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ON AN OPTIMIZATION ALGORITHM FOR LcC!
UNCONSTRAINED OPTIMIZATION

Nada I. Djuranovié¢-Milicié¢

Abstract. In this paper an algorithm for LC! unconstrained optimization prob-
lems is presented. The algorithm uses the second order Dini upper directional
derivative. It is proved that the algorithm is well-defined, as well as the conver-
gence of the sequence of points obtained by the algorithm to an optimal point.
An estimate of the rate of convergence is given, too.

1. Introduction

We consider the following LC! problem of unconstrained optimization
(1.1) min{f(x) lzeDcC R"},

where f : D C R®” — R is a LC' function on the open convex set D, that
means the objective function we want to minimize is continuously differen-
tiable and its gradient V f is locally Lipschitzian, i.e.,

IVf(z) =Vl < Lz -yl forzyeD

for some L > 0.

We shall present an iterative algorithm, a modification of the algorithm
from [3], for finding an optimal solution to problem (1.1) by generating the
sequence of points {zy} of the following form:

(1.2) Tl =2k +agdg, k=0,1,..., dp#0,

where the step-size oy, and the directional vector d; are defined by the par-
ticular algorithms.
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2. Preliminaries

We shall give some preliminaries that will be used for the remainder of
the paper.

Definition 2.1. ([3]) The second order Dini upper directional derivative of
the function f € LO! at zy, in the direction d € R™ is defined to be

T
1 (e d) = Timsup L 08 FAD = V()] d
A0 A

If Vf is directionally differentiable at xx, we have

for all d € R™.

_ T

Lemma 2.1. ([3]) Let f : D C R®™ — R be a LC' function on D, where
D C R" is an open subset. If x is a solution of LC' optimization problem
(1.1), then:

f(@d) =0

and fp(xz;d) >0 for all d € R™.

Lemma 2.2. ([3]) Let f : D C R®™ — R be a LC! function on D, where
D C R"” is an open subset. If x satisfies

fi(w;d) =0
and fl(x;d) > 0 for all d € R™\ {0}, then = is a strict local minimizer of
(1.1).
3. The Optimization Algorithm

At the k-th iteration the direction vector dj in (1.2) presents a solution
of the problem

(3.1) min{@k(d) lde R”},

where ®4(d) = Vf(zx)Td + 5 f}(xx;d), and the step-size ay is a number
satisfying
ar=¢®, 0<qg<1,
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where i(k) is the smallest integer from ¢ = 0,1, ... such that
Th41 = Tk + qi(k)dk eD

and
4 1 .
(3:2) Flan+ ¢ Mdy) — f(ax) < —§q2(k)0(fg($k; dr))
where o : [0, 4+00) — [0, 400) is a continuous function satisfying ;¢ < o(t) <
52t,0<51<52<1.
We suppose that there exist constants co > ¢; > 0 such that

(3-3) cilld|]* < fp(w;d) < ealld|]?

for every d € R™. It follows from Lemma 3.1 in [3] that under the assumption
(3.3) the optimal solution of the problem (3.1) exists and that the sequence
{d}} is bounded.

Proposition 3.1. If the function f € LC' satisfies the condition (3.3),
then:

1) the function f is uniformly and, hence, strictly conver, and, conse-
quently;

2) the level set L(xg) = {x € D : f(x) < f(x0)} is a compact convex set;

3) there exists a unique point x* such that f(z*) = mingey, (4, (7).

Proof. 1) From the assumption (3.3) and the mean value theorem it
follows that for all x € L(zg) there exists 6 € (0,1) such that

f(@) ~ fwo) = Vo) (o~ w0) + 5 fbliwo + 6 — z0);w — 0]

> V(o) (@~ 20) + yerlle = w0l > V(o) (w — a0)

that is, f is uniformly and consequently strictly convex on L(zp).

2) From [2] it follows that the level set L(x¢) is bounded. The set L(zg) is
closed because of the continuity of the function f; hence, L(z) is a compact
set. L(xq) is also (see [4]) a convex set.

3) The existence of z* follows from the continuity of the function f on
the bounded set L(zp). From the definition of the level set it follows that

f(z*)= min f(x) = min f(x)

z€L(z0) €D

Since f is strictly convex it follows from [4] that z* is a unique minimizer. [J
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Lemma 3.1. ([3]) The following statements are equivalent:
1. d =0 is a globally optimal solution of the problem (3.1);
2. 0 is the optimum of the objective function of the problem (3.1);

3. the corresponding xy is a stationary point of the function f.

Now we shall prove that there exists a finite i(k), i.e. since dy, is defined
by (3.1), that the algorithm is well-defined.

Proposition 3.2. Ifd; # 0 is a solution of (3.1), then for any continuous

function o : [0, +00) — [0, +00) satisfying 61t < o(t) < dat, 0 < 51 < d2 < 1
there exists a finite i*(k) such that for all ¢*®) e (0, "))

v 1.
flax +¢'Wdy) — f(ay) < —iq’(k)a(fg(xk; dy))
holds.

