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HOMEOMORPHISMS AND FINITE SOLVABILITY OF THEIR
PERTURBATIONS FOR FREDHOLM MAPS OF INDEX ZERO

WITH APPLICATIONS∗

Petronije S. Milojević

Abstract. We prove a number of homeomorphism results for nonlinear Fredholm maps
of index zero and their perturbations. Moreover, we show that k-ball and k-set pertur-
bations of these homeomorphisms are again homeomorphisms or that the corresponding
equations are finitely solvable. Various generalized first Fredholm theorems are given
and finite solvability of general (odd) Fredholm maps is also studied. We apply these
results to finite solvability of quasilinear elliptic equations on RN as well as on bounded
domains. The basic tool used are the recent degree theories for nonlinear C1-Fredholm
maps of index zero and their perturbations.

1. Introduction

In the early nineties, a rather complete degree theory for nonlinear C2-Fredholm
maps of index zero has been developed by Fitzpatrick-Pejsachowisz-Rabier [6]. Sub-
sequently, their degree has been extended to C1 Fredholm maps of index zero and
to their (non) compact perturbations by Pejsachowicz, Rabier, Salter, Benevieri,
Calamai and Furi ([12], [15], [2] and [1]). They have also given applications to
global bifurcation problems for equations envolving these maps and to quasilinear
elliptic equations. Part of this paper is devoted to proving various homeomorphism
and finite solvability results for these maps using these degrees and applying them
to quasilinear elliptic equations. New types of generalized first Fredholm theorems
are proven. We also study the stability of these homeomorphisms under k-ball and
k-set perturbations.

Let us describe our main results in more detail. Throughout the paper, we
assume that X and Y are infinite dimensional Banach spaces. In Section 2, we
establish a number of homeomorphism results for nonlinear Fredholm maps of index
zero T : X → Y and their perturbations. Using the recent open mapping theorem
for such maps of Calamai [4] and Rabier-Salter [15], we establish first a number
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of homeomorphism results for T and its suitable perturbations C assuming that
T + C is locally injective, satisfies condition (+) (i.e., {xn} is bounded whenever
{(T + C)xn} converges), and α(C) < β(T ), where ([6]), using the set measure of
noncompactness α,

α(T ) = sup{α(T (A))/α(A) | A ⊂ X bounded, α(A) > 0}

β(T ) = inf{α(T (A))/α(A) | A ⊂ X bounded, α(A) > 0}.

α(T ) and β(T ) are related to the properties of compactness and properness of the
map T , respectively. In particular, we prove such results when T + C is asymp-
totically close to a map that is positively homogeneous outside some ball. In the
latter case, these results can be considered as generalizations of the first Fredholm
theorem for linear compact perturbations of the identity. Next, we also show that
these homeomorphism results are stable under k-ball or k-set contractive perturba-
tions. They are based on a new invariance of domain theorem for such maps. An
alternative result for equations involving k set or ball contractive perturbations of
homeomorphisms is also given.

Section 3 is devoted to studying equations of the form Tx+Cx+Dx = f with T
Fredholm of index zero, α(D) < β(T )−α(C) and T+C a homeomorphism. We show
that they are either uniquely solvable or are finitely solvable for almost all right hand
sides and that the cardinality of the solution set is constant on certain connected
components in Y . Several generalized first Fredholm theorems are proved when T +
C is asymptotically close to a map that is positively homogeneous outside some ball
as well as some Borsuk type results and a general finite solvability result are given.
These results are proved using the recent degree theories of nonlinear perturbations
for Fredholm maps of index zero as defined by Fitzpatrick, Pejsachowicz-Rabier
([6],[11]), Benevieri-Furi [2], Rabier-Salter [15] and Benevieri-Calamai-Furi [1].

In Section 4, we apply some of our results to the unique and finite solvability of
quasilinear elliptic equations on RN of the form

−
N∑

α,β=1

aαβ(x, u,∇u)∂2
αβu+ b(x, u,∇u) + c(x, u,∇u,D2u) = f(x)

in W 2,p(RN ) and f ∈ Lp(RN ). The Fredholm and properness properties of these
equations have been established by Rabier-Stuart [16]. We refer to [17] for bifurca-
tion problems for these equations. Combining a result of Rabier [13, 14] with our
results, we also obtain a Fredholm like result for these equations involving asymp-
totic limits of aαβ(x, ξ) and b(x, ξ).

Finaly, in Section 5, some of our results are applied to the finite solvability of
quasilinear elliptic equations on a bounded domain. The Fredholm part is a C1

map of type (S+) that is asymptotically close to a k-homogeneous map and the
perturbation is a k1-set contraction.
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2. Homeomorphism Results for Perturbed Fredholm Maps of Index
Zero

In this section we shall first prove various homeomorphism results for perturba-
tions of nonlinear Fredholm maps of index zero. Then we shall look at their stability
under k − φ-contractive perturbations.

We begin by recalling some definitions. We say that a map T : X → Y satisfies
condition (+) if whenever Txn → f in Y then {xn} is bounded in X. T is locally
injective at x0 ∈ X if there is a neighborhood U(x0) of x0 such that T is injective
on U(x0). T is locally injective on X if it is locally injective at each point x0 ∈ X.
A continuous map T : X → Y is said to be locally invertible at x0 ∈ X if there
are a neighborhood U(x0) and a neighborhood U(T (x0)) of T (x0) such that T is a
homeomorphism of U(x0) onto U(T (x0)). It is locally invertible on X if it is locally
invertible at each point x0 ∈ X.

Theorem 2.1. Let T : X → Y be a continuous, locally injective and open map
that is closed (in particular, proper) on bounded and closed subsets of X. Then T
is a homeomorphism if and only if T satisfies condition (+).

Proof. Let T be a homeomorphism and Txn → f . Then xn = T−1(Txn) →
T−1f and therefore T satisfies condition (+). Conversely, let T satisfy condition
(+). Let T be closed on bounded closed subsets of X. We shall show that T is
closed on X. Let D ⊂ X be closed and xn ∈ D such that Txn → y in Y . Then
{xn} is bounded by condition (+) and {xn} ⊂ D ∩ B(0, r) for some r > 0. Since
T (D ∩ B(0, r)) is closed, it follows that y ∈ T (D ∩ B(0, r)) ⊂ T (D). Hence, T (D)
is closed and T is a homeomorphism by Browder’s theorem [3].

Next, let T be proper on bounded closed subsets ofX. It is closed on such subsets
and T is a homeomorphism by the first part. Let us prove this also independently by
proving that T is proper on X. Namely, we shall prove that a proper on bounded
closed subset map that satisfies condition (+) is proper. This fact will be used
throughout the paper. Let K be a compact subset of Y . Then, T−1(K) is a bounded
set in X. Indeed, if we had {xn} ⊂ T−1(K) with ‖xn‖ → ∞, then Txn = yn for
some yn ∈ K. We may assume that yn → y ∈ K and so Txn → y ∈ K with
{xn} unbounded, in contradiction to condition (+). Hence, T−1(K) is bounded.
Since T is continuous, T−1(K) is closed. Thus, T−1(K) is bounded and closed and
therefore compact since T is proper when restricted to bounded and closed subsets
of X. Hence, T is proper and therefore a homeomorphism by the global inversion
theorem.

To look at φ-condensing maps, we recall that the set measure of noncompactness
of a bounded set D ⊂ X is defined as α(D) = inf{d > 0 | D has a finite covering by
sets of diameter less than d}. The ball-measure of noncompactness of D is defined as
χ(D) = inf{r > 0 | D ⊂ ∪ni=1B(xi, r), xi ∈ X, n ∈ N}. Let φ denote either the set
or the ball-measure of noncompactness. Then a map T : D ⊂ X → Y is said to be
k−φ-contractive (φ-condensing) if φ(T (Q)) ≤ kφ(Q) (respectively φ(T (Q)) < φ(Q))
whenever Q ⊂ D (with φ(Q) 6= 0). We note that T is completely continuous if and
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only if it is α− 0-contractive. Moreover, if T is Lipschitz continuous with constant
k, then it is α− k-contractive.

Corollary 2.1. Let F : X → X be continuous, locally φ-condensing and I − F be
locally injective. Then I−F is a homeomorphism if and only if it satisfies condition
(+).

Proof. Let T = I − F . It was shown by Nussbaum [11] that T is proper on
bounded and closed subsets of X and that it is an open map (cf. also [5]). Hence,
the conclusions follow from Theorem 2.1.

Theorem 2.1 applies also to maps T : X → X∗ of type (S+), i.e., if xn ⇀ x and
lim sup(Txn, xn − x) ≤ 0 then xn → x.

Corollary 2.2. Let X be reflexive and T : X → X∗ be continuous, bounded, of
type (S+) and be locally injective. Then T is a homeomorphism if and only if it
satisfies condition (+).

Proof. T is an open map (see [18]). We claim that it is proper on the bounded
closed subsets of X. Let D ⊂ X be closed and bounded and K ⊂ X∗ be compact.
Let xn ∈ T−1(K) ∩D. Then Txn = yn ∈ K and we may assume that xn ⇀ x and
yn → y ∈ K. Then lim sup(Txn, xn − x) = 0 and therefore xn → x ∈ D. Hence,
Txn → Tx = y ∈ K and x ∈ T−1(K), which proves the claim. Thus, Theorem 2.1
applies.

Next, we shall extend Corollary 2.1 to condensing perturbations of Fredholm
maps of index zero. Let X,Y be infinite dimensional Banach spaces, U be an open
subset of X and T : U → Y be as above. We recall the following properties (see [7])
of α(T ) and β(T ) defined in the introduction. First, we note that α(T ) is related to
the property of compactness of the map T and the number β(T ) is related to the
properness of T .

(1) α(λT ) = |λ|α(T ) and β(λT ) = |λ|β(T ) for each λ ∈ R.

(2) α(T + C) ≤ α(T ) + α(C).

(3) β(T )β(C) ≤ β(T ◦ C) ≤ α(T )β(C) (when defined).

(4) If β(T ) > 0, then T is proper on bounded closed sets.

(5) β(T )− α(C) ≤ β(T + C) ≤ β(T ) + α(C).

(6) If T is a homeomorphism and β(T ) > 0, then α(T−1)β(T ) = 1.

If T : X → Y is a homeomorphism, then (3) implies 1 = β(I) = β(T−1 ◦ T ) ≤
α(T−1)β(T ). Hence, β(T ) > 0.

