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PROJECTION METHODS FOR CAUCHY SINGULAR
INTEGRAL EQUATIONS ON THE BOUNDED INTERVALS *

A. S. Cvetkovié and M. C. De Bonis

Dedicated to Prof. G. Mastroianni for his 65th birthday

Abstract. The authors propose a numerical method to approximate the solu-
tions of particular Cauchy singular integral equations (CSIE). It is based on
interpolation processes and it is stable and convergent. FError estimates and
numerical tests are shown.

1. Introduction

We consider Cauchy singular integral equations (CSIE) of the following
type

1 T 1
ay [ B wn [ ek =g,

where the first integral is understood in the principal value sense, y € [—1, 1],
A €ER, p(x) =+v1—22, k and g are known functions and f is the unknown
solution.

Letting F'(x) := f(x)p(z),

1 1
(KF)(y) :== )\/ k(z,y)F(z)de and H(f,y):= 1/ /() dz,

1 T)J 1x—Yy

(1.1) can be rewritten as follows

H(f,y)+ (KF)(y) = g(y).
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Since for all f € L?, with the property

(1.2) /_1 f(z)dz =0,

the left inverse operator of H(f,y) exists and has the following form

1 X X

(1.1) can be expressed as an equivalent integral equation. In fact, applying
(1.3) to the both sides of (1.1) and multiplying by ¢, (1.1) becomes

1
(1.4) Py) = [ Tap)Pla)ds = 6(o)
with
G(y) == —H(g»,y)
and
1 X
(1.5) Tz, y) = i/_l k(t’f)*;(t)dt.

Note that (1.4) is equivalent to (1.1), therefore if we assume that, for every
choice of g, (1.1) has a unique solution f* € L? satisfying (1.2), then F* =
f*¢ is the unique solution of (1.4).

In this paper, under suitable assumptions on the kernel k and the known
function g, we introduce a numerical method to approximate the solution of
(1.4). It is based on interpolation processes related to Legendre zeros and it
is stable and convergent. The approximate solution is represented by means
of polynomials whose coefficients are computed solving a well-conditioned
linear system. Error estimates and numerical tests are shown.

2. Notations and Preliminary Results

In the following C denotes a positive constant which may have different
values in different formulas and, if A, B > 0 are quantities depending on
some parameters, we write A ~ B, if and only if there exists a positive
constant C, independent of the parameters of A and B, such that

1 A
- <=<C.
C—B—C
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We define the Holder-Zygmund-type subspaces of L? as follows

z2={f el |flz < +x},

where

QF (f’t)Q 1
1fllzz == [ flla +sup —=—=, 7 >s5> <,

® t>0 t® 2
and

T R - s
Alf:02:= sup (|83 f ] aqr,,)
is the main part of the p-modulus of smoothness on [—1,1], with
Ly = [-1+4r*h? 1 — 4r*h?], 0 < t < 1, and

T

of (@) = S0 (0) (2 2D 2.

k=0

Note that if s is an integer, we have

D (ft)2 < sup WSO 2, < CENFDE 2.
0<h<t
We define the error of best approximation of a function f € L? as
Em(f)2:= nf ||f = Pl2 = [[f = Sn(f)ll,
Pe P,

S (f) being the m—th Fourier sum of f related to the system of the Legendre
polynomials { P, },,. In [4], we find the following inequalities

[1/4]
(2.1) OL(f,t)2 <CE™ Y (14 k) E(f):
k=0
and
l/mQT t)
(2.2) En(f)2<C / ‘P({’Zdt.
0

Applying (2.1) and (2.2), we deduce the following equivalence

(2.3) (Vf € Z?) s%p [(m + l)sEm(f)Q] ~ iggw
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We want to search for the solution of the integral equation (1.1) in the
following set

