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AN EXTENSION OF LEVERRIER-FADDEEV ALGORITHM
USING A BASIS OF CLASSICAL ORTHOGONAL
POLYNOMIALS
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To our friend Giuseppe Mastroianni with occasion of his 651" anniversary

Abstract. In this paper, the Leverrier-Faddeev algorithm is extended in order
to compute both the determinant a(s) and the adjoint B(s) of the polynomial
matrix sPA, +sP " A, 14+ sA;+ A, where A; € C*" i =1,2,...,p. B(s)
and a(s) are expressed in terms of a basis of classical orthogonal polynomials.

1. Introduction

When one considers a vibrating system consisting of N masses connected
by linear springs of stiffness (kr)fy:l and the whole lies in a straight line on
a smooth horizontal table and is excited by forces (F,(¢))Y_,, the Newton’s

r=1s
equations of motion for the system are

mrﬁr = F’r‘+97“+1_97“7 T:1,2,...7N—17
(1.1)
myiy = Fy—0x.

Hooke’s law states that the spring forces are given by

(1.2) 0, = kp(up —up—1), r=1,2,...,N.

If the left hand end is pinned, then ug = 0.
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Forced vibration analysis concerns the solution of these equations for
given forcing functions F.(t).

Free vibration analysis consists in finding solutions to the equations which
require no external excitation, i.e., F.(t) = 0, r = 1,2,..., N, and which
satisfy the stated end conditions (see [5]).

In order to express equations (1.1)—(1.2) in matrix form, we get

(1.3) Ati+ Cu = F,
where A = diag (m1, ma,...,my), F = (F1,Fs,...,Fn),
[ ki + ko —ko 0 0
—ka ka4 ks —k3
¢= 0 0
: —kn
0 0 —ky kv |

and u = (ug, ug, ... ,uN)T. A and C are called, respectively, the inertia and
stiffness matrices of the system.

If we assume initial conditions u(0) and u/(0) are given, then using the
Laplace transform in (1.3) we get

(s2A+ C)ao = F(s) + sB + G,
where @ denotes the Laplace transform of the vector function u. Thus,

(1.4) i =(s2A+C0)'F(s) + (s*A+ C) ' (sB + Q).

In order to solve the problem, we need to find the inverse of the polyno-
mial matrix s2A+ C (see [1]). This question was analyzed in a more general
context by several authors. In particular, in [4] an algorithm has been given
to find the determinant of a general matrix polynomial as well as its adjoint
matrix. The connection with the Leverrier’s algorithm to find the determi-
nant of sIy — A is shown. The aim of our contribution is twofold. First,
we use an extension of the Leverrier’s algorithm stated in [6], [7] for polyno-
mial bases that is a more efficient computational method than the preceding
one taking into account the use of the canonical basis in the linear space
P of polynomials with complex coefficients. Second, we give an alternative
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approach to the results of [4], [10] assuming the leading coefficient of the
polynomial matrix is any matrix, not necessary the unit matrix as there.

Notice that the inverse of the polynomial matrix in (1.4) is the transfer
function of the linear system (1.1)—(1.2).

The structure of the paper is the following. In Section 2, we give the basic
background about scalar orthogonal polynomials with a special emphasis
in the so called classical orthogonal polynomials. Then, we describe the
Leverrier’s algorithm taking into account a polynomial basis constituted by
classical orthogonal polynomials.

In Section 3 we introduce polynomial matrices as well as some special ex-
amples (orthogonal matrix polynomials), which are generated recursively. In
Section 4 we give an algorithm to find the determinant of a polynomial ma-
trix as well as the adjoint matrix. Furthermore, in Section 5, some examples
are presented.

2. Classical Orthogonal Polynomials

Given a linear functional w in the linear space P of polynomials with
complex coefficients, we call moments (u,) the complex numbers u, =
(u,z™), n € N. Here (-,-) denotes the duality bracket.