If L : X → Y is a bounded linear operator, then β(L) > 0 if and only if ImL
is closed and dim KerL < ∞ and α(L) ≤ ‖L‖. Moreover, one can prove that L is
Fredholm if and only if β(L) > 0 and β(L∗) > 0, where L∗ is the adjoint of L.
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Let T : U → Y be, as before, a map from an open subset U of a Banach space
X into a Banach space Y , and let p ∈ U be fixed. Let Br(p) be the open ball in X
centered at p with radius r. Suppose that Br(p) ⊂ U and set

α(T |Br(p)) = sup{αT (A)/α(A) | A ⊂ Br(p) bounded, α(A) > 0}.

This is non-decreasing as a function of r, and clearly α(T |Br(p)) ≤ α(T ). Hence,
the following definition makes sense:

αp(T ) = lim
r→0

α(T |Br(p)).

Similarly, we define βp(T ). We have αp(T ) ≤ α(T ) and βp(T ) ≥ β(T ) for any p. If
T is of class C1, then αp(T ) = α(T ′(p)) and βp(T ) = β(T ′(p)) for any p ([4]). Note
that for a Fredholm map T : X → Y , βp(T ) > 0 for all p ∈ X.

Next, we shall apply Theorem 2.1 to certain perturbations of nonlinear Fredholm
maps of index zero.

Theorem 2.2. Let T : X → Y be a Fredholm map of index zero and C : X → Y
be a continous map with αp(C) < βp(T )(= β(T ′(p)) for each p ∈ X. Suppose that
T + C is locally injective and closed (in particular, proper) on bounded and closed
subsets of X. Then T + C is a homeomorphism if and only if it satisfies condition
(+).

Proof. We have that T+C is an open map by the invariance of domain theorem
of Calamai [4] (see Rabier-Salter [15] when C is compact). Hence, T + C is a local
homeomorphism. Since T + C is closed (proper) on closed bounded subsets of X,
the conclusions follow from Theorem 2.1.

Corollary 2.3. Let T : X → Y be a Fredholm map of index zero and C : X → Y
be a continuous map with α(C) < β(T ). Suppose that T + C is locally injective.
Then T + C is a homeomorphism if and only if it satisfies condition (+).

Proof. Let p ∈ X be fixed. Then αp(C) ≤ α(C) < β(T ) ≤ βp(T )(= β(T ′(p)).
Since β(T +C) ≥ β(T )−α(C) > 0, then T +C is proper on closed bounded subsets
of X. Hence, the conclusions follow from Theorem 2.2.

Next, the following simple lemma gives some conditions on T and C that imply
condition (+) for T + C in Theorem 2.2. Recall that C : X → Y is quasibounded
if, for some k > 0 the quasinorm

|C| = lim sup
‖x‖→∞

‖Cx‖/‖x‖k <∞.

Lemma 2.1. Suppose that T,C : X → Y and either one of the following condi-
tions holds

(i) ‖Cx‖ ≤ a‖Tx‖ + b for some constants a ∈ [0, 1) and b > 0 and all ‖x‖ large
and ‖Tx‖ → ∞ as ‖x‖ → ∞.
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(ii) There exist constants c, c0, k > 0 and R > R0 such that

‖Tx‖ ≥ c‖x‖k − c0 for all ‖x‖ ≥ R

and C is quasibounded with the quasinorm |C| < c.

Then T + tC satisfies condition (+), t ∈ [0, 1].

Proof. It suffices to observe that, in either case, ‖Tx+ tCx‖ → ∞ as ‖x‖ → ∞
uniformly in t.

Corollary 2.3 and Lemma 2.1 imply the following result.

Corollary 2.4. Let T : X → Y be a Fredholm map of index zero and C : X → Y
be a continous map with α(C) < β(T ). Suppose that T + C is locally injective
and either one of the conditions (i)-(ii) of Lemma 2.1 holds. Then T + C is a
homeomorphism.

A map T is positive k-homogeneous outside some ball if T (λx) = λkT (x) for
some k ≥ 1, all ‖x‖ ≥ R and all λ ≥ 1. We say that T is asymptotically close to a
positive k-homogeneous map A if

|T −A| = lim sup
‖x‖→∞

‖Tx−Ax‖/‖x‖k <∞.

We note that T is asymptotically close to a positively k-homogeneous map A if
there is a functional c : X → [0, a] such that

lim sup
t→∞

‖T (tx)/tk −Ax‖ = c(t)‖x‖k.

In this case, |T −A| ≤ a.

Next, we shall prove a nonlinear extension of the Fredholm alternative for linear
compact vector fields involving asymptotically homogeneous maps. To that end, we
need the following result.

Theorem 2.3. Let T : X → Y be a locally injective, continuous and open map
that is closed (in particular, proper) on bounded and closed subsets of X. Assume
that T is asymptotically close to a continuous, closed (proper, in particular) on
bounded and closed subsets of X positive k-homogeneous map A outside some ball
in X, i.e., there are k ≥ 1 and R0 > 0 such that A(λx) = λkAx for all ‖x‖ ≥ R0

and either for all λ > 0, or for all λ ≥ 1 and (A)−1(0) bounded. Then T is a
homeomorphism.

For the proof of the theorem, we need the following lemma, which gives other
conditions that imply condition (+).
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Lemma 2.2. a) Let A : X → Y be continuous, closed (in particular, proper) on
bounded and closed subsets of X and for some R0 ≥ 0

(2.1) A(λx) = λk(Ax)

for all ‖x‖ ≥ R0, λ ≥ 1 and some k ≥ 1. Suppose that either one of the following
conditions holds:

(i) There is a constant M > 0 such that if Ax = 0, then ‖x‖ ≤M ;

(ii) A is injective;

(iii) A is locally injective and (2.1) holds for all λ > 0.

Then there exist constants c > 0 and R > R0 such that

(2.2) ‖Ax‖ ≥ c‖x‖k for all ‖x‖ ≥ R

and, in addition, A−1 is bounded when (ii) holds. Moreover, if A is positively k-
homogeneous, then Ax = 0 has only the trivial solution if and only if (2.2) holds.

b) If T : X → Y is asymptotically close to A with |T − A| sufficiently small,
then T also satisfies (2.2) with c replaced by c− |T −A|.

Proof. a) We may assume that R0 ≥M . Let (i) hold and R > R0 be fixed. We
shall show that condition (2.2) holds for some c > 0. If not, then there would exist
a sequence {xn} in X such that ‖xn‖ ≥ R and ‖Axn‖ ≤ 1/n‖xn‖k for all n ≥ 1. Set
vn = Rxn/‖xn‖. Then ‖vn‖ = R, xn = R−1‖xn‖ vn, and Axn = A(R−1‖xn‖ vn) =
R−k‖xn‖kAvn since R−1‖xn‖ ≥ 1. Hence, ‖Axn‖ = R−k‖xn‖k‖Avn‖ ≤ 1/n‖xn‖k.
Thus ‖Avn‖ ≤ Rk/n → 0 as n → ∞. If A is proper on bounded closed subsets, it
maps each bounded closed subset of X on a closed subset. Hence, A(∂B(0, R)) is
closed in either case and contains 0, and therefore there is a v ∈ ∂B(0, R) such that
Av = 0. This contradicts our choice of R since R0 ≥ M . Thus, inequality (2.2)
holds.

Next, we shall show that (ii) implies that A−1 is bounded, and therefore (i)
holds. Select R > R0 such that ‖x‖ < R if Ax = 0. If A−1 is not bounded,
then there would exist {xn} such that {Axn} is bounded and ‖xn‖ → ∞. We
may assume that ‖xn‖ ≥ R for all n. As above, setting vn = Rxn/‖xn‖, we get
that Avn = RkAxn/‖xn‖ → 0 as n → ∞. As above, we get a contradiction, and
therefore A−1 is bounded.

Finally, we shall show that (iii) implies (i) with M = 0. Clearly, (2.1) implies
that it holds for all x and all λ > 0. Hence, T is positively homogeneous. If Ax = 0
with x 6= 0, set v = r/‖x‖x with r > 0 such that A is injective on B(0, r). Then
Av = 0 in contradiction to our choice of r. Hence, x = 0 and (i) holds with M = 0.
Finally, if (2.1) holds for each x and all λ > 0, then it is clear that (2.2) implies
that Ax = 0 has only the trivial solution.

b) Let ε > 0 be such that ε + |T − A| < c for c > 0 in part a). Then there is
an R > R0 such that ‖Tx−Ax‖ ≤ (ε+ |T −A|)‖x‖k for all ‖x‖ ≥ R. This implies
that T satisfies condition (2.2) with c1 = c− |T −A|.
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Proof of Theorem 2.3. By Lemma 2.2, T satisfies condition (+). Hence, the
conclusion follows by Theorem 2.1.

When X is reflexive, the k-homogeneity in Lemma 2.2 can be relaxed. Recall
that ([10]) a map T : X → Y is called k-quasihomogeneous relative to T0, k > 0,
if there is a positive k-homogeneous map T0 such that if xn ⇀ x, 0 < tn → 0 and
tknT (xn/tn) → y, then T0x = y. It is strongly k-quasihomogeneous if xn ⇀ x and
0 < tn → 0 imply that tknT (xn/tn) → T0x. In the latter case, |T − T0| = 0 and T0

is completely continuous if X is reflexive.

Lemma 2.3. Let X be a reflexive Banach space, T : X → Y be asymptotically
close to a k-quasihomogeneous map F at 0 relative to F0. Let ‖Fx‖ ≥ l‖x‖k for
some l > 0 and A : X → Y be asymptotically close to a strongly k-quasihomogeneous
map G relative to G0. Assume that |T − F | and |A−G| are sufficiently small and
x = 0 if F0x+G0x = 0. Then there are c > 0 and R > 0 such that

‖Tx+Ax‖ ≥ c‖x‖k for all ‖x‖ ≥ R.

Proof. We claim that this inequality holds for some c1 > 0 for F + G. If not,
then there are ‖xn‖ → ∞ such that for each n

‖Fxn +Gxn‖ ≤ 1/n‖xn‖k.

Set vn = xn/‖xn‖ and we may assume that vn ⇀ v. Then

F (‖xn‖vn)/‖xn‖k +G(‖xn‖vn)/‖xn‖k = (Fxn +Gxn)/‖xn‖k → 0

as n→∞. The strong k-quasihomogeneity of G implies that G(‖xn‖vn)/‖xn‖k →
G0v. Hence, F (‖xn‖vn)/‖xn‖k → −G0v and F0v = −G0v by the k-quasihomoge-
neity of F . But,

‖F (‖xn‖vn)‖/‖xn‖k ≥ l(‖xn‖vn)k/‖xn‖k = l > 0

and therefore ‖F0v‖ = ‖G0v‖ ≥ l. Since G0 is k-homogeneous, we get that v 6= 0,
in contradiction to our assumption on F0 +G0. Hence, the above inequality holds
for some c1 > 0. This and the smallness of |T −F | and |A−G| imply the conclusion
with c = c0 − |T − F | − |A−G|.

