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Abstract. The concern of this paper is to continue the investigation of local
convergence properties of linear approximation operators published by Kirov and
Popova. Given a sequence of linear operators L, new operators L, , can be
constructed by application of L,, to the r-th partial sum of the Taylor series of
the approximated function. In the first part of the paper we derive the complete
asymptotic expansion for the operators L,, , as n tends to infinity, provided that
the underlying operators L,, possess such a property. As an application we obtain
the complete asymptotic expansions for the enhanced variant of some special
approximation operators such as Bernstein and Bernstein-Durrmeyer operators.
In the second part we study the operators which arise by replacing the derivatives
in the Taylor series by certain differences of the function.

1. Introduction

In his paper [17] Kirov introduced, for functions f € C”[0,1] (r =
0,1,2,...), the polynomials

01) Bustfi) = S5 100 () (o= ) (D)o ey e,

v=0 5=0

For r = 0, they coincide with the classical Bernstein polynomials B,,. For
r > 1, in contrast with the last ones, they are sensitive to the degree of
smoothness of the function f as approximations to f.
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Kirov proved for the operators (1.1) natural generalizations of the classi-
cal theorems of Popoviciu and Voronovskaja. The latter result asserts that,
for f € C"2[0,1] and each z € [0,1], there holds the asymptotic relation
([17, Theorem 2])

. . f(H_l)(x)
(1.2) B, (f;z) = f(z)+(=1) TWH(@W
r (r+2) (g
+(—1)TTn,r+2(:U)( (:_jgf)' nr+(2 ) +o(n'/?+)

as n tends to infinity, where

(cf. [14, Eq. (1.2), p. 303]).

In the subsequent paper [18] Kirov and Popova associated, in a more
general setting, to each linear operator L,, : C[a,b] — Cla,b] a new operator
Ly, of r-th order (r =0,1,2,...) defined by

(1'3) Ln,r(f§ :L') = Ln(Pm,r.ﬁ :13),

where P, . f is the r-th Taylor polynomial

LC) .
(1.4) Pt =Y. 0w -y
7=0

of the function f € C"[a,b] in a neighbourhood of the point t € [a,b]. For
r = 0, we have L, o = L,. Kirov and Popova studied the properties of the
operators (1.3) and proved a Korovkin-type theorem.

Instead of [a, b] we could, of course, consider an arbitrary finite or infinite
interval I, where in the latter case the most operators L,, require that f is
bounded on [ or that f satisfies a certain growth condition.

The operators (1.1) appear as a special case of the operators (1.3) if
L,, = B,, are the Bernstein polynomials and I = [0, 1].

The purpose of this paper is the investigation of the asymptotic behaviour
of sequences Ly, , of operators (1.3) originating from approximation proper-
ties of the operators L,, as n tends to infinity.
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Throughout the paper let (gpk);g be a sequence of functions defined on
N, such that for each k € N

nll)riloocpk (n) =0 and
prr1(n) = o(pr(n))  (n— +o0).

We consider operators L, satisfying an asymptotic relation and derive for
the corresponding operators L,,, a complete asymptotic expansion of the
form

(15)  Lus(fi) +Z¢k fiz)  (n—+oo)

with certain coefficients ckr (f;z) (k=1,2,...) independent of n. Formula
(1.5) means that, for all ¢ € N,

n r(fa + Z ‘pk ) =+ O(n_q)
as n — +00.

In particular, we obtain a complete asymptotic expansion for the opera-
tors By, in the form

(1.6) B, (f:2) +ZC’“ V1) o),

provided that f is bounded in [0, 1] and possesses derivatives of sufficiently
high order at xz. For all coefficients cx(f;z) (k = 1,2,...) we determine
explicit expressions.

The asymptotic relation (1.6) gives much more insight in the asymptotic
behaviour of the operators (1.1) than Eq. (1.2).

