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NEW REVERSES OF THE CAUCHY-BUNYAKOVSKY-SCHWARZ
INTEGRAL INEQUALITY FOR VECTOR-VALUED FUNCTIONS
IN HILBERT SPACES AND APPLICATIONS

Sever S. Dragomir

Abstract. Some new reverses of the Cauchy-Bunyakovsky-Schwarz integral inequal-
ity for vector-valued functions in Hilbert spaces that complement the recent results
obtained in [1] are given. Applications for the Heisenberg inequality are provided.

1. Introduction

Let (K;(-,-)) be a Hilbert space over the real or complex number field K. If
p:la,b) C R — [0,00) is a Lebesgue integrable function with the property that

ffp(t) dt = 1, then we may consider the space L ([a,b]; K) of all functions f :
[a,b] — K, that are Bochner measurable and f; p (&) |If )] dt < 0.

It is well known that L2 ([a,b] ; K) endowed with the inner product (-, -) , defined
by

(), = [ o @109 ®)de

and generating the norm

1Al = ( / L0170 dt)”i

is a Hilbert space over K.
The following integral inequality is known in the literature as the Cauchy-
Bunyakovsky-Schwarz (CBS) inequality

2

b
/ p(t) (F(t) .9 (1)) dt] |

b

b
(L.1) /p(t)llf(t)llzdt/ p(t) llg (O dt >

a

provided f,g € L2 ([a,b]; K).
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The case of equality holds in (1.1) iff there exists a constant A € K such that
f(t)=XAg(¢) for a.e. t € [a,b].

Another version of the CBS inequality for one vector-valued function and one
scalar function is incorporated in:

2

)

b b b
(1.2) / o (1) o (1) d / o (1) IIf(t)Ithz‘ / p(t)or(t) f (1) dt

provided a € L2 ([a,b]) and f € L2 ([a,b]; K), where L2 ([a,b]) denotes the Hilbert
space of scalar functions « for which ff p (t) o ()]* dt < oo. The equality holds in

(1.2) iff there exists a vector e € K such that f (t) = a(t)e for a.e. t € [a, b].

In [1], several reverses of (1.1) and (1.2) were given. Amongst them, we recall
here the following ones:

If f,g € L2 ([a,b]; K) and 7 > 0 are such that || f (t) — g (t)|| < r < [|g (t)|| for
a.e. t € [a,b], then

2

b b b
(1.3) / p(0) 1 (0] dt / o (1) ||g<t>||2dt—[ / p(DRe (f (1) g (1)) di
b
<2 / ()11 (1) dt.

The multiplicative constant 1 in front of r? is best possible in the sense that it
cannot be replaced by a smaller quantity.

If f,g € L2([a,b];K) and ~,T € K with Re(I'y) > 0 are such that either
Re(Tg(t) — f(t), f(t) —~vg(t)) >0 for a.e. t € [a,b], or, equivalently,

lr0- 55 5| < 50 -llo

for a.e. ¢ € [a,b], then

(1.4) ( / o015 WP at / o) |g<t>||2dt)1/2

Re [(T+7) [ (0 (f (1) 9 () di]
[Re (9)]"/?

/abp(w (0 ,g<t>>dt].

<

I + 7|

< JR S
~ 2 [Re(I9))"?

N~ N

The constant 1/2 in both inequalities is best possible.
The inequality (1.4) implies the following additive reverse of the CBS inequality
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(15) 0 2

IN

b b b
/ p(t) £ (02 dt / p (1) g ()] dt — / p(8)(F (1), g (1) dt

1 |0 -~

4 Re(T®)

2

b
/ p (1) (f (1) 9 (1)) dt

The constant 1/4 is best possible.

Now, if we assume that « € L2 ([a,b]), g € L2 ([a,b]; K) and v € K, r > 0 such
that ||v|| > r and

4
&fv <r forae. té€la,b],
a(t)

then we have the inequality

(16) (/ WP / o) POl )

1/2

AN
—_
o
=
]
S
—
&
R
—
N
Q
—
N
Q
—
-
S~—
<
&
4
\/

IA

B /abp(t)a(t)g(t)dtH.

2
ol * — 72

The multiplicative constant 1 in both inequalities cannot be replaced by a smaller
quantity.
Inequality (1.6) implies the following additive reverse of (1.2)

2
(17) 0

IN

b
[ ragw

WM [Re</abp(t)a(t)g(t) dt,v>]2

/ p(t)a(t)g(t)dt

b b
/ p (1) o (0) dt / o (&) 1 DI dt

7“2

2
[l =2

Here the inequalities are also sharp.
Finally, if « € L2 ([a,b]), g € L2 ([a,b];K), e € K, |l = 1 and ~,T € K with
Re (I'y) > 0 and either

g(®) g(t)
Re<Fe - a—(t), m - 'ye> >0 forae. t€]la,b

or, equivalently

T —~| fora.e. t€la,b],

g9(t) MGH -1
a(t) 2



112 S.S. Dragomir

then we have the inequality

b b 1/2
(1.8) ( [ owlawra [ o g(t)||2dt)

Re|(T+7) ([ p(Ha () g(t)dte)]

[Re <rw>]”2

/abpu)a(t)g(t) .