Remark 2.1. In view of Lemma 2.3, the k-homogeneity in the results of this paper can
be weaken to k-quasihomogeneity when X is reflexive.

Theorem 2.4. (Generalized First Fredholm Theorem) Let T : X → Y be a
Fredholm map of index zero and C : X → Y be a continuous map with α(C) < β(T ).
Suppose that T + C is locally injective and is asymptotically close to a contin-
uous, closed (in particular, proper) on bounded and closed subsets of X positive
k-homogeneous map A, outside some ball in X, i.e., there are k ≥ 1 and R0 > 0
such that A(λx) = λkAx for all ‖x‖ ≥ R0 and either for all λ > 0, or for all λ ≥ 1
and (A)−1(0) bounded. Then T + C is a homeomorphism.
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Proof. The map T + C satisfies condition (+) by Lemma 2.2. Thus, the
conclusion follows by Corollary 2.3.

Remark 2.2. In view of Theorem 2.1, the condition α(C) < β(T ) in Theorem 2.4 can
be weaken to T + C is closed (in particular, proper) on bounded and closed subsets of X
and αp(C) < βp(T ) for each p ∈ X.

The following proposition provides a large class of nonlinear Fredholm maps of
index zero.

Proposition 2.1. Let T = A + N : X → Y be such that A is a linear Fredholm
map of index zero and N ∈ C1(X,Y ) such that A+ tN ′(x) : X → Y is proper when
restricted to bounded closed subsets of X for all x ∈ X and t ∈ [0, 1]. Then T is a
Fredholm map of index zero.

Proof. Since for all x ∈ X and t ∈ [0, 1], A + tN ′(x) : X → Y is proper when
restricted to bounded closed subsets of X, it is semi-Fredholm. Hence, ind (A +
N ′(x)) = indA for each x ∈ X and therefore T is Fredholm of index zero (see
[5]).

Next, we shall show that k−φ-contractive perturbations of some (e.g., expansive)
homeomorphisms are still homeomorphisms. We need the following open mapping
stability result for condensing perturbations of these homeomorphisms.

Theorem 2.5. Let T : X → Y be a homeomorphism and C : X → Y be continu-
ous. Then T + C is an open map if either

(i) T is expansive, i.e., ‖Tx− Ty‖ ≥ c‖x− y‖ for all x, y ∈ X and some c > 0,
C is k − φ-contraction with k < c and T + C is locally injective, or

(ii) α(C) < β(T ) and T + C is injective.

Proof. The equation Tx + Cx = f is equivalent to y + CT−1y = f , y = Tx.
Let (i) hold. Then the map CT−1 is k/c − φ-contractive with k/c < 1. If (ii)
holds, then the map CT−1 is α(CT−1)-contractive since α(CT−1) ≤ α(C)α(T−1) =
α(C)/β(T ) < 1. Moreover, I+CT−1 is (locally) injective since such is T+C. Hence,
I + CT−1 is an open map ([11], see also [5]). Thus, T + C is an open map since
T + C = (I + CT−1)T .

To discuss various special cases, we need the following lemma.

Lemma 2.4. Let T : X → Y be a homeomorphism and C : X → Y .

(i) If I + CT−1 : Y → Y is proper on bounded closed subsets of Y and if either
T or C is bounded, then T + C is proper on bounded closed subsets of X.

(ii) If T−1 is bounded and I + CT−1 : Y → Y satisfies condition (+), then
T + C satisfies condition (+). Conversely, if either T or C is bounded, and
T + tC, t ∈ [0, 1], satisfies condition (+), or C has a linear growth and T−1

is quasibounded with a sufficiently small quasinorm, then I + tCT−1 : Y → Y
satisfies condition (+), t ∈ [0, 1].
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Proof. (i) Let B ⊂ X be bounded and closed and K be a compact subset of Y .
Suppose that xn ∈ (T + C)−1(K) ∩ B and yn ∈ K such that xn ∈ (T + C)−1(yn).
Then Txn + Cxn = yn and zn + CT−1zn = yn if we set zn = Txn. Thus, {zn}
is bounded if T is bounded. If C is bounded, then {Cxn} is bounded and so is
{zn} since zn = yn −Cxn. Let D be a bounded closed subset of Y with {zn} ⊂ D.
Then zn ∈ (I +CT−1)−1(K)∩D and therefore {zn} is compact by our assumption
on I + CT−1. Hence, {xn = T−1zn} is compact by the continuity of T−1 and a
subsequence xnk → x ∈ B. Thus, T +C is proper on bounded closed subsets of X.

(ii) Let I +CT−1 satisfy condition (+), T−1 be bounded and Txn +Cxn → f .
Then yn + CT−1yn → f in Y , where xn = T−1yn. Since {yn} is bounded, so is
{xn} by the boundedness of T−1. Hence, T +C satisfies condition (+). Conversely,
let T + tC satisfy condition (+) and yn + tnCT

−1yn → f in Y , tn ∈ [0, 1]. Then
Txn + tnCxn → f , where yn = Txn. Hence, {xn} is bounded and therefore such
is {yn} by the boundedness of either T or C as in (i). Thus, I + tCT−1 satisfies
condition (+). Next, let T−1 be quasibounded and C have a linear growth. Then
CT−1 is quasibounded with the quasinorm |CT−1| ≤ |T−1||C| < 1. Thus, I+tCT−1

satisfies condition (+).

Theorem 2.6. Let T : X → Y be a homeomorphism and C : X → Y be continu-
ous. Suppose that either one of the following conditions holds

(i) ‖Tx−Ty‖ ≥ c‖x−y‖ for all x, y ∈ X and some c > 0, C is k−φ-contraction
with k < c and T + C is locally injective, or

(ii) α(C) < β(T ) and T + C is injective.

Then T + C is a homeomorphism if and only if it satisfies condition (+).

Proof. Note that C is bounded since it is k − φ-contractive. The map T + C
is open by Theorem 2.5. Moreover, it is proper on bounded closed subsets of
X by Lemma 2.4 (i) when (i) holds. The same is true if (ii) holds since then
β(T + C) ≥ β(T ) − α(C) > 0. Thus, T + C is a homeomorphism if and only if it
satisfies condition (+) by Theorem 2.1.

Corollary 2.5. Let T : X → Y be a homeomorphism and C : X → Y be continu-
ous. Suppose that either one of the following conditions holds

(i) ‖Tx− Ty‖ ≥ c‖x− y‖ for all x, y ∈ X and some c > 0, C is k-φ-contraction
with k < c and T + C is locally injective, or

(ii) α(C) < β(T ) and T + C is injective.

Then T + C is a homeomorphism if either one of the following conditions holds

(a) (i) holds and C is quasibounded with the quasinorm |C| < c.

(b) C has a linear growth and T−1 is quasibounded with a sufficiently small quasi-
norm.
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Proof. It suffices to show that T +C satisfies condition (+). This follows from
Lemma 2.1-(ii) and Lemma 2.4-(ii) in either case since T−1 is bounded being 1/c
and 1/β(T )-contractive, respectively.

If we are interested only in the bijectivity of T + C, then we have the following
result.

Theorem 2.7. Let T : X → Y be a bijection and C : X → Y be continuous.
Suppose that either one of the following conditions holds

(i) ‖Tx− Ty‖ ≥ c‖x− y‖ for all x, y ∈ X and some c > 0, C is k-φ-contraction
with k < c and is quasibounded with the quasinorm |C| < c, or

(ii) CT−1 is k1 − φ-contractive, k1 < 1, T−1 is quasibounded with sufficiently
small quasinorm and C has a linear growth.

Then T + C is surjective and is a bijection if it is injective.

Proof. The equation Tx + Cx = f is equivalent to y + CT−1y = f , where
y = Tx. The map CT−1 is k1 − φ-contractive with k1 < 1 in either case. If (i)
holds, then T+tC satisfies condition (+) by Lemma 2.1-(ii) and, since C is bounded,
I + tCT−1 satisfies condition (+), t ∈ [0, 1], by Lemma 2.4-(ii). If (ii) holds, then
again Ht = I+tCT−1 satisfies condition (+) by Lemma 2.4-(ii). Thus, the equation
y + CT−1y = f is solvable for each f ∈ Y (just use the degree in [11]). Hence,
T + C is surjective.

Now, using Theorem 2.7, we shall establish a surjectivity and a homeomorphism
result for k − φ-perturbations of strongly accretive maps. (A similar result holds
for such perturbations of strongly monotone maps.) If J : X → 2X

∗
is the duality

map, define (x, y)+ = max{y(x) | y ∈ Jx} for each x, y ∈ X. Then (x, y)+ ≥ (x, z)
for each z ∈ Jx.

Corollary 2.6. Let T : X → X be c-strongly accretive, i.e., (Tx − Ty, z)+ ≥
c‖x − y‖2 for all x, y ∈ X, all z ∈ J(x − y) and some c > 0. Suppose that C is
k − φ-contraction with k < c. Then

(i) T +C is surjective if C is quasibounded with the quasinorm |C| < c and T is
either continuous or demicontinuous and X∗ is uniformly convex,

(ii) if T is continuous and T + C is locally injective, then T + C is a homeomor-
phism if and only if it satisfies condition (+).

Proof. (i) It is known that T is a bijection (see [5]). Since (x, y)+ ≥ (x, z) and
‖z‖ = ‖x‖ for each z ∈ Jx, we get that ‖Tx − Ty‖ ≥ c‖x − y‖ for each x, y ∈ X.
The conclusion follows from Theorem 2.7.

(ii) Since T is a homeomorphism and k < c, T + C is a homeomorphism if and
only if it satisfies condition (+) by Theorem 2.6-(i).

We have the following variant of Theorem 2.4.
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Theorem 2.8. (Generalized First Fredholm Theorem) Let T : X → Y be a
Fredholm map of index zero and C : X → Y be a continuous map with α(C) < β(T ).
Suppose that T is locally injective, T + C is injective, the quasinorm |C| of C is
sufficiently small, where

|C| = lim sup
‖x‖→∞

‖Cx‖/‖x‖k,

and T is asymptotically close to a continuous, closed (in particular, proper) on
bounded and closed subsets of X positive k-homogeneous map A, outside some ball
in X,i.e., there are k ≥ 1 and R0 > 0 such that A(λx) = λkAx for all ‖x‖ ≥ R0

and either for all λ > 0, or for all λ ≥ 1 and (A)−1(0) bounded. Then T + C is a
homeomorphism.

Proof. T is a homeomorphism by Theorem 2.4 (with C = 0 in this theorem).
Moreover, T + C is proper on bounded closed subsets of X since β(T + C) ≥
β(T ) − α(C) > 0. Since ‖Tx‖ ≥ c‖x‖k by Lemma 2.2-b) and |C| is sufficiently
small, T +C satisfies condition (+). Thus, T +C is a homeomorphism by Theorem
2.6-(ii).