Since the operators L,, , have the lack that they require the existence of all
derivatives f, f”,..., f") on the whole interval [a, b], we establish operators
similar to L,,, which work without any derivative of f. We construct such
operators by replacing the derivatives f() in the Taylor polynomial P, , by
suitable differences of the function f and prove that they possess the same
properties as the L, , concerning asymptotic approximation in the most
common case ¢y (n) =n"F (k=1,2,...).

We shall make use of the Stirling numbers of the first and second kind,
denoted by S¥ and oF, respectively. Recall that the Stirling numbers are
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defined by the equations

m

m
(1.7) xm:ZSﬁl z*  resp. xm:Zan zk (m=0,1,...).
k=0 k=0

We mention that there are several results on asymptotic expansions of
special approximation operators such as Bernstein-Kantorovich operators
[4], the operators of Baldzs and Szabados [7], the Meyer-Konig and Zeller
operators [1, 3|, the operators of Butzer, Bleimann and Hahn [2, 5], and
the Gamma operators [12]. The Jakimovski-Leviatan operators and their
Kantorovich variant were studied by Abel and Ivan [9, 10]. Similar results
on a certain positive linear operator can be found in [15, 11].

2. Asymptotic Approximation by Operators L, ,

2.1. The result. As first main result we obtain the complete asymp-
totic expansion of the operators L, ,, provided the operators L,, possess a
complete asymptotic expansion. Throughout the paper we assume that the
functions f under consideration admit derivatives of sufficiently high orders.

Theorem 2.1. Let g, € N. Suppose the linear operators Ly, : Cla,b] —
Cla,b] satisfy, for x € [a,b], an asymptotic expansion

q Ly,
(21) Ln(f52) = F@)+Y_ 0k (1) D gre(@) fO (@) +0 (94 (n)) (n — +00)
k=1

=1y,
with integers Ly, >, > 1 and certain values gy ¢(x) independent of n. Then,
the operators Ly, ., as defined in Eq. (1.83), possess the asymptotic expansion

Ly

DL (fi) = @+ et Y (1 e
k=1

f=max{ly,r+1}
+0(pq (n))
as n — +00.
Several known linear approximation operators such as Bernstein polyno-
mials, Durrmeyer operators, Kantorovich polynomials, Baskakov operators,

Szasz-Mirakjan operators and many others, satisfy an asymptotic expansion
of the form (2.1) with the special sequence

Ly =2k (keN).

For such operators, we have the following
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Corollary 2.1. Under the assumptions of Theorem 2.1 and the additional
condition Ly, = 2k (k € N), there holds

q

(23) Loy (fiz) = fl@)+ (=1)" Y @r(n) %
k=|r/2]+1
2k /—1
<2 (D@ @) +oloy () (0= +o0).
L=max{{,r+1}
Remark 2.1. In Eq. (2.3) we use the convention that a sum is to be read as 0 if

the lower index is greater than the upper index. Note that in the case r < 2qg — 1,
Corollary 2.1 states that

(2.4) Ly (fi2) = f(z)+ O (SO\_T/QJ-H (n)) (n — +00).

Proof of Theorem 2.1. By definitions (1.3) and (1.4), there holds
Ly, (f;z) = Z L (z — ) fO(t); 2)

and assumption (2.1) yields

Lny(fi2) = +Z Z(Pk ZQM
J= =

=ty

« (jt)e (=17 19 )

Using Leibniz rule, we obtain

(2) (@-v s w)

and therefore

+o(pg(n))  (n— +00).

t=x

Lo (F52) = F()+ 30 () 3 gs() FO0) (17 () + oly (n)
k=1

=0y, §=0

as n — 400, so that Theorem 2.1 follows by the well-known identity

i(—l)j(j):(—l)’"(fl) (treN). O
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2.2. Bernstein Polynomials. In order to illustrate Theorem 2.1 we
apply it to the generalized Bernstein polynomials (1.1). As in many cases
here we have that ¢y (n) = n~*. The complete asymptotic expansion for the
Bernstein polynomials

k

~

-~ k & SO (z) l—j ¢ ¢ k j
Bu(fia) ~ f(@)+Y ™t Y Sty (<) (Y shon
k=1 f=k+1 T =0 m=k

as n — +oo is known (cf. [2, Eq. (4) and Lemma 1]). Thus, the assumptions
of Corollary 2.1 are satisfied with ¢, = k+ 1, Ly = 2k and