Definition 2.1. The linear functional u is said to be quasi-definite if the
principal submatrices of the infinite Hankel matrix H = (uj+k);“,?°:0 are
nonsingular.

Thus, we can introduce an inner product associated with the quasi-
definite linear functional u as follows:

o(p,q) = (u,pq), p,q€P.

Proposition 2.1. ([2]) The following statements are equivalent:
(i) w is a quasi-definite linear functional.

(ii) There exists a sequence of monic polynomials (P,) such that

—deg P, =n,
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= ¢(Pn, Pr) =0 if n#m,
— ¢(Pyn, Pp) # 0 for every n € N.

(iii) There exist sequences of complex numbers (5,) and ~y, with v, # 0
for every n € N such that the sequence of monic polynomials (P,) defined by

(2.1) 2Py (x) = Ppy1(z) + BnPr(x) + ynPr-1(z), n>1

satisfy (u, Py Pp) = 0,1 # m, and (u, P,%) # 0, for some linear functional u.

The matrix representation of the operator associated with the multipli-
cation by x in P is a tridiagonal matrix

[ B 1 0
m A1

J=10 v [ 1

Notice that the characteristic polynomial of the principal submatrix J,
of dimension n is the polynomial P,. The recurrence relation (2.1) reads
as follows: the determinant of the matrix polynomial s, — J,4+1 can be
given recursively as a linear combination of the determinants of the matrix
polynomials sI,, — J, and sl,_1 —J,—1. Examples of orthogonal polynomials
with respect to a linear functional appear in Sturm-Liouville problems for
second and fourth order linear differential equations with polynomial coef-
ficients. More precisely, if u is a quasi-definite linear functional, then the
following statements are equivalent

Proposition 2.2. ([8]) (i) There exist polynomials ¢ and v with deg ¢ < 2
and deg =1 such that the distributional equation

(2.2) D(pu) = u,
holds.

(ii) The sequence of monic polynomials (P,) orthogonal with respect to u
satisfies a second order linear differential equation

(2.3) P + Py, + AP, = 0.
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The equation (2.2) is called a Pearson differential equation. (2.3) means
essentially that (P,) is a hypergeometric family of polynomials. The linear
functional u satisfying a Pearson equation is said to be classical. The se-
quence of orthogonal polynomials with respect to u is said to be a classical
sequence of orthogonal polynomials.

For our purposes, we can use other two characterizations of classical or-
thogonal polynomials.

Proposition 2.3. ([8]) The following statements are equivalent:
(i) (Py) is a sequence of classical orthogonal polynomials.

(ii) The sequence of monic derivatives of (Py) is also a sequence of or-
/

Pn+1

thogonal polynomials. We will denote Q,, = .
n+1

(iii) In the expansion of P, in terms of the polynomial basis (Qy), the
coefficients for 0 < k < n — 3 vanish. In other words,

(2.4) P(z) = Qn(x) + 1nQn_1(x) + $,Qn_2(x).

The sequences of classical orthogonal polynomials, up to a linear change
of variables, are

1. Hermite polynomials (H,,)

_ H;l+1($)

Hn(x) n—+1

2. Laguerre polynomials (L%), o > —1,

Lg(l‘) — (Lil;-&-—li_)l(x) +n(L%7); (.’L‘)

3. Jacobi polynomials <J7(la’ﬁ)> ,a, 3> —1,

J(a,ﬁ) / Zn(a—ﬁ) J(aﬁ) /
(e,) — [ Intl n
Iy (I)_<n+1>(z)+(2n+a+ﬁ)(2n+a+ﬁ+2)< - )(x)

_ inn— D(n + a)(n + 5) Y ()
C2n+a+fB8-1D2n+a+0)2C2n+a+p+1) \ n—1 '
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4. Bessel polynomials (BY), —a ¢ N,

Ble) = <f%i>/(x)+(2n+a)éz+a+2) <£f:),(,$)
Tenta- 1)?;1751_a;;(2n Ya+1) <fn__i) ().

