FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. 18 (2003), 47-57

ON THE DEGREE OF APPROXIMATION

Huzoor H. Khan and Govind Ram

Abstract. In the present paper we obtain the degree of approximation using the
Euler’s means, of functions belonging to Lip (1(t), p) class. It is also proved that
the order of approximation arrived at is best possible and is free from the means
generating sequences.

1. Introduction and Results

Let f be periodic with period 27, and integrable in the sense of Lebesgue.
The Fourier series associated with f at the point x is given by

+oo
1
(1.1) f(z) ~ —ao—i-Z(ancosmc—i-bnsinn:c)
2 n=1
Let
1 n
Sp(x) = 5 a0 + 2(% cos vx + by sinvx)
v=

denote the n-th partial sum of the Fourier series (1.1).
A 27 periodic function f(z) is said to belong to the class Lip (¢(¢),p),
p>1,if
| fa+1) = fla) |< M(p@)™/7), 0<t<m,

where 9(t) is a positive increasing function and M is a positive number
independent of x and t.
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+oo
Let {S,,} be the sequence of partial sums of the given series Y U,. Then,
n=0

for ¢ > 0, the Euler (F, q) means of {S,} are defined to be

W= 140 3 (1)a s

k=0

The series is said to be Euler (F,q) summable to S provided that the
sequence {W,,} converges to S as n — +o0.

We write
fle+t)+ flz—t) —2f(x)
2 b

o(t) =

on(fia) = (L+a) ™ Y (5 )a" S

n

k=0
S(t) = Zn:(Dq”—’fsm(kJr%)t,
k=0
R(t) = sin{%—i—ntanl(%)}.

G. Alexits [1] proved the following theorem concerning the degree of ap-
proximation of a function f € Lip a by the (C, ) means of its Fourier series.

Theorem A. If a periodic function f € Lipa, 0 < a < 1, then the degree
of approximation of the (C,d) means of its Fourier series for 0 < a < § <1
is given by

max | f(@) ~ oh(x) = 0( ;)

0<z<2m n

and for 0 < a < 4§ <1 is given by

max | f(x) — Ug(x) |= O(logn)7

0<zx<2m n%

where ol (x) are the (C, ) means of the partial sums of (1.1).

Later on Hoélland, Sahney and Tzimbalario [2] extended Thereom A to
functions belonging to C*[0, 27], the class of 27r-periodic continuous functions
on [0, 27], using Norlund means of Fourier series. Their theorem is as follows:
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Theorem B. Ifw(t) is the modulus of continuity of f € C*[0,2x| then the
degree of approximation of f by the Norlund means of the Fourier series for
f is given by

B B 1 <~ Py (1/k)
En = max | f(t) —Tu(t) [= O <p—n ; T) ,

where Ty, are the (N, py) means of Fourier series of f.

Holland, Sahney and Tzimbalario [2] have shown that the Theorem B
reduces to the Theorem A if we deal with Cesdro means of order § and
consider a function f € Lipa, 0 < a < 1.

H. H. Khan and A. Wafi [3] have given the answer to open problem (i)
imposed by Hélland, Sahney and Tzimbalario [2] by using a more general
operator (matrix means) of which (N,p,) is a special case for the Fourier
series. Their theorem may be stated as follows:

Theorem C. If {A)‘n,k}zzo is a non-negative and non-decreasing se-
quence with respect to k and if w(t) is the modulus of continuity of f €
C*[0,27], then the degree of approximation of f by matriz means of the
Fourier series of f is given by

- A)‘n,n— w(l/k)
o2, | f@) —onl(f,2) | =0<Z ; )

k=1

where oy, (f,x) are the matriz means of the Fourier series (1.1).

In this paper we have considered the problem of determining the degree
of approximation for yet another class, the so called Lip (¢(t), p) class which
does include the Lipa class discussed by G. Alexits [1]. We use Euler’s
means instead of triangular means. It may be remarked that the order
of approximation arrived at is best possible and is free from the means
generating sequences. Our theorem is as follows:

Theorem 1.1. If f(x) is periodic with period 2w and belongs to the class
Lip (¢(t),p) for p> 1, and if

([ Gy a) o (o(5)
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oyl o (s (1)),
then

12w | -aro) | = 0 (v () ).

The inequality (1.2) is best possible in the sense that there exists a positive
constant K such that

(13) max | £(z) — onlf,2) | 2 K(w (%) n/)

0<x<L27

and

In order to prove the theorem we need the following lemma:

Lemma 1.1. If 0 <t <m, then

(I+q) "1+ q* + 2q cos t)"/2 < 6*2@‘/271/{”(1+q)}27 0<t<m.

Proof. We have

_4q sin?(t/2)

14+¢q) 2(1+¢*+2qcost) =
(1+4q)“(1+¢° +2qcost) e

o et
- m(1+q)?
< o1/ n(H)?,
since €*(1 — ) < 1 when 0 < x < 1. Therefore
(1+¢) ™1+ ¢* +2qcost)™/? < e~ 2at*n/{m(1+9)}?*

which completes the proof of this lemma.

2. Proof of the Theorem

Since ol
T o 1y¢
Sito) — flo) = [ LD,
2
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we get
[+ S (0)a s - f@)}]
k=0
1 T oM N~ e 1
(2.1) = Taxa ) sin%t {kzzo(k)q sin <k+2> }dt
_ 1 )
w14 Sy sin 3t S(e)dt
_ A L 0]
= T /0 +/1/ﬁ] . %tS(t)dt
= i) + o)
and
| S() | nt ity |_ Lat e "
(i+agr = kZ( Jo et =

(1+ qz’( + 2Q)cos D2 a0
14 qg)" - ’

using Lemma 1.1.