1 1
2 . 2, _ -
ZZy = {ers : /lf(a:)dx—O}, 5> 5

We assume the following properties of the kernel k(x,y) and the function g:

o]
Qr k ,t Qrp ({Tky,t>
(2.4)  sup sup M < 400, sup sup # < +o00,
yl<ie>0 1t lyl<1 >0 ¢
QF (kg t
(2.5) sup 7“0( : )2 < 400,
o<1
Qr (g,t
(2.6) sup M < 400,
<1

with 7 > s > 1/2 and k;(y) = ky(z) = k(z,y). Under the above assump-
tions the integral equation (1.1) can be regularized as shown in Introduction
(applying (1.3) to its both sides). The resulting integral equation (1.4) is
equivalent to (1.1) and, if f* € ZSQ’O is the unique solution of (1.1), then
F* = f*p is the unique solution of (1.4). Therefore, we consider the integral
equation (1.4) instead of (1.1).

Letting
1

(2.7) (KF)(y) = A / Ta9)Pla)da,

(1.1) can be rewritten as follows
(I -K)F =G.

The following lemma deals with the smoothness of the new kernel I'(z,y)
and the new right-hand side G.

Lemma 2.1. If k(x,y) satisfies (2.4), then we have

Qr(r,,t
(2.8)  sup sup M
yl<ie>0 17

r (0
O, (ky, ¢ Q2 (a*’%ﬂ

< +00;
lyl<1 | >0 ts >0 [
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If k(x,y) satisfies (2.5), then we get

Q" (T, t QF (kg t
(2.9) sup sup M < C sup sup M

< +00.
|z]<1 t>0 [ |z]<1 t>0 ts

Moreover, if g satisfies (2.6), then we have

QL(G,t Q0 (g,t
(2.10) sup M < Csup M < +00.
t>0 s >0 ts

Here C is a positive constant independent of k,x,y,g and t andr > s > 1/2.
For the operator K the following result holds.
Theorem 2.1. If k(x,y) satisfies (2.5) then

1
(2.11) Qu(KF,t)2 <Ct°||F|2 sup [[kzlz2, r>s> ok
lz|<1

where C is a positive constant independent of F' and t. Consequently, the
operator K : L? — L? is compact.

For a continuous function f on (—1,1), let

m

Lin(f;2) =Y () f(ax)

k=1

be the Lagrange polynomial interpolating the function f on the zeros —1 <
1 < xg < -+ < Ty < 1 of the m-th orthonormal Legendre polynomial P,
where

_ P (x)
P (z)(x — p)

is the k-th fundamental Lagrange polynomial.

Ek(aj) = fm,k:(x)

Using the above defined Lagrange polynomial we introduce the following

operator
1

(2.12) (K*F) == (KX F)(y) = A /_ LTy 2)F(@)da

The next theorem shows that K and K™* have the same behaviour.
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Theorem 2.2. If k(x,y) satisfies (2.5), then

1
(2.13) QL(K*Ft)y < Ct°||F||2 sup |[kzllz2, 7> s> 3
<1

where C is a positive constant independent of F and t.

Moreover, we define the following sequence of operators

(2.14) (KnF)(y) = Lin(K*Fiy) = > le(y)(K*F)(zx), m=1,2,... .
k=1
Analogously, we define the polynomial sequence

Gm(y) = Lm(Gsy), m=1,2,....

The next theorem is crucial for an introduction of the numerical method.

Theorem 2.3. Ifk(z,y) satisfies (2.5) and (2.4) and g satisfies (2.6), then

C
(2.15) K — K2 < oo
and
C
(2.16) |G — G2 < %HQHZS%
where C is a positive constant independent of m and ||D|p2 = ||D||r2_12

denotes the norm of the operator D as map from L? into itself.