Finally, we shall now prove an alternative result for perturbations of general
homeomorphisms by k-set-contractive maps. (This result is also valid for k-ball
contractive perturbations and it will be given elsewhere.) For a continuous map
F : X → Y , let Σ be the set of all points x ∈ X where F is not locally invertible
and let cardF−1({f}) be the cardinal number of the set F−1({f}). We need the
following result.

Theorem 2.9. (Ambrosetti) Let F ∈ C(X,Y ) be a proper map. Then the car-
dinal number cardF−1({f}) is constant, finite (it may be even 0) on each connected
component of the set Y \ F (Σ).

Theorem 2.10. (Nonlinear Alternative) Let T : X → Y be a homeomor-
phism, C : X → Y be such that T + C satisfies condition (+) and α(C) < β(T )
(‖Tx− Ty‖ ≥ c‖x− y‖ for all x, y ∈ X and some c > 0 and C is k− φ-contraction
with k < c, respectively). Then either

(i) T + C is injective (locally injective, respectively), in which case it is a home-
omorphism, or

(ii) T+C is not injective (not locally injective, respectively), in which case, assum-
ing additionally that T + tC satisfies condition (+), the equation Tx+Cx = f
is solvable for each f ∈ Y with (T +C)−1(f) compact and the cardinal number
card (T+C)−1(f) is positive, constant and finite on each connected component
of the set Y \ (T + C)(Σ).

Proof. (i) If T + C is injective (locally injective, respectively), then it is a
homeomorphism by Theorem 2.6.
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(ii) Suppose that T+C is not injective (locally injective, respectively). As above,
the equation Tx+Cx = f is equivalent to the equation y +CT−1y = f in Y , with
y = Tx. The map CT−1 is α(CT−1)-contractive in the first case since

α(CT−1) ≤ α(C)α(T−1) = α(C)/β(T ) < 1.

It is k/c−φ-contractive in the second case. Moreover, I+ tCT−1 satisfies condition
(+) by Lemma 2.4-(ii) since C is bounded. Hence, using the homotopy H(t, x) =
x+ tCT−1x and the degree theory for condensing maps [11], we get that I +CT−1

is surjective. Therefore, T + C is surjective.
Since β(T + C) ≥ β(T ) − α(C) > 0, it follows that T + C is proper on closed

bounded subsets of X. Hence, T + C is proper on X since it satisfies condition
(+). Thus, the cardinal number card (T + C)−1(f) is positive, constant and finite
on each connected component of the set Y \ (T + C)(Σ) by Theorem 2.9.

Theorem 2.11. (Generalized First Fredholm Theorem) Let T : X → Y be
a homeomorphism and C,D : X → Y be continuous maps such that α(D), α(C)
and |D| are sufficiently small, where

|D| = lim sup
‖x‖→∞

‖Dx‖/‖x‖k <∞.

Assume that T +C is injective and either ‖Tx+Cx‖ ≥ c‖x‖k − c0 for all ‖x‖ ≥ R
for some R, c and c0, or is asymptotically close to a continuous, closed (proper,
in particular) on bounded and closed subsets of X positive k-homogeneous map A,
outside some ball in X, i.e., there are k ≥ 1 and R0 > 0 such that A(λx) = λkAx
for all ‖x‖ ≥ R0 and all λ ≥ 1. Then either

(i) T + C +D is injective, in which case T + C +D is a homeomorphism, or

(ii) T +C+D is not injective, in which case the solution set (T +C+D)−1({f})
is nonempty and compact for each f ∈ Y and the cardinal number card (T +
C + D)−1({f}) is constant, finite and positive on each connected component
of the set Y \ (T + C +D)(Σ).

Proof. Since T is a homeomorphism, it is proper and β(T ) > 0. Thus, α(C) <
β(T ) and T +C satisfies condition (+) by Lemma 2.2-(ii). It follows that T +C is a
homeomorphism by Theorem 2.6. If (i) holds, then T +C+D is a homeomorphism
by Theorem 2.6-(ii) and Lemmas 2.1-(ii) and 2.2-(ii)-b) since D has a sufficiently
small quasinorm and α(D) < β(T ) − α(C) ≤ β(T + C). Let (ii) hold. We claim
that T + C + tD satisfies condition (+).

Let yn = (T + C + tnD)xn → y as n → ∞ with tn ∈ [0, 1], and suppose that
‖xn‖ → ∞. Then, by Lemma 2.2 with c1 = c− |T + C|

c1‖xn‖k − c0 ≤ ‖(T + C)xn‖ ≤ ‖yn‖+ (|D|+ ε)‖xn‖k

for all n large and any ε > 0 fixed. Dividing by ‖xn‖k and letting n → ∞, we get
that c ≤ |D|. This contradicts our assumption that |D| is sufficiently small and
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therefore condition (+) holds. Hence, the equation Tx + Cx + Dx = f is solvable
by Theorem 2.10. Since α(C) and α(D) are sufficiently small, β(T + C + D) ≥
β(T )−α(C +D) ≥ β(T )−α(C)−α(D) > 0. Hence, the map T +C +D is proper
on closed bounded sets. Since T +C +D satisfies condition (+), it is a proper map
and the other conclusions follow from Theorem 2.9.

3. Finite Solvability for Perturbations of Fredholm Maps of Index
Zero

In this section, we shall study equations of the form Tx + Cx + Dx = f with
T Fredholm of index zero, α(D) < β(T ) − α(C) and T + C a homeomorphism.
We shall show that they are either uniquely solvable or are finitely solvable for
almost all right hand sides and that the cardinality of the solution set is constant
on certain connected components in Y . Some generalized first Fredholm theorems
will be proved when T + C is positively homogeneous outside some ball as well as
some Borsuk type results and a general finite solvability result will be given. They
are based on the recent degree theory of nonlinear perturbations for C1-Fredholm
maps of index zero as defined in Rabier-Salter [15], Benevieri-Furi [2] and Benevieri-
Calamai-Furi [1] (see also Fitzpatrick-Pejsachowisz-Rabier [6], [12]).

We begin with the following extension of the first Fredholm theorem to perturbed
nonlinear Fredholm maps of index zero.

Theorem 3.1. (Generalized First Fredholm Theorem) Let T : X → Y be
a Fredholm map of index zero and C,D : X → Y be continuous maps such that
α(D) < β(T )− α(C) with |D| sufficiently small, where

|D| = lim sup
‖x‖→∞

‖Dx‖/‖x‖k <∞.

Assume that T + C is locally injective and either ‖Tx + Cx‖ ≥ c‖x‖k − c0 for all
‖x‖ ≥ R for some R, c and c0, or is asymptotically close to a continuous, closed (in
particular, proper) on bounded and closed subsets of X positive k-homogeneous map
A, outside some ball in X, i.e., there are k ≥ 1 and R0 > 0 such that A(λx) = λkAx
for all ‖x‖ ≥ R0 and either for all λ > 0, or for all λ ≥ 1 and (A)−1(0) bounded.
Then either

(i) T + C +D is injective, in which case T + C +D is a homeomorphism, or

(ii) T +C+D is not injective, in which case the solution set (T +C+D)−1({f})
is nonempty and compact for each f ∈ Y and the cardinal number card (T +
C + D)−1({f}) is constant, finite and positive on each connected component
of the set Y \ (T + C +D)(Σ).

Proof. Since α(C) < β(T ), it follows that T + C is a homeomorphism by
Corollary 2.4 and Theorem 2.4, respectively. Since α(D) < β(T )−α(C) ≤ β(T+C),
by Theorem 2.10 if suffices to show that T +C+tD satisfies condition (+). But this
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follows as in the proof of Theorem 2.11. Hence, the equation Tx+Cx+Dx = f is
solvable for each f ∈ Y .

Since β(T + C + D) ≥ β(T ) − α(C + D) ≥ β(T ) − α(C) − α(D) > 0, the map
T +C+D is proper on closed bounded sets. Since T +C+D satisfies condition (+),
it is a proper map and the other conclusions of the theorem follow from Theorem
2.9.

Corollary 3.1. Let T,C : X → Y and T +C be Fredholm maps of index zero such
that α(C) < β(T ) and |C| sufficiently small, where

|C| = lim sup
‖x‖→∞

‖Cx‖/‖x‖k <∞.

Assume that T is locally injective and either ‖Tx‖ ≥ c‖x‖k− c0 for all ‖x‖ ≥ R for
some R, c and c0, or T is asymptotically close to a continuous, closed (in particular,
proper) on bounded and closed subsets of X positive k-homogeneous map A, outside
some ball in X, i.e., there are k ≥ 1 and R0 > 0 such that A(λx) = λkAx for all
‖x‖ ≥ R0 and either for all λ > 0, or for all λ ≥ 1 and (A)−1(0) bounded. Then
either

(i) T + C is injective, in which case T + C is a homeomorphism, or

(ii) T + C is not injective, in which case the solution set (T + C)−1({f}) is
nonempty and compact for each f ∈ Y and the cardinal number card (T +
C)−1({f}) is constant, finite and positive on each connected component of the
open and dense set of regular values RT+C = Y \ (T + C)(S) of Y , where S
is the set of singular points of T + C.

Proof. Part (i) and the surjectivity of T +C follow from Theorem 3.1 (with C
replaced by D). As before, we have that T + C is proper on bounded and closed
set and satisfies condition (+). Hence, it is proper and the other conclusions follow
from the general theorem on nonlinear Fredholm maps of index zero (see [19]).

Denote by degBCF the degree of Benevieri-Calamai-Furi. When T + C is not
locally injective, we have the following extension of Theorem 3.1.

Theorem 3.2. (Generalized First Fredholm Theorem) Let T : X → Y be
a Fredholm map of index zero and C,D : X → Y be continuous maps such that
α(D) < β(T )− α(C) with |D| sufficiently small, where

|D| = lim sup
‖x‖→∞

‖Dx‖/‖x‖k <∞.