As usual, we put X = (1 — z) (cf. [14, Theorem 1.1, p. 303]) and X' =
1 — 2x. Then, there holds

Buo(fi7) = Balfio) = f@) + 5- X ()

+ n? (1XX’f(3) (2) + T X2 (x)) +o(n™%),

6 8
Baa(fi2) = (@) 5-X1"(2)
0 (XX + X210 )+ olu )
Bualfia) = f(a) 72 (GXX'0(0) + 342100))
+ n? <;X(1 —6X)f W (x) + %sz’ O () + %X?’ a2 (x)>
+ o(n?),
Bag(fie) = (@)~ 5 X2 D)
~n <214X(1 —6X)f@ (@) + %X2X’ £ (2) + %X?’ £ (1:)>
+ o(n73).

2.3. Bernstein-Durrmeyer operators. As a further example we con-
sider the Bernstein-Durrmeyer operators M. In this case we have ¢y (n) =
1/(k!(n+2)), where ¥ denotes the rising factorial z¥ = z(z+1) - - - (z4+k—1),
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20 = 1. The complete asymptotic expansion for the Bernstein-Durrmeyer
operators M, is given by the concise formula (see [6])

+oo 1

o)~ b yn (k)
Ma(f32) ﬂ)+zgmm+mk< fH@)"

where we again put X = z(1 — z). Hence, the assumptions of Corollary 2.1
are satisfied with £y = k, L, = 2k and

=4, ()"

Thus, we conclude that

Mo (o) ~ fo) Jrzoo ) E k <£+k— 1)(4) (Xk)(k—é) FOE0 ().
k=|r/2)+1 k! (n+2 =0

Application of the Vandermonde convolution
(s ()
and the identity (g) (f) = (’;) (ltf:j) yields
k _ _
(AN () ()" et

—J

NG E ) ) e

r—
Jj=0 J

??‘

Finally, by Leibniz rule it follows

My (f;2) ~ f(z) + io k'((n_jr);)kz;:o(k—l>(k) (ka(k_"_j)(x))(kfj).

k=|r/2]+1 AR

As an immediate consequence we obtain the following Voronovskaja type
result:

Jim o (s (i) - f(@) = = £ o),
Jim ™ (Mo (fi) = £(2)

r

= m (T + 1)2 X/f(2r+1)(l-) 4 (2T+ 1) Xf(2T+2)(1‘) ‘
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2.4. Szasz-Mirakjan-Durrmeyer operators. The last example is the
Durrmeyer variant S, of the Szész-Mirakjan operators defined by

IX(nx)yr e nt)”
(2.5) Sn (f;2) =ne™™ Y (V‘) / e"t(ytl)f (t) dt  (z>0).
v—0 . 0 .

They are a special case by the more general Jakimovski-Leviatan-Durrmeyer
operators studied in [8] and possess the complete asymptotic expansion

— 1 m®
Su(fiw) ~ F@)+ > g (SFP@) T (o).
k=1

Hence, the assumptions of Corollary 2.1 are satisfied with ¢, (n) = n=F,

Ek = k, Lk = 2k and

9:(7) = 1l<:) (zljk)xg_k'

Thus, we conclude that

+oo 1\ K _ 1
Surlfin)~ fe+ Y LS (FHET (Y T ().
k=|r/2]+1 £=0 '

As in the preceding example we obtain

S (RN (B o

)
= . _ k—j . CL‘j—M )
S C)OX )

Since x9T¢/ (j 4 £)! = (wk)(k_j_é) /k!, the Leibniz rule implies

st £ GES(NE) o)

k=[r/2]+1

As an immediate consequence we obtain the following Voronovskaja type
result:

lim " (Sr1 (i) — F(a)) = (),

n—-+00

Jim ™ (S (fr2) — f(2)
= (rf—rl)' (r + 1)2 f(Qr—l—l) (33) + (27” + 1) xf(2r+2) (93) ‘
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3. Asymptotic approximation by operators Lﬁma

For practical use the operators L, , are not easy to handle, since they
require the existence of all derivatives f’, f”, ..., f"). For certain functions
f, their computation may demand great effort. Moreover, the operators Ly,
have the lack, that the derivatives must exist on the whole interval [a, b].

