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POLYNOMIAL APPROXIMATION ON UNBOUNDED INTERVALS
BY FOURIER SUMS

Giuseppe Mastroianni and Gradimir V. Milovanovié

Abstract. For the generalized Freud weight wa g(z) = |x|aef"”|ﬂ7 a>-1,0>1,

on the real line R and a given function f we study the behaviour of the Fourier sum
Sn(Wa,8, f) = Sn(wa,p, f; ) in the weighted space C., defined by

Cu= {f € C°(R) : (fu)(z) = o(1) for |z| — 400 or z — 0}

and equipped by the norm ||f||c, = ||ful] = sup |(fu)(x)|, where u(z) = |x\767‘z|5/2,
z€R

v >0, 8> 1. An analogous result is given for the corresponding problem on the half
line R4.

1. Introduction and Preliminaries

Let wq g(x) = |3c|ae_|’”‘ﬁ7 a>—1,8>1,z€R, be a generalized Freud weight
and {p,(waq,p)} be the corresponding sequence of orthonormal polynomials with
positive leading coefficients, i.e., pp(Wa,8; ) = Ynx™ + -+, Yo = Yn(Wa,g) > 0, and

/pn(wa,,@;ir)pn(wa,ﬁ§ ;v)wada: = 6n,m-
R

These weights and polynomials were introduced and studied in a complete way in
[1]. When 8 = 2 we obtain the Sonin-Markov polynomials.

The Fourier sum of a function f can be written as

n—1

(11) Sn(wozﬂ’f;x) = chpk(wa,[ﬁx)a
k=0

by assuming

ck = / F®)pr(wa,p;t)wa p(t)dt < +oo, k=1,2,....
R
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Using the Christofell-Darboux identity it can be written in the form

N On-1 P (2)pn—1(t) — pn(t)pn_1(x)
(12)  Su(wap fim) =22 [ 1P F(twas(t) dt,

where pi(z) = pr(wa,g;7), k € No.

Now, we introduce the following space of functions: Let u(z) = |a:|"fe_|x|ﬂ/2,
v >0, 8 > 1, be another generalized Freud weight and C° = C°(R) the set of all
continuous functions in R. We set

C, = {f € CO(R) : (fu)(x) = o(1) for |z| — 400 or  — 0}

and introduce the norm |[f|lc, = | ful] = sup|(fu)(z)|. In C, the well-known
z€R

Weierstrass theorem holds and, therefore, we study the behaviour of S, (wq g, f) =
Sy (W8, f;x) in the weighted space C,,.

Positive constants in this paper are denoted by C, Cq, ..., and they can take
different values even in subsequent formulae. It will always be clear what indices
and variables the constants are independent of. If we use the notation C,, it means
that this constant always depends on a parameter p. Sometimes, we will write
C # C(a,b,...) in order to denote that the constant C is independent only of a, b,
..., but it can depend on parameters which are not mentioned in the list (a,b,...).
If A and B are two expressions depending on certain indices and variables, then we
write

A~DB if and only if 0<61§‘%’§62

uniformly for the indices and variables considered.

Here, we need the so-called Mhaskar-Rakhmanov-Saff number (shortly M-R-S
number) a, = a,(w), which was independently defined by Rakhmanov [6] and
Mhaskar and Saff [4, 5] for the weight w(z) = exp(—2Q(z)) on R as a positive root
of the equation
2 M antQ'(ant) dt

™ Jo V1—t2 .
The function Q: R — R is even, convex angl of smooth polynomial growth at infinity.
For example, for the Hermite weight e™* , x € R, this number is a, = v/2n. For
the general case wqy g we have a,, = a,(wq,g) = Cp(a, B)nt/8 ie., a, = Cn'/8, for
a sufficiently large n, which is enough in our investigation.

