case i > 0, alow us to form the system of
linear equations and so, according to (2.2), we have
Cii+ -+ Coily = ai(ly),
Cii+ -+ Coil; = ai(t),
ie., 4
1 66 C“‘ ai(ﬂo)

Since AY({y, ..., 4;) # 0 for £, # €x (m # k), the system (2.9) has the unique
solution for the coefficients C,; (v =0,1,...,1).

Notice that using this procedure we have computed up to now

Coo
Co1, Cu,

COia Clia ) Cii,
and, consequently (2.2), we have a;(¢) (k = 0,1,...,4). Now, it is clear why we
have used the notation as that in (2.5).

We continue the algorithm and so we increase ¢ for one, we solve the system
(2.5) and the system (2.9). All of that we repeat including the case when 7 is equal
to n. After that we have computed all coefficients of the polynomial (1.1) and we
have proved its uniqueness.

3. Hermite Interpolation on Radial Rays

There is no general agreement in the multivariate case on the definition of “Her-
mite interpolation”. However, it is very common to associate this name to the
problems whose data are function evaluations and derivatives at the same points.

Let us consider the polynomial (1.1) for y = lx,

n k n
(3.1) pe(z) = Pz, lx) = Z Z CjplF iz = Z ar(0)z*,
k=0

k=0 j=0
where ai(¢) (k=0,1,...,n) are defined by (2.2) or (2.3).

In the same manner, let us observe function (x,y) — f(z,y) (for y = ),

(3.2) we(z) = f(x, Lx).
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Denote by
(33) {(.’L‘j,&.’lﬁj) :l; € R, T 75 0,2=0,...,n, j = 0,17...,mi}

the set of interpolating nodes (distinct points), where m; + 1 is the number of nodes
on the direction ¢; (i =0,...,n). Let

(3.4) {fjik:0<i<n,0<j<m;, 0<k <k -1}

be the given values, where f;; ; = ugk)(aj]) (see (3.2)) and the integers m; and kjy),
1=0,1,...,n,7 =0,...,m;, satisfy

(3.5) kO 4 kD =n41—i (i=0,1,...,n).
Now, let us pose the Hermite interpolating problem
(36) P (@)= fw 0<i<n, 0<j<m;, 0<k<k" -1,

where  +— py(z) is defined by (3.1) and {f;;x} is defined by (3.4) and (3.5). In
other words, the problem requires interpolation up to (kj(»l) —1)th order derivative at
node (z;, ;x;) or, we can say that we have the multiplicity kj(»i) of z; on the direction

£;. Obviously, when ky) =1foreachiand j (i =0,1,...,n,7=0,1,...,n—1) the
interpolating problem reduces to the Lagrange interpolating problem.
We note that the number of interpolating conditions (3.6) equals dim 12, as

ST+ kD) =3 (1) = WLQ(”W
=0 i=0

The algorithm for the computation of the interpolating polynomial coefficients
in (3.1) for the Hermite interpolating problem (3.6) we give along.

As first we put ¢ = 0, i.e., £ := {p, in (3.6). Then we have k(()o) +-- ~—|—k£,?g =n+l1
conditions of Hermite type for the polynomial x — pg,(z). It is known that the
Hermite or Lagrange interpolating problem in one variable (the polynomial case)
has the unique solution. So, we can compute ax(¢y), k = 0,1,...,n. According to

(2.3) we find Cog (ag(fy) = Coo) and memorize aq(€y), ..., an({p).

Now we put ¢ = 1, (¢ := ¢1) in (3.6). Then we have kél) + -+ k,%z =n
conditions for the polynomial x — py, (z) and another one which is dictated by the
previously found value of Cyg, i.e., ag(¢1) = Cpo. So, we can say, again, that we have
n + 1 conditions of Hermite type for the polynomial « — p, (z) if the previously
found coeflicient ag(¢1) of the polynomial x +— p, (x) is simulated by the condition
pe, (0) = Coo. (For this reason we have imputed conditions z; # 0, j =0,1,..., in
(3.3).) Solving the constituted Hermite or Lagrange interpolating problem in one
variable we can compute ax(¢1), k = 1...,n. According to (2.3), we obtain the
system

Ci1+Coily = ai(by),
Ciu+Coith = ai(t),
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i.e., (2.9) for i = 1, which has the unique solution Co1,Cy;1 (due to A9(ly, ¢1) # 0
(see(2.7) and (2.8)). We memorize the values as (1), ..., an(f1) because we will use
them later.

Now we put ¢ = 2, (£ := {3) in (3.6). Then we have k(()Q) +- k,({f; =n-1
conditions for the polynomial z — pg,(z) and another two conditions which are
dictated by the previously found values of Cyg, and Cpyi,C11, i.e., the previously
found values of ag(fs) = Cop and aq(l3) = Co1ls + C11. So, we can say, again,
that we have n + 1 conditions of Hermite type for the polynomial x +— py,(x) if the
previously found coefficients ag(¢2) and aq(¢2) of the polynomial = +— py,(z) are
simulated by the conditions pg,(0) = Coo, pe,(0)’ = 11(Co1€2 + C11). Solving the
constituted Hermite interpolating problem in one variable we can compute ay(¢2),
k=2...,n. According to (2.32.3), we have the system

Caz + Cr2by + Cozfg = az(ly),
C22 + C12by + Coal? = as(ty),
Cao + Cr2ls + 00253 = az(ls),

i.e., (2.9) for i = 2, which has a unique solution Cg, C12, Cas (due to AY (£, £1,£2) #
0 (see(2.7) and (2.8)). We memorize the values ag(f2),...,a,(¢2) because we will
use them later.