Finally, we need an expression for 2™ P, (x), n,m € N, in terms of (P,). If
we use the three-term recurrence formula (2.1) m-times, then it is straight-
forward to verify that

n—+m
(2.5) 2P, (z) = o, Py (),

k=n—m

where OZZm = (U, fim PnPr) /(u, PI?) and f,,(z) = ™. Notice that at =1

n+m
and
nm <u7 fmflpnflpk:>
O
s g
_ (s fr—1Pn (Prg1 + BrPr + i Pr—1))
(u, PZ)

 (u, fm1 P Pra) (ty fr—1Pn Py) (w, frn—1PpPy_1)
= 5 + 0k T 5

<U¢P]g> <u7Pk> (u?Pk>

(u, P13+1> n,m—1 (u, PI?—1> n,m—1

n,m—1
= Al Bey ™

—
(u, P?) (u, PZ) ~F1

Now, using again the three-term recurrence formula (2.1), we get v, =
(u, P2)/{u, P?_|) for k=1,2.... Thus,

n,m n,m—1 n,m—1 n,m—1
(2.6) o = Yoy T+ Broy, +oagy

k1 k1 k1
and o7 =, o =0k, ap =1 fork=12,....

3. Polynomial Matrices

Let A(s) :=sPA,+sP"1A,_1 +- -+ sA; + Ap be a matrix whose entries
are polynomials of degree at most p. The coefficients (Ak)izo are matrices
in C™*™,
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Definition 3.1. « € C is said to be a zero of A(s) if det A(a) = 0.

Thus it is an important question to find det A(s) using a finite number
of linear steps as an alternative to the natural approach based in terms
of determinants of polynomial matrices of dimension n — 1. On the other
hand, the adjoint of the matrix A(s) plays an important role in the transfer
function of a linear continuous system. Indeed

1
A(s)] 7t = ————Adj A(s).
A = oy A AG)
Notice that degdet A(s) < pn and thus the complexity of our problem in-
creases with n.

In the last years an increasing attention was paid to some cases of poly-
nomial matrices.

Definition 3.2. Let p be a N x N positive definite matrix of measures
supported on the real line, and (P,)!%) a sequence of matrix polynomials

with deg P,(s) = n. (P,);/29 is orthogonal with respect to p if

n=0
(3.1) /RPn(s)du(s)Pﬁl(s) =0, if n #m, n,m >0,

and (P,) 29 is orthonormal with respect to y if

(3.2) / P, (s)du(s)Py(s) = dnmIn, n,m =0,
R

For a positive definite matrix of measures non-degenerate p having mo-
ments of any order, there exists a sequence of orthonormal matrix polynomi-
als with respect to u. This sequence satisfies a three-term recurrence relation
of the form

(3.3) sPy(s) = Ant1Pnt1(8) + BaPy(s) + A Pr—1(s)

with the initial conditions P_i(s) = 0 and Py(s) = Iy, where A,, is nonsin-
gular and B, is hermitian, n > 0.

This three-term recurrence relation characterizes sequence of orthonor-
mal matrix polynomials. In other words, if a family of matrix polynomials
satisfies a three-term recurrence relation as (3.3), then this family is or-
thonormal with respect to some positive definite matrix of measures. This
result is known as Favard’s Theorem.
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Definition 3.3. Let (Pn)zi% be a family of orthogonal matrix polynomials
with respect to u, the matrix polynomial sequence of the second kind is the
family (Q,); 2%, defined by

n=0°

Pn(ti - fn(x) du(x), n=0.

(3.4) Qult) = [

The sequence (Q,),2¢ satisfies the three-term recurrence relation (3.3),

with initial conditions Qo(t) = 0 and Qy(t) = A7".