It would be desirable to establish operators similar to L, , which improve
the order of convergence (locally) even if f possesses only local smoothness
properties, but work without any derivative of f. To overcome this difficulty
we construct such operators by replacing the derivatives f() in the Taylor
polynomial P, by suitable differences of the function f. It turns out that
these new operators improve the degree of approximation in the same way
as the operators L, ,. In this section we consider only the most common
case o (n) =n"F (k=1,2,...).

We mention before some preliminaries. As usual, we define for a function
f, and h € R the (forward) differences Ay f(x) = f(z + h) — f(x) and
differences of higher order AT f(z) = Ay (A~ f(z)). Furthermore, put, for
cach h € R, A) f(z) = f(x). Analogously to the Taylor polynomial P, , in

(]

Eq. (1.4) we consider the truncated Newton series Py ; defined by

T

oD
(3.) PG =Y 5 (550) sl

=0

Let « : [a,b] — R be a function with a(z) # 0 (z € [a,b]). For a given linear
operator L, : Cla,b] — C|a,b], we define the new operator Lﬁma of r-th
order (r =0,1,2,...) by

(32) nroz(f? ) n(P:z[:?ér(z)/n]fv J})

or, in a more explicit form,

J J4
83) Lalrin) = 31350 () Balle =B 010),

7=0 J: £=0

where we made use of Eq. (1.7).

However, there arises the problem, that the computation of the operators
nra(f, x) may require the evaluation of f(¢) for some t ¢ [a,b]. One way
to overcome this difficulty is a continuous continuation of f to R by the
definition f(z) = f(a) (z < a) and f(x) = f(b) (x > b), which we shall
assume in the following.
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Usually this does not influence the asymptotic properties of Lﬁha( fiz),
since, for the most approximation operators, L, (f;z) is essentially given by
values of f (t) for arguments ¢ close to x.

However, it can affect the good approximation properties of Ln ralf3),
for moderate values of n. Therefore, we choose the function « in a proper
manner, for example,

(z) = b—z if a<z<(a+10)/2,
YW=V a—z if (a+b)/2<z<b

The operators L5 ' o improve the degree of approximation of the operators
L, in a completely analogous fashion as it do the operators L, ,. To be
precise, we have the following result.

Theorem 3.1. Let q,r € N. Suppose the linear operators L, : Cla,b] —
Cla,b] satisfy, for € (a,b), an asymptotic expansion

(34) Ln(f32) = f(z z ngM z)+o(n~?) (n— +oo)

k=1 (=t

with integers Lk > 0, > 1 and certain values gy ¢(x) independent of n. Then,
the operators Ln ra @8 defined in Eq. (3.2), possess the asymptotic expansion

q k—1 Li_m

(3 5) Lr?r a(f; x) = f(.%‘) + ank Z am(l.) Z gkfm,f(x)f(prm)(m) x
k=1 m=0 b=l

XZ(_l)j( ) m+3'Z 5+u?. giﬁm""o( 1) (n— +00).

J=0

As analogous result to Corollary 2.1 for the operators L, , in the case
Ly = 2k (k € N) we have for the operators L5, the following result.

n,r,o

Corollary 3.1. Under the assumptions of Theorem 3.1 and the additional
condition Ly = 2k (k € N), there holds

q k-1 Lg_m
(3 6) Lﬁr oc(f;x) = f(w) + Z nk Z Oém(aj) Z gk—m,é(x)f(e_'—m)(l’)
k=|r/2)+1  m=0 —

XZ ( ) (m + j)! 7 orim +o(n79)  (n— +o0).
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Remark 3.1. As in Remark 2.1 we have in the case r < 2¢q — 1
(3.7) L8 alfi2) = f@@) + 0 (n=2HD) (0 4o0).
For the proof of Theorem 3.1, we need some auxiliary results.