Continuing the procedure for ¢ = 3,...,n we find all coefficients of the polyno-
mial (1.1) and, of course, we proved its uniqueness (due to the uniqueness of the
Hermite or Lagrange interpolating polynomial in one variable).

4. Implementation and Numerical Examples

Using the procedure explained in Section 3., we developed a program in the
software package Mathematica for the construction of the Hermite or Lagrange
interpolating polynomial.

The input data in presented program in APPENDIX A are:

— flz_, y] — the function that have to be interpolated,;

—n — the total degree of the interpolating polynomial;

— the interpolating nodes are on the radial rays y = fx, where £ is an element
of the table fv, consisting of n + 1 elements and x is an element of the table zv,
consisting of jj elements, i.e., fv = {lo, l1,...,4,} and 2v = {zo, 21,...,2j;};

— r — the table of the multiplicities of interpolating nodes, where r[[¢, j]] is the
multiplicity of the node (zv([5]], lv[[i]] xzv[[j]]) and r[[i, 1]]+r[[i, 2]+ - - -+ i, j]] =
n+2—i(i=1,...,n+1).

The output data are:
— pol[z_, y_] — interpolating polynomial.

The program calculates the necessary derivatives up to the third order maxi-
mum, i.e.,, 0 < r[[¢,j]] < 4. fwetaker[[i,j]]=1(G=1,...,n+1,j=1,...,n+2—%)
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and the other elements of the table r equal zero, we obtain the Lagrange interpo-
lating polynomial.

In order to illustrate the program we took a polynomial of the third total degree
as a function that needs to be interpolated, i.e., flz_,y] =5+ 3y + Tz + 1/2y* +
zy + 1/42% + 1/3y3 + 22y? + 32%y + 423, Since we took that the total degree of
the interpolating polynomial in the program is equal to 3, we must expect the same
function for the interpolating polynomial because of its uniqueness. Taking

w = {1,2,3,4},

xw = {1/2,1},

4 0

- 2 1

T 120

1 0

for the Hermite case, and

w = {1,2,3,4},
xw = {1/2,1,2,5/2},
1 1 1 1
_ 1 11 0
T 11100
1 0 00

for the Lagrange case, our expectations are realized. Namely, we obtain

a? 3 2 y? 2, Y

pol[x,y]:5+7x+z+4x + 3y +zy+ 3z y+?+2xy +§.
APPENDIX A.
(*  Hermite interpolation of the function (x,y)->fun[x_,y.]  *)
fun(x_,y_]1:=5 + 3%y + T*x +1/2%y"2 + x*y +

1/4%x72+1/3%y " 3+24x%y " 2+3%x " 2ky+4*x"3

(* n - degree of the Hermite interpolating polynomial *)
n=3
(* The interpolating nodes are on the radial rays y=l*x, where *)
(* 1 is an element of the table 1v, *)
(* consisting of n+l elements, and *)
(* x is an element of the table xv, *)
(* consisting of jj (<=n+1) elements) *)

1v={1,2,3,4}
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xv={1,-1,2,-2}
jj=Dimensions [xv] [[1]]
r=Table[0,{k,1,n+1},{kk,1,jj}]
(* r - table of the multiplicity of interpolating nodes where *)
(* r[[i,j]] is the multiplicity *)
(* of the node (xv[[jl1],1lv[ill*xv[[j11) *)
(* and r[[i,1]]+r[[i,2]]+...+r[[i,jjl]=n+2-1 (i=1,...,n+1) *)
r([1,1]]=4
r[[2,1]1]=2
r[[2,2]]1=1
r[[3,1]1]1=2
r[[4,1]1]1=1
(* end of input data *)
funi[x_,1_]=D[fun[x,1*x],x]
fun2[x_,1]1=D[funl[x,1],x]
fun3[x_,1_]1=D[fun2[x,1],x]
ullx_,1_,k_]=Which[k==0,fun[x,1*x] ,k==1,funl[x,1],
==2,fun2[x,1], k==3,fun3[x,1]1]
a=Table[0,{k,1,n+1},{kk,1,n+1}]
c=a
Do[
number=0;
Do[
If[r[[i+1,3]]!=0,number=number+1],
{3,1,334;
If[i==0, Goto[downiO]];
vek=Table[0,{k,1,number+1}];
vek1=Table[0,{k,1,i}];
Do [
vek1[[ip]l]=(ip-1) !'*Sum[c[[k,ipl1*(Av[[i+1]1]1"(ip-k)),{k,1,ip}],
{ip,1,i}1;
vek[[1]1]1={0,vekl};
ii=2;
Clear [vek1];
Goto [jump] ;
Label [downiO] ;

ii=1;
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vek=Table [0, {k,1,number}];
Label [jump] ;
Do[
ki=r[[i+1,j1];
vek[[iil]=Table[ull[xv[[3j]1],1v[[i+11],k],{k,0,ki-1}];
vek [[1i]1={xv[[j1],vek[[ii]]1};
ii=ii+1,
{j,1,number}];
plx]=InterpolatingPolynomial [vek,x] ;
Dol
a[[i+1,k]]=Coefficient[p[x],x,k-1],
{k,1,n+1}1;
11=Table[0,{k,1,i+1},{kk,1,i+1}];
f=Table[0,{k,1,i+1}];
Dol
Do[
11[[k,kk]]1=1v[[k]]"~ (i-kk+1),
{kk,1,i+1}1;
fllkll=allk,i+11],
{k,1,i+1}1;
v = LinearSolve[ll,f];
Do[
cllk,i+111=v[[kl],
{x,1,i+1}1;
Clear[11,f,v,vek],

173

{1,0,n}];

Print["Interpolating polynomial: poll[x,y]="]
pOl [X,,yf:l =Sum[c[[J+1 ,k+1]]*X“j*yA (k_J) :{k:oan}’{j ’O’k}]
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