Proof . According to Lemma 9.3 from [1] and from the definition of dj, it
follows that for xp, 1 = xx + tdy, t > 0 we have

Far) = flae) <tV (o) d + thHdkHZ

1 L
(3.4) < _tifg(xlddk) + §t2\|dk||2
t L
< ——o(fP (e d 42| de 1.
< 2520( D (@ di)) + 57|l

If we choose t = o(f}(wk;dx))/(L||dx||?) and put in (3.4), we get

152—102( g(xk,dk)) K

f(xpr1) — flzg) < ) 5o L|dy |2 = —Eta( l%(xk;dk))a

since (0 —1)/0y = —K < 0. Taking ¢*"¥) = [Kt]/q, i.e. i*(k) = log, ([Kt]/q)
we have that the claim of the theorem holds for all ¢**) € (0,¢""®). O

Convergence theorem. Suppose that f € LC' and that the assumption
(3.3) holds. Then for any initial point xo € D,z — Z, as k — ~+oo, where
T 18 a unique minimal point.

Proof . If dj, # 0 is a solution of (3.1), it follows that @y (di) < 0 = P (0).
Consequently, we have by the relation (3.3) that

1 1
V f () dy, < —§f§5($k;dk) < —§Cl||dk:|!2 <0.
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From the above inequality it follows that the vector dy, is a descent direction
at xg, i.e. from the relations (3.2) and (3.3) we get

) 1 . 1 .
Flag+ ¢ Wdy) — flag) < —5611(’“)0( p(ze;di)) < —§q2(k)51fﬁ(~’vk;dk)

1 7
—34 ®e ||y )2

IN

for every dj, # 0. Hence the sequence { f(xy)} has the descent property, and,
consequently, the sequence {zy} C L(zg). Since L(zg) is by the Proposition
3.1 a compact convex set, it follows that the sequence {zj} is bounded.
Therefore there exist accumulation points of the sequence {zy}.

Since Vf is by assumption continuous, then, if V f(zx) — 0, k — +o0,
it follows that every accumulation point & of the sequence {x}} satisfies
Vf(z) = 0. Since f is by the Proposition 3.1 strictly convex, there exists a
unique point z € L(zg) such that V f(z) = 0. Hence, the sequence {zj} has
a unique limit point  — and it is a global minimizer. Therefore we have to
prove that V f(zy) — 0, k — +o0.

There are two cases to consider:

a) The set of indices {i(k)} for k € K, is uniformly bounded above by
a number .

Because of the descent property, it follows that all points of accumulation
have the same function value and

“+o0o “+o0o 1 .
@ = flan) = > flaer) = flaw) <Y —5¢Wo(fh (e di))
k=0

2
k=0

IN

1 1
—5a'01 Y fhlanidi) < —galer Y il

keKy ke Ky

Since f(z) is finite, it follows that ||dy|| — 0 = d, k — 400, k € K7.

By Lemma 2.1 it follows that d = 0 is a globally optimal point of the prob-
lem (3.1) and, that the corresponding accumulation point Z is a stationary
point of the objective function f, i.e. Vf(z) = 0. From the Proposition 3.1
it follows that Z is a unique optimal point.

b) There is a subset Ky C K such that limy 4~ i(k) = +oo. By the
definition of i(k), we have for k € Ko that

(3.5) Flaep + ¢ W dy) — f(x) > —%qi(k)_la( Dy dy)).
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Suppose that z is an arbitrary accumulation point of {zx}, but not a sta-
tionary point of f. Then, from Lemma 2.1 it follows that the corresponding

direction vector d # 0. Now, dividing both sides in the expression (3.5) by
¢t®)=1 and using limg_, 400 ¢ F)-1 =0, k € Ky, we get

- 1 - 1 - 1 -
V@) d> =5o(fp(@:d) > =50 fp(7:d) > —5 fb(7: d).
But, from the property of the iterative function ®;, we have
=\1T 7 1 "=, T
V@) d < —5fp(@;d).
Therefore, we get a contradiction. [J

Convergence rate theorem. Under the assumptions of the previous theo-
rem we have that the following estimate holds for the sequence {x} generated
by the algorithm.

tn 1R flag) = )]
flan) f(x)éuo[1+uon2; O

where py = f(xo) — f(Z), and diamL(xg) = n < 400 since by Proposition
3.1 it follows that L(x) is bounded.

Proof. The proof directly follows from the Theorem 9.2, page 167, in
1. O

4. Conclusion

In this paper we present a modification of the algorithm given in [3]. We
prove that the algorithm is well-defined as well as the convergence of the
algorithm by the original proofs. The estimate of the rate of convergence
directly follows from [1].
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