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AN ESTIMATION OF THE SINGULAR VALUES OF
INTEGRAL OPERATOR WITH LOGARITHMIC KERNEL

Suzana Simié

Abstract. The present paper focuses on a problem of estimating the singular
values of operators with the kernel of the form k(z) = log”(1/2) and 3 > 0. In
the special case, when 8 = 1 and kernel k(x) = log(1/x), the exact asymptotic
of singular values of operator is obtained in [5].

1. Introduction

Suppose H is complex Hilbert space and T is a compact operator on
‘H. The singular values of the operator T' (s, (7)) are the eigenvalues of
the operator (T*T)'/2 (or (T'T*)'/?). The eigenvalues of (T*T)Y/? arranged
in a decreasing order and repeated according to their multiplicity, form a
sequence i, So, . .. tending to zero.

Denote the set of compact operators on H by C.

The operator T' is Hilbert-Schmidt one (T € Cy) if

—+00
3" s2(T) = T2 < +oc.
n=1

If T € C. is an integral operator on L?(f2) defined by

Tf(z) = /Q Kz, ) f(y) dy.

ITI3 = / / k(. y)? ddy.
QJQ
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then (see [7])
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2. Main Result

Theorem 2.1. For the operator A : L*(0,1) — L2(0,1), defined by

Afa) = [ g’ —— fw)dy. 5>0,

we have, for the singular values s,(A) of the operator A, the inequalities

log#~1
c & < sp(4) < o(nfl/Q), n €N,
n

where ¢ = const > 0.

Proof. In the case when 3 = 1 and kernel k(z) = log(1/x) the exact
asymptotic of singular values of the operator A is known (see [2]). In [9]
M. Kac heuristically deduced the asymptotic formula for the eigenvalues of
one unbounded operator (which appeared in the theory of thinly tab) and
which is closely to operator A + A* in case § = 1. In [8] H.M. Hogan and
L.A. Sahnovi¢ gave a strong proof of this asymptotic formula. The obtained
asymptotic formula s, (A) < ¢/n is according to inequalities for the genera-
lized case.

Note that

1
Bf(a) = (A+ A7) f(@) = [ 10g”
Let the function w € C§°(R) satisfies:
0<w<l1, wE)=1 for [z[]<e.

Define the operator By : L?(0,1) — L?(0,1) by

1
Bof(x) = /0 w(lz — ) log? —— F(y)dy.

|z =yl
From the previous we get that Byf = fol %(x —y)f(y) dy, where the kernel
k(z) = w(|z|) (log(1/|z|))°. Consider the function

+o0
H(z,y) = Y [E(x—y+4n)—z(x+y+4n+2)], z,y € [-1,1].

n=—oo
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Taking ¢p(z) = sin(nm(1 + z)/2) for n € N, the system of functions
{on}12] is an orthonormal basis of L*(—1,1). By a direct computation it
will be proved (see [1]) that

=

/11 H(z,y)en(y) dy = K (%) on(z), ze[-1,1, n=1,2,...

where K (¢) = [ ettt k(t) dt.
The operator K : L?(—1,1) — L?(—1,1), defined by

1
K@) = [ Her) i
is selfadjoint and {\,(K)},>1 are its singular values. We have that

A(K) = K (%)

Since

=)
>
|

/ M k() dt
R

1\* 1\”?
= /cos/\t w(|t]) (log ) dt—i—i/sin)\t w(|t]) (log ) dt,
R 1 R i

then from [, sin M w(]t|) (log(1/]¢]))” dt = 0, we get
R +o0o 1 B
K\ = 2/ cos At w(t) (logt> dt
0
+oo _iMt —iAt 1\7?
= 2/ iw(t) <log> dt
0 2 t