We get from the three-term recurrence relation that

Py(s) By A4 Po(s)
Pl(s) AT Bl A2 Pl(S)
(3.5) S| Py(s) | = Ay By A3 Ps(s)

The infinite dimensional matrix

By Ay
A% By A,
J = A: B, A

is said to be the N-Jacobi matrix associated with the family (P,); 29, The
N-Jacobi matrix plays an important role in the study of the zeros and

quadrature formula for the matrix polynomials (P,);59.

Lemma 3.1. ([3]) For n € N, the zeros of the matriz polynomials P,(s)
are the same as those of the polynomial det (sI,n — Jpn) with the same
multiplicity, where I,n is the identity matrixz of dimension nN and Jy,n is
the N-Jacobi matriz truncated of size nIN :

[ By A
At By A
(3.6) J = S
An_9 Bn-2 Ap
L A;—l anl ]

The next result is consequence of the previous lemma.
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Theorem 3.1. ([3]) 1° The zeros of P, have a multiplicity less than or
equal to N. Furthermore P, has nN real zeros (taking into account their
multiplicities), n € N.

2° If a is a zero of P, with multiplicity p, then rank (P,(a)) = N — p.

3° If we write xp ) (k=1,...,nN), the zeros of P, in increasing order
(and taking into account their multiplicities), then

Ttk < Tpk < Tpprpen  Jork=1,...,nN.

4° If a is both a zero of P, and P,y1, then P,(a) and Pp41(a) do not
have a common eigenvector associated to zero.

5° If xp  is a zero of P, with multiplicity N, then P,(zy%) = 0. Fur-
thermore every complex value of a;i/,iv s a zero of the N consecutive scalar
polynomials p,N+;(t) = det (Pan45(t)) 7 =0,1,...,N — 1. In this case the
real number x, 1 can not be a zero of the matriz polynomial P, 1.

6° Quadrature formula. Associated with every zero x,j of the matrix
polynomial P, (k = 1,...,nN) there exists a N x N positive semidefinite
matriz By, i, of rank one such that

nlN

(P,Q) ) =D Plani)BrsQ" (zn k),

k=1

for P,@Q matriz polynomials satisfying deg(P) + deg(Q) < 2n — 1, where

(-,)(p) denotes the matriz inner product associated with (P,)}25.

Let A be a N x N nonsingular matrix, and B be a N x N Hermitian
matrix. We define a sequence of orthonormal matrix polynomials (U{? ’B):{i‘(’),
by the three-term recurrence relation
3.7) WA = AU @) + BULME (1) + AU (4), n>o0,

. L " AB A,B
with the initial conditions U7;” () = 0 and U (t) = In. The elements of
this family are the Chebyshev matrix polynomials of the second kind.

If A is positive definite, then we can deduce an explicit form for the
corresponding matrix of measures. Indeed, we introduce the matrix

1
Kap(z) = gAY (B — 2Iy) A2,
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for z = x € R. This matrix is hermitian and we can express K4 p(z) =
U(x)D(x)U*(z), where D(z) is a diagonal matrix, with d;;(z) € R, i =
1,...,N,and U(z)*U(z) = In. Then

1
(3.8) duap(x) = =A7Y2U(2)S(x)U* () A™V? da,

T
where S(x) = diag (s1(x),...,sny(x)) and

s‘(x)_{ L—d2,(x) if dii(x) € (~1,1),
1 - 0 .

fori=1,...,N. The support of na p is
supp (pa,B) = {x eER: o (A_l/Q(wIN — B)A_l/Q) N[—2,2] # @} .
Thus, we can express the matrix polynomial U ’B(t) as

(3.9) UAB(t) = A7V20, (;AW(B - tIN)A1/2> A2,

where (U,)25 is the family of scalar Chebyshev polynomials of the second
kind.