Assume that T + C is asymptotically close to a continuous, closed (in particular,
proper) on bounded and closed subsets of X positive k-homogeneous map A, outside
some ball in X for all λ ≥ 1 and some k ≥ 1, ‖x‖ ≤ M < ∞ if Ax = 0 and
degBCF (T +C,B(0, r), 0) 6= 0 for all large r. Then the equation Tx+Cx+Dx = f
is solvable for each f ∈ Y with (T + C + D)−1({f}) compact and the cardinal
number card (T +C +D)−1({f}) is constant, finite and positive on each connected
component of the set Y \ (T + C +D)(Σ).
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Proof. Since β(T + C) ≥ β(T ) − α(C) > 0, we have that T + C is proper on
closed bounded sets and satisfies condition (2.2) holds for some R > 0 by Lemma
2.2 with c1 = c−|T−C|. Moreover, α(D+C) ≤ α(D)+α(C) < β(T ). Let f ∈ Y be
fixed and ε > 0 and R1 > R such that |D|+ε+‖f‖/Rk1 < c and ‖Dx‖ ≤ (|D|+ε)‖x‖
for all ‖x‖ ≥ R1. Define the homotopy H(t, x) = Tx+Cx+ tDx− tf for t ∈ [0, 1].
Then, H(t, x) 6= 0 for (t, x) ∈ [0, 1]× (X \B(0, R1). If not, then there is a t ∈ [0, 1]
and x with ‖x‖ ≥ R1 such that H(t, x) = 0. Then

c1‖xn‖k ≤ ‖Txn + Cxn‖ = tn‖Dxn − f‖ ≤ (|D|+ ε)‖xn‖k + ‖f‖.

Hence, c1 < |D|+ ε+‖f‖/Rk1 , in contradiction to our choice of ε and R1. Similarly,
arguing by contradiction, we get that H(t, x) satisfies condition (+).

Next, we will show that H(t, x) is an admissible oriented homotopy on [0, 1] ×
B(0, R2) for some R2 ≥ R1. Set F (t, x) = tDx. Then for any subset A ⊂ B(0, R2),
α(F ([0, 1] × A)) = α({tDx | t ∈ [0, 1], x ∈ A}) = α({ty | t ∈ [0, 1], y ∈ D(A)}) =
α(D(A)) ≤ α(D)α(A). Hence, α(F ) ≤ α(D). Moreover, α(C+F ) ≤ α(C)+α(F ) ≤
α(C) + α(D) < β(T ). Thus, we get that β(H) ≥ β(T ) − α(C + F ) > 0. This
implies that H is proper on bounded closed subsets of [0, 1] × X with the norm
‖(t, x)‖ = max{|t|, ‖x‖} for (t, x) ∈ R × X. Since H satisfies condition (+), it is
proper on [0, 1]×X. Thus, H−1(0) is compact and contained in [0, 1]×B(0, R2) for
some R2 ≥ R1. Since B(0, R2) is simply connected, H(0, ·) = T +C : B(0, R2)→ Y
is oriented by Proposition 3.7 in [2]. Hence, H is oriented by Proposition 3.5 in [2]
and the homotopy Theorem 6.1 in [1] implies that

degBCF (H1, B(R1, 0), 0) = degBCF (T + C +D − f,B(R1, 0), 0)
= degBCF (T + C,B(R1, 0), 0) 6= 0.

Thus, the equation Tx + Cx + Dx = f is solvable. The other conclusions follow
from Theorem 2.9 since H(0, ·) = T +C+D satisfies condition (+) and is therefore
proper.

Let us now look at a special case when T + C is odd. Now, we will use the
Fitzpatrick-Pejsachowisz-Rabier-Salter degree.

Theorem 3.3. (Generalized First Fredholm Theorem) Let T : X → Y be a
Fredholm map of index zero that is proper on bounded and closed subsets of X and
C,D : X → Y be compact maps with |D| sufficiently small, where

|D| = lim sup
‖x‖→∞

‖Dx‖/‖x‖k <∞.

Assume that T+C is odd, asymptotically close to a continuous, closed (in particular,
proper) on bounded and closed subsets of X positive k-homogeneous map A, outside
some ball in X, i.e., there exists R0 > 0 such that A(λx) = λkAx for all ||x|| ≥ R0,
for all λ ≥ 1 and some k ≥ 1, and ‖x‖ ≤ M < ∞ if Ax = 0. Then the equation
Tx + Cx + Dx = f is solvable for each f ∈ Y with (T + C + D)−1({f}) compact
and the cardinal number card (T + C + D)−1({f}) is constant, finite and positive
on each connected component of the set Y \ (T + C +D)(Σ).
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Proof. Step 1. Let p be a base point of T . By Lemma 2.2, there is an
R > 0 such that condition (2.2) holds for T + C. Define the homotopy H(t, x) =
Tx+Cx+ tDx− tf for t ∈ [0, 1]. We have shown in the proof of Theorem 3.2 that
T +C +D satisfies condition (+) and H(t, x) 6= 0 for (t, x) ∈ [0, 1]× ∂B(0, R1) for
some R1 ≥ R.

Next, we note that H(t, x) is a compact perturbation tD of the odd mapping
T + C with T Fredholm of index zero. Then, by the homototy theorem (Corollary
7.2 in [15]) and the Borsuk’s theorem for such maps of Rabier-Salter [15], we get
that the Fitzpatrick-Pejsachowisz-Rabier-Salter degree

degT,p(H1, B(R1, 0), 0) = degT,p(T + C +D − f,B(R1, 0), 0)
= νdegT,p(T + C,B(R1, 0), 0) 6= 0

where ν is 1 or −1.
Step 2. T has no base point. Then pick a point q ∈ X and let A : X → Y

be a continuous linear map with finite dimensional range such that T ′(q) + A is
invertible. Then T +A is Fredholm of index zero, proper on B(0, r) and q is a base
point of T +A. Moreover, T +C +D = (T +A) + (C −A) +D. We have reduced
the problem to the case when there is a base point for T +A and the maps T +A,
C −A and D satisfy the same conditions of the theorem as the maps T , C and D.
Then, as in Step 1,

degT+A,q(H1, B(R1, 0), 0) = degT+A,q((T +A) + (C −A) +D − f,B(R1, 0), 0)
= ν degT+A,q(T + C,B(R1, 0), 0) 6= 0

where ν is 1 or −1.
Hence, by the existence theorem of this degree, we have that Tx+Cx+Dx = f

is solvable in either case. Next, since T +C+D is continuous and satisfies condition
(+), it is proper since it is proper on bounded closed sets as a compact perturbation
of such a map. Hence, the second part of the theorem follows from Theorem 2.9.

Remark 3.1. Theorems 3.2 and 3.3 are valid if the k-positive homogeneity of T + C is
replaced by ‖Tx+ Cx‖ ≥ c‖x‖k for all x outside some ball (see Lemma 2.2).

Remark 3.2. Earlier generalizations of the first Fredholm theorem to condensing vector
fields, maps of type (S+), monotone like maps and (pseudo) A-proper maps assumed the
homogeneity of T with Tx = 0 only if x = 0 (see [7], [8], [19] and the references therein).

Next, we provide some generalizations of the Borsuk-Ulam principle for odd
compact perturbations of the identity. The first result generalizes Theorem 3.3
when D = 0.

Theorem 3.4. Let T : X → Y be a Fredholm map of index zero that is proper
on closed bounded subsets of X and C : X → Y be compact such that T + C is
odd outside some ball B(0, R). Suppose that T + C satisfies condition (+). Then
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Tx+Cx = f is solvable, (T +C)−1(f) is compact for each f ∈ Y and the cardinal
number card (T +C)−1(f) is positive and constant on each connected component of
Y \ (T + C)(Σ).

Proof. Condition (+) implies that for each f ∈ Y there is an r = rf > R and
γ > 0 such that ‖Tx + Cx − tf‖ ≥ γ for all t ∈ [0, 1], ‖x‖ = r. The homotopy
H(t, x) = Tx+ Cx− tf is admissible for the Rabier-Salter degree and H(t, x) 6= 0
on [0, 1] × ∂B(0, r). Hence, by the homotopy Corollary 7.2 in [15], if p ∈ X is a
base point of T , then

degT,p(T + C − f,B(0, r), 0) = ν degT,p(T + C,B(0, r), 0) 6= 0

since ν is plus or minus one and the second degree is odd by the generalized Borsuk
theorem in [15]. If T has no base point, then proceed as in Step 2 of the proof of
Theorem 3.3. Hence, the equation Tx + Cx = f is solvable in either case. The
second part follows from Theorem 2.9 since T + C is proper on bounded closed
subsets and satisfies condition (+).

Next, we shall prove a more general version of Theorem 3.4.

Theorem 3.5. Let T : X → Y be a Fredholm map of index zero that is proper
on closed bounded subsets of X and C1, C2 : X → Y be compact such that T + C1

is odd outside some ball B(0, R). Suppose that H(t, x) = Tx + C1x + tC2x − tf
satisfies condition (+). Then Tx+ C1x+ C2x = f is solvable for each f ∈ Y with
(T + C1 + C2)−1(f) compact and the cardinal number card (T + C1 + C2)−1(f) is
positive and constant on each connected component of Y \ (T + C1 + C2)(Σ).

Proof. Condition (+) implies that for each f ∈ Y there is an r = rf > R
0 /∈ H([0, 1]× ∂B(0, r). If p is a base points of T , then by Theorem 7.1 in [15]

degT,p(H(1, ·), B(0, r), 0) = νdegT,p(T1 + C1, B(0, r), 0) 6= 0

where ν ∈ {−1, 1}.
Next, if T has no a base point, then pick q ∈ X and let A be a continuous linear

map from X to Y with finite dimensional ranges such that T ′(q) + A is invertible.
Then we can rewrite H as H(t, x) = (T +A)x+(C1−A)x+ tC2x− tf , where T +A,
C1−A and C2 satisfy all the conditions of the theorem and T +A has a base point.
As in the first case, we get that

degT+A,q(H(1, ·), B(0, r), 0) = degT+A,q((T +A) + (C1 −A) + C2 − f,B(0, r), 0)
= ν degT+A,q((T +A) + (C1 −A), B(0, r), 0) 6= 0

where ν ∈ {−1, 1}. Hence, the equation Tx + C1x + C2x = f is solvable in either
case. The other conclusions follow from Theorem 2.9.

Next, we prove a general surjectivity result.

Theorem 3.6. (Global Leray-Schauder condition) Let T,G : X → Y be
Fredholm maps of index zero that are proper on closed bounded subsets of X,
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F (t, x) = tTx+(1− t)Gx be Fredholm of index 1 from [0, 1]×X → Y and proper on
bounded closed subsets, and C,M : X → Y be compact maps. Suppose that T + C
satisfies condition (+), and G+M : X → Y is odd and such that

(i) (G+M)x 6= 0 for x with large norm;

(ii) Tx+Cx 6= γ(G+M)(x) for all x ∈ X \B(0, R) for all γ < 0 and some R > 0.

Then Tx + Cx = f is solvable for each f ∈ Y with (T + C)−1(f) compact and
the cardinal number card (T + C)−1(f) is positive and constant on each connected
component of Y \ (T + C)(Σ).

Proof. Let f ∈ Y be fixed and suppose that p1 and p2 are based points for T
and G. Then condition (+) implies that there are r ≥ R and c > 0 such that

(3.1) ‖Tx+ Cx− tf‖ > c for x ∈ ∂B(0, r), t ∈ [0, 1].