+oo 1 B too 1 B
= / eMuw(t) <log t> dt —i—/ eMw(t) (log t) dt.
0 0

The direct application of Theorem 1.11 from [6] to the function

+oo +o0 1 Bm
F(\) :/ AT E Cpatm 1 <log > dz,
0

Xz
m=0

we get
F()\) = COJ(O(O, ﬁ()v A) + 0()\—11)7 for all q & N’
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and
oo

J (0, Bo, A) ~ €0™2A720 N " ¢y (ag, o) (log A) "
k=0

Putting here co = 1,9 = 1, Gy = 3, and

B
F(t) = w(t) <log1> ~(“logt)?, t— 04,

we have
FQ) = JQ ﬁ,) o(A7)
= T2\ 1Z:cklﬂ (log)\ )\ch log)\ -k
k=0

- ;(CO< 8) (log A)? +Cl(1,ﬁ)(log/\)ﬁ_1+...)_

Since K(A) = F(A) + F(X), then, from the previous relation, it follows
By Theorem 1.11 from [6] we obtain

a0 =03 (Do (1)

s=0

) (log \)? + ¢1(1, ) (log \)P~1 + - )

sy\

(L, ) (log )2 + & (L, B) (1ogA)5*1+~-).

where I'(+) is Euler Gamma function. For k = 0 we have ¢o(1,5) =I'(1) =1,
and for £ = 1 we obtain

all,f) = H)i(i)r(s)u) (@1

s=0

— (=) Ké) r(1)%” + G) r’(1)] _ (Z; +r’(1)> .

Then, it follows immediately from these relations that

RO) =3 (a1, - al03)) tog )+ 0 (12302
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so that
RO~ L (2i p1_ _2(_T -1
R(\) ~ £ (2iTm(ei(1, ) (log ) = (-5) tog N
The last relation implies
K(\) ~ ;(log AP N = oo,

thus, according to the method exposed in [3], we have that

(2.1) sn(Bo) ~ ~(logn)®!, neN.
n
Since
1 1
_ 3
Bf—/ log f(y) dy,
0 |ZE—?J|
and .
Bofz/wa:—y log® - f(y) dy,
; ( ) P (y)

we have that B = By— B, where B is the operator with kernel k(t) € C*®(R).
By Theorem about a gowning of the singular values of the operator with
smooth kernel (see [7]) we have that the operator B € C,, for every p > 0,
so for its singular values we get s,(B) = o(n~'/?). From this and relation
(2.1), according to Theorem of Ky-Fan (see [7]) we have

Sn(B) ~ %(logn)ﬂfl, n € N.

On the other side, from some properties of the singular values, we obtain
Son(B) < sp(A) 4 sp,(A%) = 25,(A),
ie.,
c1 (logn)?=1
A > 22—
sn(4) 2 n

where ¢; is a constant independent of n.

1 1
/ / |k(x — y)|2dx dy < +o0,
o Jo

A is a Hilbert-Schmidt operator and we have

sn(A) = o(n~1/?). O

According to
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Remark 2.1. From this inequalities we can see that when 8 > 0 this operator
does not belong to the class C),, for 0 < p < 1.

Remark 2.2. Let us consider the kernels

() = (log i)ﬁ(umx)), i—1,2,

dkri

with r; € C3[0, 1], s

(0) =0 for k € {0,1,2}, and the operators

Aif(z) = /Ow ki(z —y)f(y) dy.

Then from [2] we have
li Sn(Al)
im

=1.
n—-+o00 Sn(AQ)

Consider the case ki (z) = (log(1/2))” (1+r(z)) and ky(z) = (log(1/z))”. Know-
ing the corresponding asymptotic formula for the operator Ao, with the kernel ko,
we know this and for the operator A; with the kernel k.

Remark 2.3. Increasing order of singular values for the operator A is not found,
because the upper estimate

logﬁ_1 n

s$n(A) < o (c is independent on n).

n

in not obtained. An open problem is to find the exact asymptotic of singular values
of the operator A : L?(0,1) — L?(0,1), defined by

Af@) = [ o’ f)dy. 5>0,
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