3. Numerical Method

Using the previous definitions, we consider the following sequence of equa-
tions

(3.1) (I — Kn)Fp=Gm m=12...,

where {F};, },, is an unknown sequence of polynomials of degree at most m.
Note that both (I — K,;,)F,, and G, are polynomials of the same degree m.
The following theorem holds:
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Theorem 3.1. If k(x,y) satisfies (2.5) and (2.4) and g satisfies (2.6) then
(3.1) has a unique solution E}, for any m sufficiently large (say m > myg)
and, denoting by F* the unique solution of (1.4), we have

* * C
B2) |F" = Frull2 < C|IIG = Gumll2 + |Gll2ll K = Kl 22| < —<lgll 22

Consequently, F* € Z2. Moreover,
(3.3) |cond(I — K) — cond(I — K,,,)| = O(m™?),

where cond(A) = ||A||2||A7| 2 is the condition number of an invertible
operator A : L? — L.

Remark 3.1. By (3.2) we deduce that the smoothness of the solution F* depends
on the smoothness of g and k. In particular, if g € ZSQ1 and k, with respect to x and
y, belongs to Z2, then F* € Z7, where s = min{s1, s5}.

In order to construct the coefficients of F};,, we consider the polynomial
equality
(3.4) (I — Kn)F), = Gn,

and expand both K,, and G, using the same basis.

We denote by \; and x;, i = 1,...,m, nodes and weights in the Gauss-
Legendre quadrature rule, respectively. Since we are working in L?, the most
natural basis is the orthonormal basis

Thus, we write

(3.5) Gm(x) =Y @i@)bi,  bi = Glai) v/,
=1
(3.6) Fr(x) =) pi()a;
i=1

(3.7) (KnFr)(@) =AY @i)VAi ) arl(@g, 2) v/ Ay
i k=1

=1
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Substituting (3.5), (3.6) and (3.7) into (3.4) and comparing the coefficients,
the equality (3.4) is equivalent to the following system of linear equations

(3.8) i[aki—x\/ﬁ@r(xk,mi)]ak — by, i=1,...,m,

k=1
where ag, k = 1,...,m, are the unknown coefficients of F}}. Denoting by
My, = [51“‘ — MgV )\if(ﬂ%iﬂi)hi_l = (Criilki=1,...m

the matrix of the system (3.8), its condition number is given by
cond(Mpm) = || Min||2[| M7 2,

where
1/2

| B||;2
HB” —max |x||l = ZZ‘bJ‘Q

=1 j=1

and ||al;2 denotes the I2—norm of the array a.

Now, we formulate the following result:

Theorem 3.2. The matriz M, of the linear system (3.8) satisfies
cond(M,,) = cond(I — K) + O(m™?).

Therefore, the system (3.8) is well-conditioned.

3.1. Computational aspects. The resolution of the linear system (3.8)
requires the computation of the quantities

1Y k(x, t)e(t
(3.9) F(xk,mi):/ kaw)e®  piz1m,

m™J_1 t—.fl:l

and

(3.10) G(x;) = 1 /1 Mdt, i=1,...,m.

T™J)_1 t—x;

Unfortunately, their closed analytical expressions are often not known and
thus it is necessary to approximate them using a suitable quadrature rule.
Following an idea from [1], we compute them using the following Gaussian-
type quadrature rules based on m points

N L k(w, ty) — k(g ) A
(3.11)  Tom(a, i) = — ; Y A (0) — i k(2p, ;)
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and

ZG - )Am,j(@)—xiG(%),

1

(3.12)

7=1
= +1, j =1,...,m, are the zeros of the m-th orthonormal
Chebyshev polynomial of second kind Us, and Ay, () = 05 sin? m];l, j=
1,...,m, are the corresponding Christoffel numbers. Since for any fixed x;,
i =1,...,m, there could be a t;, j = 1,...,m, too close to z;, the above
quadrature rules might not be stable. In order to control the distances
tj—x;, 1 =1,...,m, j = 1,...,m, and, therefore, to avoid the numerical
cancellation, we apply the quadrature rules (3.11) and (3.12) together with
the following algorithm.

tj =ty ; = cos

For every fixed x;,i = 1,...,m, choose my = mg(t) € N such that, for
m > mg, we have t, ¢ < x; < tp, 441 for some d € {1,...,m}.