Hence, the homotopy F (t, x) = Tx + Cx − tf is admissible and the Fitzpatrick-
Pejsachowisz-Rabier-Salter degree

degT,p1(T + C − f,B(0, r), 0) = degT,p1(T + C,B(0, r), 0).

Thus, it suffices to show that the last degree is nonzero. Consider the homotopy

H(t, x) = tTx+ tCx+ (1− t)(G+M)x for t ∈ [0, 1], x ∈ B(0, r).

H is continuous and can be written as H = HΦ+Hk with HΦ(t, x) = tTx+(1−t)Gx
and Hk = tCx + (1 − t)Mx. Since HΦ = G + t(T − G) ∈ Φ1C

1([0, 1] × X,Y ), is
proper on [0, 1]×B(0, r), and Hk = tCx+ (1− t)Mx is continous and compact, the
homotopy H(t, x) is admissible. We claim that H(t, x) 6= 0 for x ∈ ∂B(0, r) and
t ∈ [0, 1]. If not, then there would exist x ∈ ∂B(0, r) and t ∈ [0, 1] such that

H(t, x) = tTx+ tCx+ (1− t)(G+M)x = 0.

Then t 6= 0 by (i) and t 6= 1 by (3.1). Hence, t ∈ (0, 1) and setting γ = (t− 1)/t < 0
we get that Tx+Cx = γ(G+M)x, in contradiction to (ii). Hence, H(t, x) 6= 0 on
[0, 1] × ∂B(0, r) and Ht is proper on closed bounded subsets of X and is the sum
of a Fredholm map of index zero and a compact map. Hence, by the homotopy
theorem [15],

degT,p1(T + C − f,B(0, r), 0) = ν degG,p2(G+M,B(0, r), 0) 6= 0

since G+M is odd.

Next, suppose that T and G have no base points. Pick q1, q2 ∈ X and linear
maps A1, A2 : X → Y with finite dimensional ranges and such that T ′(q1)+A1 and
G′(q2)+A2 are invertible. Then T+A1 and G+A2 have base points. Moreover, the
maps T +A1, C −A1, G+A2 and M −A2 satisfy the same conditions as T , C, G
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and M and H(t, x) = t(T +A1)x+t(C−A1)x+(1−t)(G+A2)x+(1−t)(M−A2)x.
Hence, by the first case, we get again that

degT+A1,q1((T +A1) + (C −A1)− f,B(0, r), 0)
= ν degG+A2,q2((G+A2) + (M −A2), B(0, r), 0) 6= 0

since G + M is odd. Therefore, the equation Tx + Cx = f is solvable in either
case for each f ∈ X. The second part follows from Theorem 2.9 since T + C is
proper.

Remark 3.3. The oddness of G + M in Theorem 3.6 can be replaced by deg(G +
M,B(0, r), 0) 6= 0 (mod 2) for each large r. Using the degree of Benevieri, Calamai,
Furi [2], we see that Theorem 3.6 is valid if T,G : X → Y are Fredholm maps of index
zero and C,M : X → Y are continuous maps with α(C) < β(T ) and α(M) < β(G) with
degBCF (G+M,B(0, r), 0) 6= 0 for each large r.

4. Unique and Finite Solvability of Quasilinear Elliptic Equations on
RN

Consider the quasilinear elliptic equation

(4.1) −
N∑

α,β=1

aαβ(x, u,∇u)∂2
αβu+ b(x, u,∇u) + c(x, u,∇u,D2u) = f(x)

for x ∈ Rn and the function u is required to satisfy the condition

lim
|x|→∞

u(x) = 0.

This condition is satisfied for all elements u ∈W 2,p(RN ) with N < p <∞. For this
reason, we define, for u ∈W 2,p(RN ), the maps

Tu = −
N∑

α,β=1

aαβ(x, u,∇u)∂2
αβu+ b(x, u,∇u),

Cu = c(x, u,∇u,D2u).

Then Eq. (4.1) can be written in the operator form as

Tu+ Cu = f

where T + C : Xp = W 2,p(RN ) → Yp = Lp(RN ) and no growth restrictions are
needed for the functions aαβ(x, ξ) and b(x, ξ) as |x| → ∞.

We need to impose conditions on the functions involved so that T is Fredholm
of index zero and is proper on bounded closed subsets of Xp and C is α − k-
contractive with k sufficiently small. The Fredholm and properness properties of T
have been studied in detail by Rabier and Stuart [16, 17]. We impose the following
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assumptions on the functions aαβ : RN×(R×RN )→ R and b : RN×(R×RN )→ R
and c : Rs2 → R, where Rs2 is the vector space whose elements are ξ = {ξα : |α =
(α1, α2, . . . , αN )| ≤ 2}. Set x = (x1, . . . , xN ) and ξ = (ξ0, . . . , ξN ). By viewing
RN×(R×RN ) as a bundle over RN , a function f(= f(x, ξ)) : RN×(R×RN )→ R can
be identified with the bundle map (x, ξ) ∈ RN × (R×RN )→ (x, f(x, ξ)) ∈ RN ×R.
Next, we recall the definition of equicontinuous bundles.

Definition 4.1. We say that f is an equicontinuous C0 bundle map if f is contin-
uous and the collection (f(x, ·))x∈RN is equicontinuous at every point of R×RN . If
k ≥ 0 is an integer, we say that f is an equicontinuous Ckξ bundle map if the partial
derivatives Dα

ξ f , |α| ≤ k, exist and are equicontinuous C0 bundle maps.

Define the space

C1
d(RN ) = {u ∈ C1(RN ) : lim

|x|→∞
|u(x)| = lim

|x|→∞
|∇u(x)| = 0}

where “d” stands for “decay”. It is a Banach space for the norm

‖u‖C1
d(RN ) = max

x∈RN
|u(x)|+ max

x∈RN
|∇u(x)|.

We impose the following assumptions on the functions in (4.1), used in [16, 17].

(A1) aαβ is an equicontinuous C1
ξ bundle map, 1 ≤ α, β ≤ N , 0 ≤ i ≤ N ;

(A2) aαβ(·, 0) ∈ L∞(RN ), ∂ξiaαβ(·, 0) ∈ L∞(RN ), 1 ≤ α, β ≤ N , 0 ≤ i ≤ N ;

(A3)
N∑

α,β=1

aαβ(x, ξ)ηαηβ ≥ γ(x, ξ)|η|2 for all η = (η1, . . . , ηN ) ∈ RN , for all (x, ξ) ∈

RN × (R × RN ), where γ : RN × (R × RN ) → (0,∞) is bounded from below
by a positive constant γ eK on every compact subset K̃ of RN × (R×RN ) (for
example, γ is lower semicontinuous);

(B1) b : RN × RN+1 → R is an equicontinuous C1
ξ bundle map;

(B2) b(·, 0) ∈ Lp(RN ), ∂ξib(·, 0) ∈ L∞(RN ), 0 ≤ i ≤ N ;

(C) c(·, 0) ∈ L∞(RN ) and there is a function c(x) ∈ L∞(RN ) and a constant k > 0
sufficiently small such that

|c(x, ξ)− c(x, ξ′)| ≤ kc(x)
∑
|α|≤2

|ξα − ξ′α|1/(p−1)

for all x ∈ RN , all ξ, ξ′ ∈ Rs2 , where p′ = p/(p− 1);

(F1) There is an element u0 ∈W 2,p(RN ) such that the Frechet derivative T ′(u0) :
Xp → Yp is Fredholm of index zero;
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(F2) Every bounded sequence {un} ⊂ W 2,p(RN ) such that {Tun} converges in
Lp(RN ) has a subsequence {unk} converging in C1

d(RN ).

Theorem 4.1. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2) hold.
Suppose that T +C is locally injective and satisfies condition (+) or, in particular,
‖Tu‖ → ∞ as ‖u‖ → ∞ and ‖Cu‖ ≤ a‖Tu‖ + b for some a ∈ [0, 1), b > 0 and
all ‖u‖ large. Then T + C : Xp → Yp is a homeomorphism, and, in particular, Eq.
(4.1) is uniquely solvable in X for each f ∈ Yp.

Proof. It has been shown by Rabier and Stuart [16] that conditions (A1)-(A2),
(B1)-(B2), and (F1)-(F2) imply that T : Xp → Yp is a proper on bounded closed
subsets Fredholm map of index zero. Note that if (A1)-(A2) and (B1)-(B2) hold,
then (F1) is equivalent to T ′(u) being Fredholm of index zero for each u ∈ Xp

([16]). Condition (F2), together with (A1)-(A2) and (B1)-(B2), is used to show
the properness of T on closed bounded subsets. Moreover, it is easy to see that
condition (C1) implies that C : Xp → Yp is a k-contraction and therefore it is
α− k-contractive. Hence, β(T ) > 0 and β(T ) > α(C). Thus, the conclusions follow
from Corollary 2.4.

Example 4.1. If b(x, ξ) = b1(x)b2(ξ), then b is an equicontinuous C0 bundle map if and
only if b1 is bounded and continuous and b2 is nonconstant and continuous. Moreover,
b is an equicontinuous Ckξ bundle map if b2 is also Ck. If aαβ have this form also, then

they are Ckξ bundle maps. Moreover, if c(x, ξ) is bounded with bounded partial derivatives
∂c(x, ξ)/∂ξα, then (C) holds and T +C satisfies condition (+) if ‖Tu‖ → ∞ as ‖u‖ → ∞.

Theorem 4.2. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2) hold
and Ht = T + tC satisfy condition (+), and, in particular, ‖Tu‖ → ∞ as ‖u‖ → ∞
and ‖Cu‖ ≤ a‖Tu‖ + b for some a ∈ [0, 1), b > 0 and all ‖u‖ large. Suppose that
T is locally injective. Then the solution set of Eq. (4.1) is a nonempty compact set
for each f ∈ Yp. Moreover, either Eq. (4.1) is uniquely solvable for each f ∈ Lp,
or the cardinal number card (T + C)−1(f) is constant, finite and positive on each
connected component of the set Yp \ (T + C)(Σ), where Σ is the set of all u ∈ Xp

where T + C is not locally invertible.

Proof. As above, we have that T : Xp → Yp is a proper on bounded closed
subsets Fredholm map of index zero and therefore β(T ) > 0. Since T is locally
injective, it is an open map by [4, 15] and satisfies condition (+). Hence, T is a
homeomorphism by Theorem 2.1. Moreover, C : Xp → Yp is α − k-contractive
with the quasinorm |C| sufficiently small and β(T ) > α(C). Hence, the conclusions
follow from Theorem 2.10, and Lemma 2.1 in the particular case.