For a given 0 € (0, 1), by x,, we denote the characteristic function of the interval
[—0ay,,0a,], a, = an(u), and we state the following result:

Proposition 1.1. For all f € C, we have

(1.3) (1= xn) full < C(En(f)u+e " ful])

and, consequently,

[full < C(lxnfull + En(f)u)
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where

0 \B
v=ln(t3) | = g 1 Pl

P, is the set of all polynomials of degree at most M and the positive constants C
and A are independent of n and f.

Proof. Setting f,, := xnf, for each polynomial P, € P,, we can write

1(f = fo)ull = Bl |(fu)(@)] < I(f = Po)ull ur

max | P () u(z)].

max
z|>0ay, (u)

By “finite-infinite range inequality” (c.f. [3], [1]) and the assumption on M, we get

max [ Pa(e)u(e)] < Ce~ | Paul, < Ce=4 (I(f = PaJull, + Iull,),

|z|>0ay, (u)

where A # A(n, f).
Thus,

10 = Fyulle < C(IF = Paull + el ull.), € # Cnf).

Taking the infimum over all P,, € P,, the inequality (1.3) follows. After the standard
computation we get the second inequality. O

2. Main Results

For a fixed 8 € (0,1), let x, be the characteristic function of the interval
[—0ay,,0a,], where a, = a,(u). We state the following result for the Fourier sum
(1.1) on the real line R:

Theorem 2.1. Let w, = |33|°‘e_|””‘ﬁ, u(z) = |x\'ye_|x‘ﬁ/2, with a > =1, f > 1,
v >0, and we assume that

(2.1) max{O, %} <7< % +1.

Then, for each f € C,, we have

(22) [Sn(wa,p, Xnf)xnull < Cl|(xnf)ulllogn
and
(2.3) I1f = xnSn(wa,p: xu F)ull < C [Bn(f)ullogn) +e= 4" full]
0 \#
where M = [n (9—1—1) } ~n and the constant C is independent of n and f.
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Proof. Taking the M-R~S number a,, = a,,(u), and denoting the truncated function
Xnf by fn, we consider the weighted Fourier sum u(x)S, (w, fn;x). According to
(1.2) we have

u(x)Sn(w,fmx) = Fyn_lu(x)H(pn(x)pn—l( ) _pn—l(x)pn( : )7w7fn;x)7

n

where pr = pr(w), k € Ny, are orthonormal polynomials with respect to the weight
w and H is the Hilbert transform.

According to a Remez-type inequality we should estimate the previous integrals

for
x € [—0ay,0a,] \ [—%, %},

and, because of symmetry, it is enough to consider only the interval [a,/n,0a,].
We note that

(2.4) V(@) pa(w; )] < } 2] < B

Thus, let z € [a,/n,fa,]. Regarding this value of z, we take the following
decomposition

[—ba,,0a,] = [7011”,:5 — %} U [m — @755 + an

an
} U {er —,9(1”},
n n n

in order to estimate the previous mentioned Hilbert transform. In this way, we have
to estimate three terms in the weighted sum

[0(@)Sn (w0, foi2)] < Cant(@)|H(pa(@)pn-1(-) = Pros(@)pa(-),w, fuic)|
= Yi(@) + Ya(e) + Yal@)| < Yi(@)| + [¥a(a)| + Vi ()],

which correspond to the previous decomposition. In this formula we use the fact
that v, /Yn—1 ~ ap.

First, we give an estimate for |Y;(z)|. Because of linearity in the Hilbert trans-
form,

H( n(x)pnfl() _pnfl(x)pn(')vwafn;m) = pn(w)H(pnflaw;fn;l')
_pnfl(‘r)H(pnvwvfn;i)v
we have |Y;(x)| < |Ai(x)| + |Bi(x)|, where

T—an/n

A1 ()] = Canu() pn (z)| / P (8) fu (E)u(t)