Moreover, because of the interlacing properties of the zeros t,;,41 5,
j =1,...,m+ 1, of the (m + 1)-orthonormal Chebyshev polynomial of
second kind Up,+1, we have

—_— & —————————————&——————————————————— t

2‘;'m7d71 thrl,d tm,d 2‘:m+17d+1 tm,d+1

Thus, two cases are possible:

(@) tmg1,d+1 S @ <tmar1  or  (b) tmd < 2 < b, dt-
In case (a),
if o; < %(tm+1’d+1 + tm,d+1), then we use the quadrature rule I'y, (xg, z;);
if ¢; > %(tm+1’d+1 + tmd+1), then we use the quadrature rule I'y, 1 (zx, 24).
Similarly in the case (b).

Thus, for every fixed z;,¢ = 1,...,m, we have defined the numerical
sequences {I'y« (2, xi)} and {Gpp=(z;)}, m* € {m,m + 1}. The following
theorem (see [2]) shows that such numerical sequences are stable and con-
vergent. Till now we have assumed that k., g € Z2. For the sake of simplicity
of notation and proof we slightly strengthen this assumptions, more precisely
we assume that kg, g € Z5°, s > 1/2.
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Theorem 3.3. If

QF (kg t O (g,t
sup sup ok, Doo < +o00 and sup supM <400, >85>0,
|z|<1 t>0 [ |z|<1 t>0 [

then we have

C
(3.13) sup 4/1— x?|F(wk, x;) — D (g, )| <ﬁ logm sup ||k, || ze,

1<i,k<m 1<k<m
2 C
(3.14) sup 1 — 27|G(x;) — G ()| < — logml||g|| 7o,
1<4,k<m m

and, consequently,

(3.15) sup 1 — 22Dy (zg,23)] < C sup  ||ka, || 2o logm,
1<i,k<m 1<k<m
(3.16) sup 1 — 22|Gpe (23)| < Cllgl| 220 log m,
1<i,k<m

where C is a positive constant independent of m and k.

Consequently the quadrature rules (3.11) and (3.12), together with the
above described algorithm, are efficient tools for the computation of the
quantities (3.9) and (3.10).

Approximating I' with I';,,«, we solve the following linear system
m -
(317) ) [0k — AWMV AT e (wp, zi)lag = bi, i=1,...,m,
k=1

where b; = G (z;)v/Ai. Its matrix is given by

[5,ﬂ—xffr xkx]k
[5“—)\\/&\/)\711(351?,@)} L
[A\F\f[ (zg, i) — (mk,xz)H

= [Crilpiz1,..m t Erilkizt,..m = Mm + Em,

(3.18) M,

a=1,...m

ki=1,...m

where M, is the matrix of the linear system (3.8) and &, is the matrix of
the perturbations induced on M,,. Moreover, the right-hand side of (3.17)
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can be written as follows

(319) b = [Gm*(xi)\/ﬂi: .
= [6@VA] |+ V]G @) - G

= [bi]i:17...,m + [‘gi]izl,..,,m =:b+80,

=1,....m

where b is the right-hand side of the linear system (3.8) and 6 is the array
of the perturbations induced on b.

In virtue of Theorem 3.3, the perturbations € ; and 60;,k,i = 1,...,m,
are of the order of m™%logm, i.e., essentially of the same order as the global
error of the method. Moreover, the following theorem gives an estimate of
the condition number of the matrix M},.

Theorem 3.4. If

QF (kxy t) oo 1
sup sup ———— < +00, >8> |
|z|<1 t>0 t 2

then, for m sufficiently large (say m > myg), the matriz M, of the linear
system (3.17) satisfies

cond(M) < 4 cond(M,y,),

where My, is the matriz of the linear system (3.8).