Theorem 4.3. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2) hold.
Suppose that there are constants c,R > 0 such that ‖Tu‖ ≥ c‖u‖ for all ‖u‖ ≥
R and degBCF (T,B(0, r), 0) 6= 0 for all large r. Then the solution set of Eq.
(4.1) is a nonempty compact set for each f ∈ Y . Moreover, the cardinal number
card (T + C)−1(f) is constant, finite and positive on each connected component of
the set Y \ (T +C)(Σ), where Σ is the set of all u ∈ Xp where T +C is not locally
invertible.
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Proof. We have seen above that T : Xp → Yp is a proper on bounded closed
subsets Fredholm map of index zero and therefore β(T ) > 0. Then the conclusions
follow from Theorem 3.2 and Remark 3.1 with D = C and T +C replaced by T .

Next, following [16, 17], we shall look at some more explicit conditions on aαβ
and b that imply the properness of T on closed bounded subsets of Xp. Namely,
we assume that they are asymptotically N -periodic. First, we need to recall some
definitions.

Let P = (P1, . . . , PN ) ∈ RN with Pi > 0, 1 ≤ i ≤ N . A function f :
RN → R is said to be N -periodic with period P if f(x1, . . . , xi + Pi, . . . , xn) =
f(x1, . . . , xi, . . . , xn) for each x ∈ RN and every 1 ≤ i ≤ N .

(D) There exist equicontinuous C0-bundle maps a∞αβ = a∞βα : RN ×RN+1 → R for
α, β = 1, . . . , N , and an equicontinuous C1

η -bundle b∞ : RN ×RN+1 → R such
that b∞(x, 0) ≡ 0 and

lim
|x|→∞

[aαβ(x, ξ)− a∞αβ(x, ξ)] = lim
|x|→∞

[∂ξib(x, ξ)− ∂ξib∞(x, ξ)] = 0

uniformly for ξ in bounded subsets of RN+1, where 1 ≤ α, β ≤ N and i =
0, 1, . . . , N . Moreover, a∞αβ(·, ξ) and b∞(·, ξ) : RN → R are N -periodic in x.

Define the asymptotic limit map T∞ : Xp → Yp by

T∞(u) = −
N∑

α,β=1

a∞αβ(x, u,∇u)∂2
αβu(x) + b∞(x, u(x),∇u(x))

Assumptions (A1)-(A2), (B1)-(B2) and (D) imply that T∞ : Xp → Yp and
T∞(0) = 0.

(F3) The equation T∞u = 0 has no nonzero solutions in Xp.

Theorem 4.4. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and (F3)
hold. Suppose that T + C is locally injective and satisfies condition (+), and, in
particular, ‖Tu‖ → ∞ as ‖u‖ → ∞ and ‖Cu‖ ≤ a‖Tu‖ + b for some a ∈ [0, 1),
b > 0 and all ‖u‖ large. Then T + C : Xp → Yp is a homeomorphism, and, in
particular, Eq. (4.1) is uniquely solvable in X for each f ∈ Yp.

Proof. As shown by Rabier and Stuart [15], the map T : Xp → Yp is proper
on bounded closed subsets Fredholm map of index zero. Since C : Xp → Yp is a
k-contraction and therefore α− k-contractive, we get that β(T ) > α(C). Thus, the
conclusions follow from Corollary 2.4.

Theorem 4.5. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and (F3)
hold and Ht = T + tC satisfy condition (+), and, in particular, ‖Tu‖ → ∞ as
‖u‖ → ∞ and ‖Cu‖ ≤ a‖Tu‖ + b for some a ∈ [0, 1), b > 0 and all ‖u‖ large.
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Suppose that T is locally injective. Then the solution set of Eq. (4.1) is a nonempty
compact set for each f ∈ Yp. Moreover, either Eq. (4.1) is uniquely solvable for each
f ∈ Lp, or the cardinal number card (T + C)−1(f) is constant, finite and positive
on each connected component of the set Yp \ (T + C)(Σ), where Σ is the set of all
u ∈ Xp where T + C is not locally invertible.

Proof. As in Theorem 4.4, we have that T : Xp → Yp is a proper on bounded
closed subsets Fredholm map of index zero, and therefore β(T ) > 0. Since T is
locally injective, it is an open map by [4, 15] and satisfies condition (+). Hence, T
is a homeomorphism by Theorem 2.1. Moreover, C : Xp → Yp is α− k-contractive
with the quasinorm |C| sufficiently small and β(T ) > α(C). Hence, the conclusions
follow from Theorem 2.10, and Lemma 2.1 in the particular case.

Theorem 4.6. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and (F3)
hold. Suppose that there are constants c,R > 0 such that ‖Tu‖ ≥ c‖u‖ for all
‖u‖ ≥ R and degBCF (T,B(0, r), 0) 6= 0 for all large r. Then the solution set of Eq.
(4.1) is a nonempty compact set for each f ∈ Y . Moreover, the cardinal number
card (T + C)−1(f) is constant, finite and positive on each connected component of
the set Y \ (T +C)(Σ), where Σ is the set of all u ∈ Xp where T +C is not locally
invertible.

Proof. We have seen above that T : Xp → Yp is a proper on bounded closed
subsets Fredholm map of index zero and therefore β(T ) > 0. Then the conclusions
follow from Theorem 3.2 and Remark 3.1 with D = C and T +C replaced by T .

Remark 4.1. We note that deg(T,B(0, r), 0) 6= 0 for all large r if T is an odd map
outside a ball by Borsuk’s theorem (see [14]). Moreover, if T−1(0) = 0 and T ′(0) is
invertible then |deg(T,B(0, r), 0)| = |deg(T ′(0), B(0, r), 0)| = 1 for all large r.

Remark 4.2. Rabier and Stuart have shown in [16] that if the conditions (A1)-(A2),
(B1)-(B2) are satisfied, then T : Xp → Yp is Fredholm of index zero and proper on the
closed bounded subsets of Xp if and only if (F1) and (F3) hold.

Remark 4.3. If the map T does not depend on ∇u, then all the results in this section
remain valid for p ∈ (max(1, N/2),∞).

If (F3) does not hold, then T−1(f) is not compact for almost all f ∈ T (X) in the
sense of the Baire category relative to T (X). More precisely, the following result is
valid.

Theorem 4.7. (Rabier [14]) Let assumptions (A1)-(A2), (B1)-(B2), (D) and
(F1) hold. Suppose also that the equation T∞u = 0 has a nonzero solution in Xp

and that the set of critical points of T has empty interior in Xp. Then T (Xp) is a
Baire space and the set of the regular values f ∈ Yp of T such that T−1(f) is an
infinite sequence of distinct isolated points is residual in T (Xp).
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This result does not say anything about the solvability of Tx = f with f 6= 0. It
is of qualitative nature for T−1(f) when f ∈ T (X). Combining Theorems 4.6-4.7,
we have the following Fredholm like result.

Theorem 4.8. (Fredholm alternative) Let assumptions (A1)-(A2), (B1)-(B2),
(D) and (F1) hold. Then, either

(i) The equation T∞u = 0 has no nonzero solution in Xp, in which case, assuming
additionaly that ‖Tu‖ ≥ c‖u‖ for some c > 0 and all ‖u‖ large and the
Fitzpatrick-Pejsachowisz-Rabier degree deg(T,B(0, r), 0) 6= 0 for all large r,
the solution set (T )−1(f) of Eq.(4.1) (with c ≡ 0) is a nonempty compact set
for each f ∈ Y . Moreover, the cardinal number card (T )−1(f) is constant,
finite and positive on each connected component of the set Y \ (T )(Σ), where
Σ is the set of all u ∈ Xp where T is not locally invertible, or

(ii) The equation T∞u = 0 has a nonzero solution in Xp, in which case, assuming
additionaly that the set of critical points of T has empty interior in Xp, then
T (Xp) is a Baire space and the set of the regular values f ∈ Yp of T such that
T−1(f) is an infinite sequence of distinct isolated points is residual in T (Xp).

If Tu = −∆u+ b(x, u), conditions on b are given in Rabier [14] that imply that
the set of critical points of T has empty interior in Xp with p ∈ (max(1, N/2),∞).

5. Solvability of Quasilinear Elliptic BVP’s with Asymptotic Positive
Homogeneous Nonlinearities

Let Q ⊂ Rn be a bounded domain with the smooth boundary and consider the
boundary value problem in a divergent form

(5.1)
∑
|α|≤m

(−1)|α|DαAα(x, u, . . . , Dm) + k
∑
|α|≤m

(−1)|α|DαBα(x, u, . . . , Dm) = f.

Let X be the closed subspace of Wm
p (Q) corresponding to the Dirichlet conditions.

Define the maps T,D : X → X∗ by

(Tu, v) =
∑
|α|≤m

∫
Q

Aα(x, u, . . . , Dmu)Dαv dx,

(Du, v) =
∑
|α|≤m

∫
Q

Bα(x, u, . . . , Dmu)Dαv dx.

Then weak solutions of (5.1) are solutions of the operator equation

Tu+Du = f, u ∈ X.

We impose the following conditions on Aα.



148 P. S. Milojević

(A1) For each α, let Aα : Q× Rsm → R be a Caratheodory function, i.e., Aα(x, ξ)
is measurable in x and for each fixed ξ, and has continuous derivatives in ξ
for a.e. x.

(A2) Assume that for p > 2, x ∈ Q, ξ ∈ Rsm , η ∈ Rsm−sm−1 , |α|, |β| ≤ m the Aα’s
satisfy |Aα(x, ξ)| ≤ g0(|ξ0|)(h(x) +

∑
m−n/p≤γ|≤m |ξγ |p−1)

(A3) |Aα,β(x, ξ)| ≤ g1(|ξ0|)(b(x) +
∑
m−n/p≤γ|≤m |ξγ |p−2),

(A4)
∑
|α|=|β|=mAα,β(x, ξ)ηαηβ ≥ g2(|ξ0|)(1 +

∑
|γ|=m |ξγ |)p−2

∑
|α|=m η

2
α, where

Aα,β(x, ξ) = ∂/∂ξβAβ(x, ξ), h, b ∈ Lq(Q), g0, g1, g2 are continuous positive
nondecreasing and nonincreasing functions, respectively, and ξ0 = {ξα | |α| <
m− n/p}.

For |α| ≤ m, there are Caratheodory functions aα such that

(a1) aα(x, tξ) = tp−1aα(x, ξ) for all t > 0, ξ ∈ Rsm

(a2) |1/tp−1Aα(x, tξ) − aα(x, ξ)| ≤ c(t)(1 + |ξ|)p−1 for each t > 0, x ∈ Q, and
ξ ∈ Rsm , where 0 < lim c(t) is sufficiently small as t→∞.