<

T + 7|
[Re (17)]"/*

N = DN =

<

The constant 1/2 is best possible in both inequalities.
The inequality (1.8) implies the following additive reverse of (1.2)

b b b 2
(19) 0 < /pu)\a(t)ﬁdt/ o (1) ||f<t>2dt—]/ p(t) o (t) g (t) dt
1T - L+5 /[ ’
= 1 Re() [RQ(IFMI </ ”(t)“@)g(t)dt’em
1 ‘1—\_7‘2 b 2
< 1 : Re (I—\,—Y) . p(t) « (t) g (t) dt

The constant 1/4 in both inequalities is sharp.
For some classical reverses of CBS inequality, see for instance [3]-[9].

In the present paper some new reverses of (1.1) and (1.2) are given. Applications
for the Heisenberg inequality are also provided.

2. Some Reverse Inequalities, The General Case
The following result holds.

Theorem 2.1. Let f,g € L2 ([a,b]; K) and r > 0 be such that

(2.1) If @) —g®l <r

for a.e. t € [a,b]. Then we have the inequalities:

<2-2>OS(/b <>||f<>||2dt/abp<t>g< |dt> / (Wt’
(/bp B 1 ol dt/abp@)g( ) dt> / g(mdt‘
(/:p 0l @l dt/abp(t)g ol dt> /bp ) o)t
1
5"

IA

2

IN
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The constant 1/2 in front of r? is best possible in the sense that it cannot be replaced
by a smaller quantity.

Proof. We will use the following result obtained in [2]:

In the inner product space (H;(:,-)), if z,y € H and r > 0 are such that
|z —y|| < r, then

(2.3) 0 < HﬂfH ”yH - |<x,y>‘ < ||xH ||y|| o \Re <x,y>|
1
el Il - Reo,0) < 312

A

IA

The constant 1/2 in front of 72 is best possible in the sense that it cannot be replaced
by a smaller constant.

If (2.1) holds true, then

b b
1f=dlz= [ p®lr@-s P < [ pwa=r

and thus || f — g, <.

Applying the inequality (2.3) for (L% ([a,0]; K), (-, -)p), we deduce the desired
inequality (2.2).

If we choose p(t) =1/(b—a), f(t)=z,9() =y, z,y € K, t € [a,b], then from
(2.2) we recapture (2.3) for which the constant 1/2 in front of r? is best possible. [

We next point out some general reverse inequalities for the second CBS inequal-
ity (1.2).

Theorem 2.2. Let o € L7 ([a,b]), g € L ([a,b]; K) andv € K, 7> 0. If

0|,

a(t)

for a.e. t € [a,b], then we have the inequality
b b 1/2
(25) o< ( [ owlawra [ o ||g<t>|2dt) -
b b 1/2
< ( / p (1) | (0) dt / o (t) ||g<t>|2dt)

—\</:p<t>a<t>g<t>dt,;’”>\

< (/abpa) |a<t>2dt/abp<t> ||g<t>|2dt)1/2

—‘Re</abp(t)a(t)g(t) dt,z”>‘

(2.4)

/ a0 o
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<([rwiawpa [ o g(t)”zdty
—re{ [Coaowa )
3 for [ oot

The constant 1/2 is best possible in the sense that it cannot be replaced by a smaller
quantity.

Proof. jFrom (2.4) we deduce

lg ()] = 2Re {a (£) g (), v) + | () [ol|* < 7* [a (1)
which is clearly equivalent to

(2.6) lg (®)11% + o (8) [|o]|* < 2Re e (t) g (£) , 0) + 72 e (1)]

IN

If we multiply (2.6) by p () > 0 and integrate over ¢ € [a, b], then we deduce

en [ owloPas i [ ook

< 2Re</a pt)a(t)g(t )dt>v> +T2/abp(t) o (1) dt.
Since, obviously

(2.5) 2Jo] (/ab,ooa |2dt/b <>||g<>||2dt)1/2
/ NOITIO) dt+HU||/

hence, by (2.7) and (2.8), we deduce

210l (| )@ / ") ||g<t>||2dt)1/2

< 2Re</abp(t)a(t)g(t)dtvv> +7“2/abp(t) e (1) dt,

which is clearly equivalent with the last inequality in (2.5).