Therefore, since by Theorem 3.2, the matrix M,, is well-conditioned, the
matrix M}, is well-conditioned too.
The solution of the linear system (3.17) can be written as follows

al .= (él,...,dm)T: (al,...,am)T—i—(nl,...,nm)T =: aT—l—nT,

where a is the array of the solutions of the linear system (3.8) and 7 is the
array of the perturbations induced on a due to the perturbations induced in
the matrix M,, and the array b. The following proposition gives an estimate
of the relative error induced on the solution a.

Proposition 3.1. If

O (ky, t O (g,t 1
sup supcp(és)oo < 400 and sup supq)(gis)oo < H4o0, T>8> -,
lz[<1 >0 t lz|<1 t>0 13 2

then

&l ( [1€mll2 H9H12> ( logm )
<14 2 cond(M,y,) + <140 .
a2 [ M2 |[bll:2 ms—1/2
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Therefore, the relative error induced in the solution of the linear system
(3.8), due to the approximations of I' with I« and of G with G~ is,
essentially, of the same order as the global error of the method.

4. Proofs

Proof of Lemma 2.1. We first prove (2.8). If y = £1 or y = 0 the proof
easily follows. Then we assume —1 < y < 0, and the case 0 < y < 1 is
similar. By definition (1.5) of I, we have

. Lt p(y)
Ao I(@,2) = - /_1 Ah¢($)k(x7y)y — Zdy.

We consider the following decomposition

., 1 2z+1 . dy
BipTw) = 2o) [ A bla)-2
I p(y) — ¢(2)
_ AT
+ 7T/_1 hop(2) k(@ Y) - dy
Lt o (y)
+ p - App k(@ y)y = Zdy
(4.1) = Ai(z, z) + As(z, 2) + As(x, 2).

Applying Buniakowski inequality we have

1 2z+1
149C, 22,y < — /

T J-1

e(y) — »(2)
Yy—z

1/2
2z+1 "

1 T
B \/ﬁ”Ah@kyHL%lm)dy-

Taking the supremum for h < ¢, we get

<cC

(4.2) [42(- 2) |l 2(1,,) < € sup Q (K=, t)2.

|z]<1

Analogously, we obtain

1 1/2
43) 6oy < 1 [ P ( [ 18 keaar)

T J2z41Y — %

< Csup Q(kz,t)2.
|z|<1
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It remains to evaluate Aj(z,z). We have

1 " = k(@y)  \]

HAI('?Z)HLQ(]M) = </Im |:(p(Z)Ah¢(z) </_1 y_zdyﬂ dx
1/2
! P k(a,y) k(. 2) )}2
= - 2) A} / ’ —d dx
7T</Irh|}0( : W(m)( -1 y—=z Y
1/2

-\
T Irh

Therefore, taking the supremum for A < t,

1/2

IN

sup
ly|<1

2
, d
A,w(x)ayk(x,y)u dx

0
(4.4) A1 (-, 2) | 2(1,,,) < C sup €2 (6 kz,t>
|z|<1 z 2

holds. Then, combining (4.4), (4.2) and (4.3) with (4.1), (2.8) follows.

Now we prove (2.9). We note that for all @Q,, € P, (the set of all
polynomials of degree at most m) it results

1 X
145) L [ @@ ar = iguiy+ L [ D@l

= Tm+1 € iPm—l—1~

Then, by definition (1.5) of T,

ot 1
(148) 10) = H@ue| = 2| [ w02~ [ Qi 224
= [H((ks — Qm)®,y)]
holds and consequently, since || H f||2 = || f]|2, we have

ITe = Tonpallz < [H((kz — Qm)@)ll2 = lle(kz — @m)[2-

Taking the infimum on @, € P, we get Ep,41(I'z)2 < Epy(ky)2. Finally, by
(2.3) it results

Q" (T, t QF (kg t
¢(x )QSC So(x )2, 7‘>3>},
ts ts 2

and (2.9) follows. Analogously we can prove (2.10).
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Proof of Theorem 2.1. Since