Lemma 3.1. Let m,q € N with ¢ > m and x € R. Furthermore, let
f € CYI), where I is an interval containing x. Then, we have

q v)
z)=m! Y f(y'(x)af,”h” +o(h?)  (h—0).

Remark 3.2. The formula
(V)
AP f () =m! E f o h”

for f analytic in x € C is well-known. Since Lemma 3.1 seems not to appear in the
literature, we sketch a short proof.

Proof of Lemma 3.1. By Taylor’s formula, we have

W) (g _ )
=3 LoDy D (i) - f0@))
v=0

q:

with & between x and t. Let h € R be so small that x + mh € I. Applying
A7 on both sides of the latter formula and taking the limit ¢ — x we obtain

f
-y
v=0

where for the remainder R there holds

OMS

( )(Jh) + R,

B = ’jfj(—nm—j ()3 (£ 9 orn) = O+ 1)

< Qmmq’ ’ (f(Q) mh)

with the ordinary modulus of continuity w. Lemma 3.1 now follows by the
well-known formula
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Lemma 3.2. Letr € N, q € Ny and v € R. Furthermore, let f € C"™ (1),

where I is an interval containing x. Then, the derivatives of the truncated

Newton series ngﬂ, as defined by Eq. (3.1), satisfy the asymptotic relation

(35) [(;)ZPQL’}A(f;t)] )

= S () Z ooy T olh)

when h — 0 (£ =0,1,2,...).

Remark 3.3. Note that, in the special case £ = 0, we have, for each h € R, h # 0,

(3.9) P (f;2) = f(2).

Proof of Lemma 3.2. Applying Leibniz rule to definition (3.1) yields

(2) rn= 355 ([ (2 (55)

Taking advantage of the identity

()£

1 i
-3 Ao sests)

A (8).

we obtain

r / r-i-qulﬁ_l,

)S“h z Z

)O_jhy + O(hr—i-q)

J r+q—j (Ltptv)
= S Sccayransg s 3 Sl e ot
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J
Slu <Kk —p < r+q—jl(-1) ARSI

FEP) (@)
(k — u +7)! olh?)
(E+k)
= thz;)zg 1S, ol o)
k=0  p=0j

as h — 0, which implies Lemma 3.2.

Proof of Theorem 3.1. By definition (3.2) and assumption (3.4), there
holds

nra(.f CL‘) = P[ax)/n](fx Z ngké

k=1 o=ty

d e
() Paermcrn

and, by Lemma 3.2 and Remark 3.3, we obtain

810 12, (75) = 1)+ 30 3 g @Y () ey

k=1 = Zk m=0

XZ ()mﬂ.z ol o (n0) (n— o),

X +0(n7 %) (n— +o0)

t=x

which implies Theorem 3.1. [
Proof of Corollary 3.1. In view of Eq. (3.4) we have to show that

k—1 Lig—m
(3.11) Yoam@) D Geome(@) M (@)%
m=0 0=l _m

,_
XZ ()m+jlz J-l—u;—tr/iz_o

if 1 <k < |r/2]. For m =0, the summand in Eq. (3.11) becomes

AN (-1
5 geel) O () = 2 g @ (T ),
=0,

{=0y, 7=0
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which vanishes if Ly = 2k <.

For m > 1, the well-known “orthogonality”-relation for the Stirling-
numbers (see, e.g., [16, p. 183, Eq. (2)]), implies

r=J

J Jtue
Z SituTi+m =
n=0

if r — 7 > m. Furthermore, (f) =0if ¢ < Lg_,, =2(k—m) < j. Thus, the
summands in Eq. (3.11) vanish if j <7 —m or 2(k —m) < j. This is surely
the case if r—m > 2(k—m), i.e., if 2k < r+m. Therefore, in Eq. (3.11) only
summands with 2k > r occur. This completes the proof of Corollary 3.1. [
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