dt

The other inequalities are obvious and we omit the details.
Now, if p(t) =1/(b—a), a(t) =1, g(t) =z, x € K, then, by the last inequality
in (2.5) we get
1
Izl [o]] = Re (z,v) < 5r?,

provided ||z — v|| < r, for which we know that (see [2]), the constant 1/2 is best
possible. [



New Reverses of the Cauchy-Bunyakovsky-Schwarz Integral Inequality . .. 115

3. Some Particular Cases of Interest

It has been shown in [2] that, for v,I' € K (K= C or K = R) with I # —y and
xz,y € H, (H;(-,-)) is an inner product over the real or complex number field K|
such that either
(3.1) Re Ty — x,x — yy) > 0,

or, equivalently,

(3.2) _oth

2

holds, then one has the following reverse of Schwarz’s inequality

X

1
yH<w—wmy,

L+7
3.3 0 < x|yl = Kz, )| < ||lz|| |ly —‘Re[ x,y”
(3.3) [yl = 1z, y)] < [l ]l |F+v|< )
T+75 I
< ||y —Re{ z, }<- yll” -
ol ol = Re | g ()| < 3 e

The constant 1/4 is best possible in (3.3) in the sense that it cannot be replaced by
a smaller constant.

If we assume that I' = M, v = m with M > m > 0, then from (3.3) we deduce
the much simpler and more useful result

(3.4) 0

IN

Iz [yl = [z, 9] < [zl lyl — [Re (z,y)]
1 (M —m)
—Re < -
el )l = Re () < 7 -
provided (3.1) or (3.2) holds true with M and m instead of I and ~.

Using the above inequalities for vectors in inner product spaces, we are able to
state the following theorem concerning reverses of the CBS integral inequality for
vector-valued functions in Hilbert spaces.

IN

2
yll”,

Theorem 3.1. Let f,g € Lf) (la,b]; K) and v, T € K with T # —~. If
(3.5) Re(Tg(t) = f(t),f () —vg(t) =0
for a.e. t € [a,b], or, equivalently,
1
(35 0= 155 9] < gir=als o

for a.e. t € [a,b], then we have the inequalities

1/2

(370 < (L%anuum%wlﬁungwﬁdﬁ -

(A%aﬂvamagly@”gwfdﬁuz

/,mwwu»gu»w

IN
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e[ [ o0 @.ow al)

< (/abp<t>||f<t>||2dt/abp<t>|g<t>||2dt>

1/2

T4+~ b
e{lgif% P(t)<f(t),g(t)>dt]
_ A2 b
< 3 ﬁy' p(®)llg (1)) dt.

The constant 1/4 is best possible in (3.7).
Proof. Since, by (3.5),

b
Re<Fgff,f*79>,,:/ p(t)Re(Lg (t) — f (1), f(t) —~g(t))dt =0,

hence, by (3.3) applied for the Hilbert space (L% ([a,b]; K); (-, ~>p), we deduce the
desired inequality (3.7).

The best constant follows by the fact that 1/4 is a best constant in (3.7) and we
omit the details. O

Corollary 3.1. Let f,g € L% ([a,b]; K) and M > m > 0. If
(3.8) Re (Mg (t) — f(t),f () —mg(t)) =0
for a.e. t € [a,b], or, equivalently,

m+ M
2

(5.9) s~ 90| < 3 0= m) g 0]

for a.e. t € [a,b], then

b

o (1) g (1) dt)

<([ewnrora
<([oansora [ sorwora) -
(
1
4

1/2

b b
[r@isora [ solora)” /p DRe(f (1), 9 0}l
,mQ b 9
B ol w)rae

The constant 1/4 is best possible.

The case when a function is scalar is incorporated in the following theorem.
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Theorem 3.2. Let a € L2 ([a,b]), g € L2 ([a,0]; K), and v,T € K with T # —.
Ifee K, |le] =1 and

) T+~ 1
(3.11) a(t)—2eH < §\F—7\
for a.e. t € [a,b], or, equivalently,
(3.12) Re<Fe — &, 9(t) _ 'ye> >0
a(t) a(t)

for a.e. t € [a,b], then we have the inequalities

130 ([ p0la@ra [ o010 dt) | [ dtH
<([s0iawPa [ s@sw dt) [ rwatriswac)
s(/abp<t>|a<t>|2dt/abp<t>g<>|| dt)

(oo
([ siawPa [ o g<t>||2dt)1/2

—Re[iiz</abp(t)a(t)g(t)dt,e>}

b
p (1) |a(t)[* d.