4. The Algorithm

For a matrix A € C™*", we presented in [6] an alternative version of
Leverrier algorithm for simultaneous computation of the characteristic poly-
nomial pg(A\) of A and the matrix Adj (AI, — A) in terms of a family of
classical orthogonal polynomials (Py), i. e.

n—1

(4'1) pA()‘) = Pn(/\) + Z dn—kpk()‘)a
k=0
n—2

(4.2) AN) =Py i (NI + ) Pe(N)Brg—1.
k=0

The algorithm presented in [6] is a follows:
DATA: {Bk}Zg: {wtiors {rudizo. {sedios
Initial Condition: B_1 =0, By = I,.
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FORk=1,2,...,n—1

R 1 . A .
(4.3) ar = T (Brn—k — Tn—t)ttBr—1 + (Yn—k+1 — Sn—k41)trBy_o — tr (ABk—l)} ,

(4.4) By, = ABy_1 +and —yn_rs1Br_2 — BurBi_1.

END (FOR)
1 . . .
an = o [(60 - To)tI‘Bn_l + (’)/1 - Sl)tI‘Bn_g —tr (ABn_1>:| .

Now, we are interesting in the computation of a(s) := det (sPA, +--- +
sA; + Ap) and B(s) := Adj (sPA, + --- + sA; + Ap). Proceeding in the
same way as [7], that is, in the previous algorithm we replace A by A(s) :=
—(sPAp + -+ -+ sA1 + Ap), then we get

(45)  a(\s) :=det (AL — A(s)) = Pu(A\) + Y _ dni(s) Pe(N),

as well as

n—2
(4.6) B(\,s) == Adj (M, — A(8)) = Pact (NI + Y Pe(N) Brg1(s).
k=0

Thus, from (4.3) and (4.4) we get

kak(s) = (Bn-k — rn,k)ter,l(s) —tr (A(S)Bk,l(s)>

(4.7) /
+(’7n—k+1 - 5n—k+1)ter—2(S); k= L...,n,

as well as
(4.8) Bi(s) = ak(s)In — Yn—k11Br—2(s) — Bu_iBr-1(s) + A(s) Br_1(s),
fork=1,....,n—1.

Thus, if A =0 in (4.5) and (4.6) then we get

(4.9) a(s) = a(0,s) = Po(0) + > én_(s)Px(0),

(4.10)  B(s) =B(0,5) = Po_1(0)I,, + Y Pu(0)B,_j_1(s).
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Taking into account deg (Py(s)) = k for all k£ > 0, from (4.7) and (4.8)
we can assure that the degrees of the polynomial ax(s), k=1,2,...,n and
the polynomial matrix Bk(s), k=1,2,...,n—1 are at most equal to kp.
Thus for ay(s) and By (s) we get the expansions

ZakJPj(s), ay,; € C,
(4.11)

ZP (s)By,j, By;€Cm.

Substituting (4.11) in (4.7), we get

kp (kfl)p
k Z ak,jpj(s) = tr (ﬁn—k - rn—k) Z Pj(s)Bk—l,j
7=0

+(Yn-ki1 = Sn-kr1) Y Pi(s)Brz,
§=0

(k—1)p
+(sPA, + -+ sA; + Ag) Z Pj(s)Bk—LJ’)

=0

(k—1)p
= tr | (Buk—7nk) Y, Pi(5)Br1;

j=0
(k=2)p
+(Yn—k1 = Sn—kr1) ) Pi(s)Bi-z,
j=0
p (k=1)p
+ Z s™ A B 1,5 | -
m=0 j=0
If we replace (2.5) in the previous expression, we get
kp kp )
kY ar;Pi(s) = Y ol PPtr (AyBi_1;—p) Pj(s)
Jj=0 Jj=p

kp—1 1
+ Y <Za§p+l’pltf(f4pi3k1,jp+1)> Pj(s)

=0

=0

' (k—1)p+1 /p—1
+ (Za YPir (A By 1,j— 1)> P;(s)

=1
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(k=1)p s p
+ Z (Za P LtI‘ Ap iBL_ 17J) (ﬂn_k—’I“n_k)tI‘Bk_Lj)Pj(S)

=0 i=0

(k=1)p—1 /p—1
+ ( o Ztr(Ap-in-l,m)) Pi(s)

(k=2)p+1 1 _ _
+ Z (Z aj PPy (Ap_in_l,jH,_l)) P;(s)
7=0

1=0
(k=2)p
+ Z ( J+:D7ptr A Bk 1 J+p) + (’yn,kJrl — Sn7k+1)ter72,j)Pj(s).