9 1/2
185, K Fll 21, —A(/Th [/ A iy o) Fla) | dy) |

applying Buniakowski inequality we get

1 9 1/2
AL KF| 2, < C / E@) ( /1 [Afw(y)l“(x,y)} dy> dz.
- rh

Taking the supremum on h to both sides and applying Cauchy inequality,
we get

O (KF 1)y < c/ )T )adi < C||Flly sup O (T, 1),
|z|<1

Then, applying (2.9), (2.11) follows. It remains to prove the compactness of
the linear operator K : L? — L2, i.e.,

lim sup E,(KF)y=0.
Mo Fa=1

But, substituting (2.11) into (2.2) we get E,,(KF)2 < Cm™*||F||2, therefore

1
lim sup En(KF); <C lim — =0

and the theorem follows.
Proof of Theorem 2.2. By (2.12), we deduce
1
Afup(y)(K*F)(y) = )\/ Lin (AR, Ty 2) F(z)d.

-1

Using Cauchy inequality and the Gaussian quadrature rule, we get

eIt ([ g ryn)ar)

1/2
= C||F|2 (Z oD (@i y )]QAW-> .

1/2

IN
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Thus,
1/2
185 (K F) 2y < CIFl (/ S (8] Ty Mmzdy>
e 1/2
= C[|IF]2 (ka,iHAthHi%hh)) :
i=1

Taking the supremum on A of the both sides, we obtain

m 1/2
(K" F, ), < cum(g Am,i[ﬂ;@m,t)zﬁ) <CVA||F|ly sup (T, t)a.
i=1 lz[<1
Finally, using (2.9), (2.13) follows.
Proof of Theorem 2.3. We first prove (2.15). We can write

(4.7) (K = Kp)Fll2 < (K = K*)Fll2 + (K — Knn)Fll2 :== A+ B.
Applying Cauchy inequality, for all y € [—1, 1], we have

1
(K —K*)F(y) = )\/I[F(:E,y) — Lin(Ly; 2)| F(z)dz <C||F|[2[|Ty — Lin(Iy)[2-

Recalling that (see [5])

dt

t\:\w “ﬁ

l/m
(4.8) I = Ll < /

and using (2.8), we get

1/m
Q7 (Fy7t)2 C 0
(49) A< fHFH?/ — st < —|IFlls |sup<ukyuzg + Hayk:

y|<1

zg>

Analogously, since B = ||[K*F — L, (K*F)||2, using (4.8) and (2.13), we
obtain

C QL(K"F\t)2
(4.10) B < 37 dt < —HFHQ |s|up Kzl 22
0 x| <

Substituting (4.9) and (4.10) into (4.7), (2.15) follows.
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Concerning (2.16), by (4.8) we get

Q5(G,1)2
IG = Gulla = 16~ Ln(G ||2<f/ g

Moreover, using the assumption (2.10) on g, we deduce

c O (9.t
>0 t
ie., (2.16).

Proof of Theorem 3.1. Since we assume that (I — K)~! exists and it is
bounded and, by Theorem 2.3, K,,, converges to K, applying Von Neumann
Theorem it is easy to prove that (I — K,,)~! exists and it is bounded, too.
Then (3.1) has a unique solution. Moreover, we have

(I_Km)(F*_F;z) = (I_Km)F*_(I_Km)F;L
= I-K)F"—(K,,— K)F*— (I — K,,)F},
= G-Gp— (Kn—K)F",

from which we deduce

F*—Fy = (I-Kp) '[(G—=Gn) = (Kn— K)F']
= (I = Ku) (G = Gom) = (K — K)(I = K) 7'
and
[F* = Frlla < (I = Kn) H22ll(G = Gi) + (K — K)(I = K)7'G|2

<
< T = Km) Mgz [IIG = Guallz + (T = K) " 12| K — K £2]|Gl2]
< ClIG=Gull2 + (T = K) 12| K — K|l 22]|Gl2] -

Applying Theorem 2.3 and taking into account that |G|l = ||H(g¢)ll2 =
lgellz < llgll2, we get

* * * C
Em(F7)2 < |7 = Fplla < —llgll 22,

i.e., (3.2). Moreover, by (2.3), we deduce that F* belongs to Z2.