1 TP
—4 |T++]

The constant 1/4 is best possible in (3.13).
Proof. Follows by Theorem 2.2 on choosing

_F+7€
2

1
d = ="' —~.
and 7 5 | v
We omit the details. [

Corollary 3.2. Let o € L2 ([a,b]), g € L2 ([a,b]; K), and M > m > 0. Ife € K,
lle]l =1 and
g(t) M+m

o) 2

for a.e. t € [a,b], or, equivalently,

Re<Meg(t),g(t)me> >0

1
6H§2(Mm)
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for a.e. t € [a,b], then we have the inequalities:

/bpos)a(t)g(t) a

a

)

/abpu)a(tn?dt/ab (t) llg (1) dt)m— </b (D @ae)
a)
)

" v
/abp<>a<>| dt/abp@)ng(t)n?dt —Re</ )dte>

_m2 b 9
S [l .

The constant 1/4 is best possible in (3.14).

4. Applications for the Heisenberg Inequality

It is well known that if (H; (-, -)) is a real or complex Hilbert space and f : [a,b] C
R —H is an absolutely continuous vector-valued function, then f is differentiable
almost everywhere on [a, b], the derivative f’ : [a,b] — H is Bochner integrable on
[a, b] and

t
(4.1) ft)= / f'(s)ds for any t € [a,b].
a
The following theorem (see also [1]) provides a version of the Heisenberg inequal-
ities in the general setting of Hilbert spaces. For details on the classical Heisenberg
inequality, see, for instance, [4].

For the sake of completeness we give here a simple proof of this result.

Theorem 4.1. Let ¢ : [a,b] — H be an absolutely continuous function with the
property that bo (b)||> = all¢ (a)||>. Then we have the inequality:

b b
/Ilcp(t)ll2dté2</ 2o )] dt) (/ Ie' @] dt)

The constant 2 is best possible in (4.2) in the sense that it cannot be replaced by a
smaller quantity.

/2

Proof. Integrating by parts, we have successively

b b b
[ el a | - [ g

b
bl I ~all @I~ [+t (0.0 @) di

tle @l
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b
- / L (6) 0 () + (o (1) & (B)] dt

b b
= / 1Re (¢! (1), (1)) dt =2 / Re (' (1), (~1) o (1)) dt.

If we apply the CBS inequality

for the choices g (t) = ¢’ (t) and h(t) = =ty (t), t € [a,b], then we deduce the
desired inequality (4.2).

The sharpness of the constant follows by the sharpness of the CBS inequality,
and we omit the details. []

The following reverse of the Heisenberg type inequality (4.2) holds.

Theorem 4.2. Assume that ¢ : [a,b] — H is as in the hypothesis of Theorem 4.1.
In addition, if there exists a r > 0 such that

(4.3) " () +te @) <7

for a.e. t € [a,b], then we have the inequalities
’ 2 ’ 2 N2 1 2
([ ere@ra [ 1o ore) -3 [k

Proof. We observe, by the identity (4.3), that

b b
(45) [ Rt 0, (00 =3 [ llo)®d

Now, if we apply Theorem 2.1 for the choices f (t) =ty (t), g (t) = —t¢’ (1), p(t) =
1/(b—a), t € [a,b], then we deduce the desired inequality (4.4). O

(44) 0

IN

IN
|
<
—
S
|
S
~—

Remark 4.1. It is interesting to remark that, from (4.5), we obviously have

b
(4.6) 3 [ el de=

Now, if we apply the inequality (see (2.2))

[ a g a-| [ ret oo @] < 32 oo,

for the choices f (t) = ¢’ (t), g (t) =ty (t), t € [a,b], then we get the same inequality (4.4),
but under the condition

(4.7) le" () — o ()] < r
for a.e. t € [a, b].

b
Re (¢ (t),ty (t)>dt‘.
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The following result holds as well.

Theorem 4.3. Assume that ¢ : [a,b] — H is as in the hypothesis of Theorem 4.2.
In addition, if there exists M > m > 0 such that

(4.8)

Re (Mtp (t) —¢' (1), ¢ (t) —mtp(t)) >0

for a.e. t € [a,b], or, equivalently,

(4.9)

M+m
2

@' (t)

(o) < 5 0= m o)

for a.e. t € [a,b], then we have the inequalities

(4.10)

0

IN

1 (M-m)* [*, 2
< .= ,
< 1 S [ fleora

Proof. The proof follows by Corollary 3.1 applied for the function g (¢) = te (t)
and f (t) = ¢’ (¢), and on making use of the identity (4.6). We omit the details. O

Remark 4.2. If one is interested in reverses for the Heisenberg inequality for real or
complex valued functions, then all the other inequalities obtained above for one scalar and
one vectorial function may be applied as well. For the sake of brevity, we do not list them

here.
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