Identifying coefficients we get

p
(4.12) kago = dktrBr_1,0 + MetrBr_20 + Z ag’pﬂtr (Apfinfl,O)

i=0
p—1 1
—lp—i
+ E , E ap Pt (Ap—iBr—1,p-1) 5
1=0 i=0

p 1
ka1 = OptrBr_11 + mtrBr_o1 + Z Z PP (A i Br 1 pt1)

l=p—1 =0
p—1 1
p—I+1,p—i
+y > ol tr (Ap—iBr—1p-141)
1=0 i=0

p 1
kagp—1 = OptrBr_1-1 +77kter—2,p—1+ZZOé P (Ap—iBr—1,-1)

=1 =0
p—1 1
2p—1—1,p—1 A B
+ ) tr (Ap—iBr—1,2p—141) s
=0 i=0

P l
L
kak’j = (5kter71,j+77kter72’j + E E Ozg pip= Ztl“ Ap iBrL_ 1,j— p+l)
=0 ¢=0

p—1 1
Jj+p—l,p—1t
+> > alth tr (Ap—iBr—1,j+p—1) »
1=0 i=0

for j=p,...,(k—2)p, and
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kay,(k—2)p+1 = OrtrBr_y (k 2)p+1

+ZZ E: %ﬁﬂ’p "tr (Ap—i Bio1,(k-3)p-141)

=0 i=0

+ZZ EZ ;)g+l1+l’p 't 1 (Ap—iBr1,(k—1)p—141) »

=1 i=0

kay, (k—1)p—1 = OktrBy_y (k 1)p—

+ZZ EZ ?Ti PP (Ap Bt (k-2pi1)

=0 i=0

+ Z O‘EZ i)gpl "tr (Ap-iBi_1,(h-1)p) »

P l

k— lp—i
kg, (k—1)p = OktTBr_1 i1)p + D D Ek—fgf '

=0 +=0

kay (k- 1)p1 a(k—2)p+l+1,p—i
J(k=1)p

I
NE
MN

Il
<
.
I
o

[

l

tr (Ap—iBr_1,(k-2)p+1) -

(k—1)p+1 tr (Ap—in—ly(k—2)p+l+1) )

kag kp—1 = ZZ ;(J; PPy (4, By 1,(k=1)p+i—1) »

1=0 i=0

k )
k‘ahkp = Oé](cp pptr (A Bk} 1,(k— 1)p)

where 0§, = 6nfk —Tn—ky, Mk = Yn—k+1 — Sn—k+1-

In an analogous way, substituting (4.11) in (4.8), we deduce

kp kp p (k=1)p
D Pi($)Brj = Y ax;Pi(s)n— Y D
j=0 7=0 m=0 j=0
(k—1)p
- Z 671 kP Bk 1,5 —
7=0

Replacing (2.5) in the previous expression, we get

kp kp kp
> Pi(s)Br; = > an;Pi(s)Iy— > Pi(s)
=0 =0 i=p

J—p,p
j Aka,1

Pj(S)Amkal,j

Z Yn—k+1L5(8) Br—2,5-

\J—P
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kp—1 1
- > Pils) (Z ai'pﬂszpz') Bi—1,j—pt1

j=p—1 i=0

(k—1)p+1 p—1 4
- Pj(s) (Z ai_l’p_lApz) Bi-1,j-1

=0

(k—1)p P
- Pj(s) (ﬁn—kfn + Z Oé;’p_zAp—i> By—1,5

=0

(k—1)p—1 p—1 4
B P;(s) <Z 0‘?‘“”’_1141)—@) Bi—1,j11

=0

(k—2)p+1 1 ' '
S (ZA)