—0Oan,

dt
r—t
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and
T—an/n i@t
B = Caonu@lpur(@)l | [ pallfuu0) S5 ).
—0Oan,
Using the inequality (2.4), we get
T—an/n
anu w(t) (fn(t)u(t))
M@ = D@ | [ () dt
u(t x—1
\/ . (t)
T—an/n &
< Ve [ V@ a0 a2
—Oay
c e dt
< y—a/2 1 / a/2—y
< eyamaT Il [
—0Oa,
0 T—an/n i@t
— af2—y_ B
clrall{ [+ / t/ale 2
—0Oa.,
Oay /x 1—ay,/(nx)

¢ ¢
Cllfuu d¢ + > dC p

where v = /2 — v € (—1, 0], regarding the conditions (2.1).
Since x > a,/n, for the first integral in the last parenthesis { - -} we have

Ifll)(x):/oea"/rlig Lo < /en v

Evidently, for v = 0, Ir(Ll)(:C) < Clogn.

For v € (—1,0), instead of the integral over (0,0n), we consider the integral
over (0,400), for which we can calculate its value (eg. by using Cauchy’s residue
theorem),

+oo v
/ C =T choo (~l<v<0),
0

such that L(ll)(ac) <C.
Since z < fa,,, for the second integral in { - -- } we have
1—a,/(nz) . 1-1/(n0)

Pw- [ s —
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Evidently, for v = 0, L(f)(ac) < Clogn.
For v € (—1,0), we have
o) 1-1/( 1

—1/( n)

¢V =1 ¢r(1-¢™)
/ / 1_<dC§10g(m9)—i-/71_C dc.
0

0

By the inequality (7" + (1 - ()™ > 1,0 < —v < 1, we get

1
IT(L2)( < log(n#) +/ REE d¢ = log(nf) — < Clogn.
0

sin(v)

Thus, A;(z) < C||foulllogn. Quite the same estimate holds for | By (x)|, so that
we have

(2.5) Yi()] < Cllfuwul log n.

In a similar way we give the corresponding estimate for |Y3(z)| < |As(x)| +
| Bs(x)|, where

fa,,
dt
@) =Cou@lp@] | [ puafaOu) -
z+an/n
and
" dt
Ba(@)] = Canu@lpaa @)l [ a0l .7
z+an/n
In that case we also obtain
(2.6) Ys(2)| < Cl|frulllogn.
In order to estimate |Y5(x)| we represent it in the form
z+an/n
n n—1(t) — Dn— n(t
_an/n
z+ay/n Tt+an/n
<c [ |RGol(fOuo)d<cltal [ Rl
T—an/n T—an /N
where
n n— — Pn— n (T
u(t) x—t
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i (@)(®) [pa@) = pal®)| _  ul)w(t)
_u(@)w(t) | pn(x) — palt u(z)w(t), ,
01 = a, M0 2o 2200 < o, MO ) )
for some & such that |€ — ¢| < |z — t|, and similarly

Us < anW|p;1<n>| pa()]

for some 7 such that |n —t| < |z —¢|.
Using (2.4), the Bernstein inequality and w(§) ~ w(z) ~ w(t) (cf. [3]) we find

. u(z)y/w(t) e o a Cin Cs Cn
Ui g O] s (G0 () <

as well as Us < Cn/a,. Thus,

(2.7) Ya(2)] < Cl| frull-
Finally, according to (2.5)—(2.7) we conclude that
|u(2)Sn(w, fn; 2)| < C| frul|logn,

ie., (2.2).

In order to estimate the error we have

I[f - XnSn(U/,an)]UHoo <|I(f - X’ﬂf)uHoo +[I(f = Sn(vanf))XnU”oo'

By Proposition 1.1, we get

1 = X Yullog < €(EnlFuce + e full,,),

B
where C and A are independent of f and n and M = [”(1-%) } .