Proposition 5.1. Let conditions (A1)-(A4) hold. Then T : X → X∗ is Fredholm
of index zero and is proper on bounded closed subsets of X.

Proof. The map T : X → X∗ is continuous and of type (S+) ([18]) and, as
shown before, it is proper on bounded closed subsets of X. By Lemma 3.1 in [18],
T has a Frechet derivative T ′(u) for each u ∈ X and is given by

(T ′(u)v, w) =
∑

|α|,|β|≤m

∫
Q

Aα,β(x, u, . . . , Dmu)DβvDαw dx

Next, we shall show that T ′(u) is Fredholm of index zero for each u ∈ X. First,
we shall show that T ′(u) satisfies condition (S+). We can write it in the form
T ′(u) = T ′1(u) + T ′2(u), where

(T ′1(u)v, w) =
∑

|α|=|β|=m

∫
Q

Aα,β(x, u, . . . , Dmu)DβvDαw dx

(T ′2(u)v, w) =
∑

|α|,|β|≤m
|α+β|<2m

∫
Q

Aα,β(x, u, . . . , Dmu)DβvDαw dx.

It is easy to see that |(T ′2(u)v, w)| ≤ c‖v‖m,p ‖w‖m−1,p for some constant c > 0.
Hence, T ′2(u) : X → X∗ is compact, since the embedding of Wm

p into W k
q is compact

for 0 ≤ k ≤ m− 1 if 1/q > 1/p− (m− k)/n > 0, or if q <∞ and 1/p = (m− k)/n.
Next, we shall show that T ′1(u) : X → X∗ is of type (S+). Let vn ∈ X be such

that vn ⇀ v in X and
lim sup
n→∞

(T ′1(u)vn, vn − v) ≤ 0.



Homeomorphisms and Finite Solvability of Their Perturbations . . . 149

It follows that Dαvn → Dαv in Lp for each |α| < m by the Sobolev embedding
theorem. Next, we shall show that Dαvn → Dαv in Lp for each |α| = m. Since X
is separable, there are finite dimensional subspaces {Xn} in X whose union is dense
in it. Since dist(v,Xn) → 0 for each v ∈ X, there is a wn ∈ Xn such that wn → v
in X as n→∞. Then

lim sup
n

(T ′1(u)vn − T ′1(u)wn, vn − wn)(5.2)

≤ lim sup
n

(T ′1(u)vn, vn − v − (wn − v))− lim inf
n

(T ′1(u)wn, vn − wn)

≤ lim sup
n

(T ′1(u)vn, vn − v) + lim
n

(T ′1(u)vn, wn − v)

− lim inf
n

(T ′1(u)wn, vn − wn) ≤ 0.

But,

(T ′1(u)(vn − wn), vn − wn)

=
∑

|α|=|β|=m

∫
Q

Aαβ(x, u, . . . , Dmu)Dα(vn − wn)Dβ(vn − wn) dx

≥
∫
Q

(g2(|Dα0u|)
∑
|α|=m

Dα(vn − wn)2 dx ≥ c
∫
Q

∑
|α|=m

Dα(vn − wn)2 dx

= c
∑
|α|=m

‖Dα(vn − wn)‖2

where we may assume g2 = c > 0. This and (5.2) imply that Dα(vn − wn) → 0 in
Lp for each |α| = m. Hence, Dαvn → Dαv in Lp for each |α| = m, and therefore
vn → v in X. This shows that T ′1(u) is continuous and of type (S+) as is T ′(u) =
T ′1(u) + T ′2(u). Hence, as shown before, T ′(u) is proper on bounded closed subsets
of X. By Yood’s criterion, the index of T ′(u) = dimN(T ′(u))−codimR(T ′(u) ≥ 0.
Moreover, T ′(u)∗ = T ′1(u)∗ + T ′2(u)∗ with T ′2(u)∗ compact. Hence, using (A4),
as above, we get that T ′1(u)∗ is continuous and of type (S+). Thus, the index
i(T ′1(u)∗) ≥ 0 and i(T ′1(u)∗) = −i(T ′1(u)) ≤ 0. It follows that i(T ′1(u)) = 0. It is left
to show that T ′(u) is a continuous map in u. Let un → u. Then

(T ′(un)v − T ′(u)v, w)

=
∑

|α|,|β|≤m

∫
Q

[Aαβ(x, un, . . . , Dmun)−Aαβ(x, u, . . . , Dmu)DβvDαw dx.

The Nemytski map Nu = Aαβ(x, u, . . . , Dmu) is continuous from X to Lp′(Q),
1/p+ 1/p′ = 1. Hence, T ′(un)→ T ′(u) using also the Sobolev imbedding theorem.
This completes the proof that T is a Fredholm map of index zero that is proper on
bounded closed subsets of X.

Remark 5.1. We can put T2 together with D and require the differentiability (Fred-
holmness) of only T1.
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We assume that the B′αs satisfy

(B1) For each |α| ≤ m, Bα(x, ξ) is a Caratheodory function and, for p > 2 there
exist a constant c > 0 and hα(x) ∈ Lq(Q), 1/p+ 1/q = 1, such that

|Bα(x, ξ)| ≤ c(hα(x) + |ξ|p−1);

(B2) There is a sufficiently small k1 > 0 such that∑
|α|=m

|Bα(x, η, ξα)−Bα(x, η, ξ′α)| ≤ k1

∑
|α|=m

|ξα − ξα′ |

for each a.e. x ∈ Q, η ∈ R? and ξα, ξα′ ∈ R?.

We note that if the Bα’s are differentiable for |α| = m and

Bαα(x, ξ) = ∂/∂ξαBα(x, ξ)

are sufficiently small, then (B2) holds.
In view of Proposition 5.1, the results in the form of Theorems 4.1-4.3 are valid

for Eq. (5.1) as well as the corresponding ones involving maps that are asymptoti-
cally close to positively k-homogeneous maps. A sample of such a theorem is given
next.

Consider also the equation

(5.3)
∑
|α|≤m

(−1)|α|Dαaα(x, u, . . . , Dm) = f

in X. Define the map A : X → X∗ by

(5.4) (Au, v) =
∑
|α|≤m

∫
Q

aα(x, u, . . . , Dmu)Dαv dx.

Then weak solutions of (5.3) are solutions of the operator equation

Au = f, u ∈ X.

Theorem 5.1. Let conditions (A1)-(A4), (a1)-(a2) and (B1)-(B2) hold and
degBCF (T,B(0, r), 0) 6= 0 for all large r. Suppose that A is of type (S+) and
Au = 0 has no a nontrivial solution. Then Eq. (5.1) is solvable for each f ∈ X∗,
has a compact set of solutions whose cardinal number is constant, finite and posi-
tive on each connected component of the set X∗ \ (T +D)(Σ), where Σ = {u ∈ X |
T +D is not locally invertible at u}.

Proof. In view of our discussion above, T is a Fredholm map of index zero
that is proper on bounded closed subsets of X. It is proper on X since it satisfies
condition (+), and therefore β(T ) > 0. We need to swow that α(D) < β(T ). We
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note that the boundedness and continuity of D follows from (A1)-(A2), the Sobolev
embedding theorem and the continuity of the Nemitski maps in Lp spaces. We can
write D = D1 +D2, where

(D1u, v) =
∑
|α|=m

∫
Q

Bα(x, u, . . . , Dmu)Dαv dx,

(D2u, v) =
∑
|α|<m

∫
Q

Bα(x, u, . . . , Dmu)Dαv dx.

The map D1 : X → X∗ is k1-set contractive by (B2), while D2 : X → X∗ is
compact by the Sobolev embedding theorem. Hence, α(D) = α(D1) ≤ k1 < β(T )
since k1 is sufficiently small. Finally, condition (a2) implies that T is asymptotically
close to the (p − 1)-positive homogeneous map A given by (5.4). Hence, Theorem
3.2 applies with C = 0.

Example 5.1. Let s > 0, k be sufficiently small, and look at

(5.5) −∆u− µu |u|s

1 + |u|s + kF (x, u,∇u) = f

and

(5.6) −∆u− µu = 0.

Let A0(x, ξ0, ξ1, . . . , ξn) = ξ0
|ξ0|s

1+|ξ0|s
and Ai(x, ξ0, ξ1, . . . , ξn) = ai(x, ξ0, ξ1, . . . , ξn) = ξi

and a0(x, ξ0, ξ1, . . . , ξn) = ξ0. Then A0, Ai, a0 and ai satisfy (a1)-(a2). Let F satisfy (B1).
Then Eq. (5.5) has a solution u ∈W 1

2 (Q), u = 0 on ∂Q, for each f ∈ L2(Q) if µ is not an
eigenvalue of Eq. (5.6).

Example 5.2. Let p > 2, k be sufficiently small, and look at

(5.7) −
nX
i=1

∂

∂xi

"“
1 +

nX
j=1

˛̨̨
∂u

∂xj

˛̨̨2”p/2−1 ∂u

∂xi

#
+ µ(1 + |u|2)p/2−1u+ kDu = f

and

(5.8) −
nX
i=1

∂

∂xi

 “ nX
j=1

˛̨̨
∂u

∂xj

˛̨̨2”p/2−1 ∂u

∂xi

!
+ µ(|u|2)p/2−1u = 0.

where D : W 1
p → W 1

p is k-set contractive, e.g., Du = F (x, u,∇u) in which case it is
compact, or Du =

Pn
i=1 ∂/∂xici(x, u,∇u) with the ci ki-contractive in ∇u with ki small.

Let A0(x, ξ0, ξ1, . . . , ξn) = (1 + ξ20)p/2−1ξ0, Ai(x, ξ0, ξ1, . . . , ξn) = (1 +
Pn
j=1 ξ

2
j )p/2−1ξi,

a0(x, ξ0, ξ1, . . . , ξn) = (ξ20)p/2−1ξ0 and ai(x, ξ0, ξ1, . . . , ξn) =
Pn
j=1(ξ2j )p/2−1ξi. Then the

matrix (Aij(x, ξ0, ξ1, . . . , ξn)) is symmetric. Let n = 2 for simplicity. Then the eigenvalues
of the matrix are λ1 = (p/2−1)(1+ξ21 +ξ22)p/2−1 and λ2 = λ1+(p−2)(1+ξ21 +ξ22)p/2−2(ξ21 +
ξ22). Hence, A0, Ai, a0 and ai satisfy conditions (A1)− (A4) and (a1)− (a2), respectively.
Then Eq. (5.7) has a compact set of solution u ∈ W 1

p (Q), u = 0 on ∂Q, for each f ∈ X∗,
if µ is not an eigenvalue of Eq. (5.8) and n = 2. The solution set is finite for all f as in
Theorem 5.1.
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