=0 i=0
(k—2)p

— Z Pj(s) <a§+p’pAka71,j+p +’Vn—k+1Bk72,j) .
=0

Identifying coefficients we obtain

(413) Bro = aroln — Bn-tBr—1,0 — Yn—k+1Br—20

p—1 1 P
p—lp—i 0,p—i
-3 > ab Ap-iBi-1p1— > ag? " Ay B 10,
i=0

1=0 i=0
Bri = apailn — Bn-rkBr—11 — Yn—k+1Br—21
D l )
=Y e PP A, B 1
I=p—1 i=0
p— l
- Z oA B i,
1=0 i=0
Bk,pfl = ak,pfl-[n - ﬁnkakfl,pfl - 7n7k+1Bk72,p71
p

!
l—1,p—i
—E E a, 1" Ap—iBr—11-1

2p—Il—1,p—1i
a,’y Ap_iBr—1,2p—1+41,

N~
[
-

<
~ 1
o

(=)

1=

0
By = apjln — Bn-kBr—1,; — Yn—k+1DBr—2;

87
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p l
—p+l,p—i
E :E :O‘ Ap—iBi—1,j—p+i
1=0 i=0
p—1 1
Jj+p—l,p—i
- Ap_1 Ap—iBr—1,j4+p—1,
1=0 i=0

for j=p,...,(k—2)p, and

By, (k—2)p+1 = (k- 2)p+1I = Brn—kBr_1,(k—2)p+1
p

(k—3)p+l+1,p—1
- g Z (k—2)p+1 Ap—iBr_1 (k—3)p+i+1
=0 i=0

p—1 1
(k—1)p—I+1,p—:
_ZZ O (h—2)pt1 Ap—iBi_1, (k=1)p—i+1,
1=1 i=0

B, (k—1)p—1 = i, (k—1)p—1In — Brn—kBr—1,(k—1)p—1
p 1

k—2)p+l—1,p—i
—ZZ% 1;11; L P Ay By (k—2)pri1
1=0 i=0

_Za pp ZAp iBr— 1,(k—1)p>

Bk»(’f—l)p = Ak, (k—1)p n—ﬂn—kBk_L(;g_l)p
p 1
(k—2)p+1 i
—ZZ% De L Api B, (k-2)ps
=0 =0
Bk7(k—1)p+1 = Qg (k- 1)p+1I
p
(k—2)p+14+1,p—1i
_ZZ Q) 1)§+1 P Ap_i Bt (k—2)ptit1s
=0 =0

(k—1)p+i—1,p—i
B kp—1 = G kp—11n — E E kp 1 Ap—iBi—1,(k=1)p+i—1,
=0 1=0

Bijp = rppln — oyl PP A By 1 (51

Thus, the algorithm can be described as follows

DATA: {/Bk}k =0> {’Yk}zzp {Tk}z;éa {Sk}zzl-

Initial Condition: dg(s) =1, B_1(s) =0, By(s) = I,, and B; j; = 0 if i,j < 0 or
1< pj.
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FORk=1,....,n—1

e From Bj_5(s) and Bj_,(s) and taking into account (4.12) we get a(s).
e From (4.13) we get By(s).

END (FOR)

From B,,_s(s) and B,_i(s) taking into account (4.12) we get an(s).