Moreover,
1 = Sn(w, Xn f))xnulloo < 1(f = Po)xnullo

+[Sn (w, (P — f)Xn)XnuHoo + 1S (w, (1 — Xn)Pn)XnU”oc-

By Proposition 1.1 and (2.2) the first two terms on the right side are dominated by
E,(f)ulogn.
For the last term we observe that for each I’ € C, we have

150 (w, F)xnull . < €'/ (logn)||Full.-
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In order to prove this we can repeat the proof of (2.2) recalling that (2.4) is true
for |x| < fa,(u), but in [—ay, a,] the inequality [1]

nl/3

Jan

|pn(w; )] < C

holds.
Then, we have

150 (w, (1 = xa) Pa)xnulloe < Cn'/*(logn) 0, 12X [Pl (@)
< Cn'3(log n)e A" Poul|
< Ce M| fulle,

using the “finite-infinite range inequality.” [
At the end of this section we give an important consequence of the previous

theorem. Namely, we consider a generalized Laguerre weight wq () := wq g(z) =

a?ae_a’ﬂ, a > -1, 8> 1/2, for x > 0 and the corresponding sequence of orthonor-
mal polynomials {p,(w,)} with the positive leading coefficients. For a continuous
function f in (0,+00) (f € C°(0,+00)) we can write its Fourier sum in the system

Pn(wey) as

n—1 +o0
Sulwn fi2) = Y cip(waia), o= [ F(Opulwai Ohua(0) .
k=0 0

If u(z) = zve=2"/ 2~ >0, is another generalized Laguerre weight, we introduce
the space of functions

Cu= {1 €20, +00) : (fu)(x) = o(1) for = — 0% or z — +oo}
equipped with the norm || f|

of Sp(We, f) in Cy.

First, we observe that with W(xz) = |x|2"‘+1e_‘”2ﬁ, we have a, = ap(wy) =
a3, (W) ~n'/? (cf. [3]).

Let x* be the corresponding characteristic function of the interval [0, fa,,], where
6 € (0,1). Now, we consider the sequence {x% S, (wa, X5 f)} in C,.

o, = |Ifu]l = sup|(fu)(x)| and we study the behaviour
x>0

Denoting by Ens(f). = - intfP [[(f—Par)ul|, the error of the best approximation,
MEP M

we can prove the following result:

Theorem 2.2. Let wy(z) = e x>0, 0> -1, 8> 1/2, and u(z) =

e .
Ve /2 ~ >0, and assume the conditions

0a+1 < <a+3
max 5t <% Bk



Polynomial Approximation on Unbounded Intervals by Fourier Sums 163

Then, for all f € C,, we have
XS (wa, X5 ul| < [|.f x5, ul|(log n)

and
ILf = X3S (was X H]ull < ClEM(f)u(logn) + | full],

B
where M = [n (1%) } , and A and C are positive constants independent of n and f.

Proof. We set F(z) = f(2?) o(z) = |x|276_|gﬂ|2ﬁ/2, x € R, and denote by X,
the characteristic function of the interval A, := [—0as,(W),0a2,(W)] for some
0 € (0,1). Then, by Theorem 2.1 with 2« + 1 instead of a and 2 instead of v, we

have
[XnS2n (W, XnF)o| < ClIXnF ol (logn)

if the parameters a and ~y satisfy the condition

Oa+1 < <o¢+3
max -+ - -+ -
e R (R S

Now we have

12|28 P .
sup [F(a)[[?e 72 = sup [ f(a)a7e™ 2] = | fux; s
TEA, z€[0,0a3,, (W)]
since ap(wq) = a2, (W) and 0 = 62 € (0,1).
We also have Sa,, (W, X, F;2) = Sp(wa, X5 f; 22), for which

[1S2n (W, Xn E) XUl = [|Sn(wai, X5 F )X ul

and the first part of the theorem follows.

The error estimate follows in a similar way.

Finally, we observe that the conditions on the weights are independent on the
parameter 3 and an interesting special case is 8 = 1 (generalized Laguerre sys-
tems). [
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