In order to prove (3.3), note that for Cy, := |cond(I — K) —cond(I — K,,,)|
we have

O = [l = Kllz2 (1 = Ki) "2 = 1 = Kllz2)I(1 = )7 2|

IN

11 = Kl g2 (2 = Kom) 7 lzz = 1 = Kllz2 (1 = Km) ™ 2]
(I = K2 ll(1 = Kn) " Hize = 1 = Kllz2ll(2 = K) 2
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ie.,

(411) G = (I = Kn) g2 1 = Killzz = |1 = K| 2]
HI = Kl 2 (11 = Kin) "2 = 12 = K) 7|2 -

Using (2.15), it is easy to prove that
C

ms’

(412) I = Kl = I = K|z |< 1K = Koz <

Moreover, it results

I = K)o = 10 =)l
17 = K)M T = K)(T = K™ = 1))

= H(I_ K)il[(l_ K) - (I_ Km)](l_ Km)ilHLz
< I = K) g2l o — K| (T = Fon) ™22

Thus, using (2.15) and taking into account that both ||(I — K)7!||;2 and
|(I — K) "t 2 are bounded, we get

_ _ C
(4.13) (T = K) "z = 1 = K)7Hlge| < e

Finally, substituting (4.12) and (4.13) into (4.11), (3.3) follows.

Proof of Theorem 3.2. Recalling the definition (3.6) of F}} and the def-
inition (3.5) of G, we set a := (a1,...,an), with a; = F}(z;)\/); and
b := (b1,...,bn), with bj = Gy (2;)\/A;. Thus, system (3.8) can be writ-
ten as Mpa = b. Assuming that (1.4) has a unique solution for every G,
by Theorem 3.1, (3.1) has a unique solution too and then M,,a = b has a

unique solution for every b. Therefore, for all 8 = (6, . .;,Hm) there exists
n=(m,-..,nm) such that M,,0 = n if and only if (I — K)0(y) = 71(y), where

0y) =D @ily)bi, 0; =0(zi)V/ N
=1

and

i) =iy, m =iz VN

i=1

For all it results

1 m m m 2
LR TR SRS ¥ ) SRRy
- k=1 k 1

=1 1=
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0. 5
myi(Zx) = Tk k= 1,...,m, we obtain

VYERVo

- m 92.2
1813 = D" xish =62 = lelf-
i=1 v i=1

Analogously, for all 77, we obtain ||7||2 = ||7]|;2. Thus, we get

and, recalling that ¢;(zg) =

1Mz = lInllz = llllz = (1 = K2 < 1L = K| 9, [[16]]2,
ie., |Mnbl;2 < || — Kmllr2—12]0|;2. Similarly, we have
(4.14) 1M e = 1012 = 116ll2 = (1 — Km) "2
< N = Em) e —rzlinlle.
Consequently, cond(M,,) < cond(I — K,,). By (3.3), the theorem follows.

Proof of Theorem 3.4. Recalling (3.18), we can write

M = My, + En = My (L + M 1EL),

m

where I, is the identity matrix of order m, and then

cond(M)) < cond(M,,)cond(I,, + M 1E,).
Therefore, it is sufficient to prove that for m sufficiently large we have
(4.15) cond (I, + M, En) = || Iy + M Eml2 | (I + M, ) 72 < 4.