5. Examples

Example 5.1. Consider the polynomial matrix

s2—s5 —s24+s5—1 0
A(s) = 0 3 s +2s |,
s2—1 —s2 s+ s
so that p =2, n =3 and
1 -1 0 -1 10 0 -1 0
Ay=10 0 1|, A= 0 0 2|, A= 0 3 0
1 -1 1 0 01 -1 00
It is easy to verify that det A(s) = 3s* — 5% — 452 + 2s,
st +2s3 + 3s% 4 3s st+s —st — 53+ 52— 2s
Adj A(s) = | s'+2s3—s2—2s st —s? —st — 3 + 252

-1 —s2 245

We apply the above algorithm using the Chebyshev basis (Chebyshev

polynomials of first kind), (Tn)zi% The corresponding data are 3, = r, =

0,n>0and v =1/2, 81 =0, v, =1/4, s, =—1/4, n>2.
From (4.12) and (4.13) we get the following results.
Fork=1:

ato0=4, a11=0, aj2=2;

30 1 -1 0 11 0
2 —1 |, Bia=|0 0 —2|, Bio=| 0 2 —1].
17 0 0 -1 -1 1 1
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For k=2:
3
aso = 4, az1 =5, as2 =17, az3=2, az4=2;
19 3 1 18 4 —-11
Bop=<-| -1 3 5|, By1=-]| —2 0 -3 1,
12 8 16 I 0 —4 -12
4 1 0 2 0 -1 1 1 -1
Baa=| 00 1|, Bog=|2 0 1|, Byyu=|11 -1 |.
-3 0 3 0 0 0 ] 0 0 0
For k=3:
9
30 =g, G31= 7, GO32= 0, azz3=-1, azs=3, azs5=0=azge.
Hence, from (4.9) we get
5 7
det A(s) = 3Ty(s) — T5(s) — Ta(s) + ZTl(S) - gTO(s)7

and, from (4.10) we obtain

1 1 -1 2 0 -1 4 1 0
AdjAGs) = Tu(s) | 1 1 =1 |+T3(s) | 2 0 =1 | +Ta(s)| 0 0 1
0 0 0 0 0 0 -3 0 3

1 18 4 -11 1 15 3 1

0 —4 -—-12 12 8 12

Example 5.2. Consider the matrices
2 -1
-1 1

A:

-1 1
10|
Taking into account the three-term recurrence relation (3.7), we get

[ 13t* — 32¢3 4+ 24¢2 — 6t 21t* — 523 + 39t2 — 8t ]

] and B =

(5.1) UMB(t) =
) Ui o1t — 5213 + 3912 — 8t 3444 — 843 + 6312 — 14¢

We need to compute det (U4A’B(t)) to find the zeros of U4A’B(t). For the
matrix polynomial Uf’B(t), p=4,n=2and

0 0 6 8 24 39
AO = ) Al = - ) A2 = )
8 14 39 63

0 0

32 52 13 21
Az = — Ay = .
52 84 21 34
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We apply the algorithm of the previous section, using the Chebyshev basis
(Chebyshev polynomials of second kind), (U,),%5. The corresponding data
are B, =1, =0,n>0and v, =1/4, n>1and sy =0, s, = —1/4, n > 2.

From (4.12) and (4.13) we get:

Fork=1":
221 489
al o= —, a11=—78, a2 = ——, a13:—116, CL14:477
9 8 9 9 4 9 9
and
B 1 160 —99 B = —56 34 B 1 354 —219
TR 99 el |0 M Tl 34 —o2 |0 PP T4 219 135 |
B . —84 52 B, = 34 -21
T 50 30 |0 M T o1 13 |
Fork=2:
2265 209 o 2% 1
a2,0 - 128 ) a2,1 - 4 ’ a2,269_ b a?,d - 2 9 a2,4 - 2 )
ass = —20, ase= g %27 = 4, azg=1.
Thus,

8
1
ag(t) = ag Uj(t) = 5 + 47 — 19t° — 26¢° + 111¢* — 9047 + 201> + e
7=0

Notice that is not necessary to compute a;(t) because U;1(0) = 0. Then
from (4.9), the determinant of U4A’B(t) is

det U2 (1) = U3(0) + U (0)ag(t) = 5 +4¢7 — 190 — 26t + 111¢* — 90> +20¢2.
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