If we proved that, for m sufficiently large,

1

(4.16) 1My Emllz < M l2llEmll2 < 2

the proof of (4.15) is rather easy, in fact
- _ 1
([ 1m + MmlgmH2 < | mll2 + HMm1H2H8mH2 <1+ 9 <2

and
1

— g =2
L= [| M Emll2
Therefore, it remains to prove (4.16). By (4.14) we have

(T + M €m) "Iz <

(4.17) 1M 2 < I~ Ko) ™2 < C.
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Moreover, since

m—[)\ff{ (g, ;) —F(xk,a:i)” ‘ ,

k,i=1,....,m

we have

m m . 2y 1/2
rmm=u%2§}mf}bh—ﬁ@wmwAAW%mﬂ}
k=1 i=1 ?

and, using (3.13), we obtain

C i
4.18) [|Emlla < |IN—1 Ko || 7o .
( )Hmh_!%ﬁ%méngﬂa{Eijl }

k=11:=1

Since |z;| < 1— % it results % < /1= x| ~ /1 —2? and then we deduce

moy )2 mo 1/2
(4.19) {Z Z'Q}g\/ﬁ Y <C\F/
i i=1 /1 — 22 Vl_mQ
Therefore,
C 1 1 dr 1/2
4.20) ||Emlls < ——=logm sup |k, || 2o //d}
(420) [€nll < —Erogm s gz { [ [ Ly
C
< Wlogmli&plukx”Z?

holds, where s > 1/2. Then, combining (4.17) and (4.20), for m sufficiently
large, (4.16) follows.

Proof of Proposition 3.1. The first inequality follows by a well-known
theorem of numerical linear algebra (see for example [3, p. 249]). For the
second one, by (3.14) and (4.19) we get

m A 2y 1/2
0]z = {Z : _;2 [\/1 —a? (Gm* (x;) — G(l’i)):| }

i=1

P U
= etz TR ) T

C
< WlogmHg”ZgO»

where s > 1/2. Moreover, taking into account (4.20) the proposition easily
follows.
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5. Numerical Examples

Example 5.1. We consider

1 [t f) @y VI—a?
(5.1) ﬁ/la:—ydx+/1f($) (1T cosZa + ¢7) dx = y“siny,

and we solve )
(52) F(y) - [ TP =G,

where

B 1/1 (22 +2)V1—12 dt
7w ) (1 +cos?xz+e®)(t—y)

and

According to the fact that functions k£ and ¢ are analytic the convergence
is rather fast. Using only 16 points, in (3.8), we are able to achieve relative
error of order 1071, In Table 5.1 we present obtained values for the function
F*, at the point y = 0.1, also column cond holds condition number of the
matrix os the linear system (3.8). As it can be seen condition number of the
matrix is quite small. Figure 5.1 represents solution F7.

-1 -0.5 0 0.5 1

F1c. 5.1: Solution Fj(z) of the Cauchy singular integral equation (5.1)
Example 5.2. Let

7/2

1 1
(5.3) 1 /(@) dx +/ f(x)sin(z +y)V1— 22dx = ‘y 1

T) 1x—y 1 2
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Table 5.1: Numerical results for F¥ in Example 5.1

m y=0.1 cond
8 | —0.1226 2.0
16 | —0.122605465878427 | 2.6

We solve again (5.2), with

1 . ) 1 75_;7/2
T(ﬂfyy)zl/ sinfz + 1)V “at, G(y)z—l/ @\/1—75%&.

T J_q t—uy T)_ 4 t—y

In this case, the function g is not analytic; it belongs to the class Z2, with
s < 7/2. Applying the estimate from Theorem 3.1 it can be easily seen
that for m = 256 we have an error of order m™* ~ 10~®. This is in a good
correspondence with experimental results. Table 5.2 holds results, at the
point y = 0.5 and the condition number of the matrix of the linear system
of equations (3.8).

Fic. 5.2: Solution Fyss(z) of the Cauchy singular integral equation (5.3)

Table 5.2: Numerical results for F}} in Example 5.2

m | y=20.5 cond
16 | 0.357 4.2
32 | 0.35725 4.2
64 | 0.357251 | 4.28
256 | 0.3572518 | 4.285
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