Applying Hoélder’s inequality and the fact that ¢(t) € Lip (¢(t),p), we
have

1/vn 1/p 1/V/n p’ /v
7(@)| =0 { / \qs(t)rpdt} { [ a+am2] dt} ,
2

where p' = p/(p — 1). Further,

. p P v ( —2an/ix(1+0)?
(@) =0 / (@) il o / ¢ it
0 tH/P 0 sin% ‘
(ol )
= — t™ P dt
Vn 0
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_ A
=olu(5) "]

ofo ) ).

For evaluating Jo(x), we have

2@ = 0 { [l 20cos ) | RO dt}
n 2

= O{/ | ¢(t1) (1+q)"(1+q2+2qcost)”/2dt}
1/y/n S §t

= O / Me(_%qt?)/(ﬂu*’q»?dt (by Lemma 1.1)
1/y/n S Qt

- 0 1/” %{2(_6(2qnt2)/(7r(1+Q))2)} "
n Jiyym P singt | Ot

Applying Holder’s inequality and the fact that ¢(t) € Lip (¢(t), p), we have

@l = ol /Ijﬁ(;@g?)pdt]””x
x [ / ’ {% (_e(—2qnt2)/<w<1+q>>2)}p/ dt] "
1/
- oo ().
Therefore,
outtia) ~ 1) =0 (v (=) (V).

which completes the proof of the first part of the theorem.

To prove the second part, that (1.2) is the best possible, we suppose that
0 is a small positive number less than /4.
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Following condition (2.1), we have

| on(f ) |_‘/0 > Osn(ltz 9 (7)a*sin <k+%>tdt‘
‘ {/l/n //n / }S‘i’fz ; 1+q)_n<z>qn_ksin <k+%)tdt :
', lon(f,2) — f(2)] = [h(z)+ L(z) + I3(z)|
(2:2) > |L(2)| = [L(z)] = [I3(2)]

Applying Hélder’s inequality and the fact that ¢(t) € Lip (¢ (t),p), p > 1,
and proceeding in the same way as in Ji(z), we have

0<z<27

max |I;(x)| < K11 (%) (n)/P,

where K7 is some constant.

Similarly for I3(x), we have

1" 9 _(~2qn?)/(n(1+9))?
o Ha(@)] =0 [ 5 121/p 8t< c ) dt| -

Applying Hélder’s inequality and the fact that ¢(t) € Lip (¢¥(t),p), p > 1,
and proceeding in the same way as in Jo(x), we have

1
s, =0 (7).

K3
I
omax |Is(w)] < ==

Therefore,

where K3 is a constant, different from the constant K.
Now for evaluating I3(z), we have
¢(t)(
t

|Ix(z)| > ' 2 1+ ¢) (14 ¢* + 2qcost)"/?R(t) dt ‘

1/n

-1 j ot0) {eosee § = 3+ 071447 + 2000802 R )1
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=2|Ip1(2)] — [I22(z)]  (say).

Now

0<z<2r 1/n t1/P71

L[ @) [0 —2qnt?) /(7 (14q))? :
=0 (ﬁ /1/n1517 {a (—e( nt?)/(r(1+4)) )}dt (using Lemma 1.1).

Applying Holder’s inequality and the fact that ¢(t) € Lip ( ¥(¢),p), p > 1,
we have

1/p
PN R AR

5 ’ 1/p/
[ [ {2 (o)) dt] ~o(1).
1/n n

K22
I 22
omax [I22(7)] < -

5
max [Is(z)| = O ( v (0 (1+q) "(1+¢"+ 2qcost)”/2dt>

Q’>|Q3

and therefore

where K> 9 is any constant.
Now by (1.2), there exists a constant K4 > 0 such that

—K4lf1(/t) < ¢(t) < K4M

ti/p°
Therefore,
20 o 21020
and hence
5 B(t) + 2K, (j’l(—fD o o
|12 (z)| > ' /1/n ; (I4+q) "1+ q" +2qcost)"“R(t)dt ‘
—2K, 1; tlw/%(l +q) (1 + ¢ + 2qcost)"/2R(t) dt ‘

= [I211(2)] — 2K4[I212(z)]  (say).
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t
Since ﬁ%(l +q)7"(1 4 ¢® + 2qcost)™? is a positive non-increasing

function in [1/n,d], therefore by the Second Mean value theorem, we get

Inio(z) = (1157(11)7{22/])(1 +q)" (1 + ¢ + 2q cos <%>>"/2 /19 R(t)dt

/n
so=o(+()())

1 1\ 77
max 2K4|lrq192(x)| < Ka121 = )

for 1/mn <0 <4, ie.,

Therefore,

0<ax<27 n n
where K271’2 is any constant.

Now by the First mean value theorem, we get

o olt) + 2K, (%) i i ,
(21,1 ()] =| R(t) ; (1+q) ™14 q° +2qcost)™dt
1/n

for 1/n <t/ <4, ie.,

[

[I211 ()] > |R(t)]

/5 o(t) + 2K, (1%
1

e ; ) (14 ¢)™"(1 + ¢ + 2q cost)™?dt

1
> |R(t)] ‘ /1/\% (tﬁ%) 14+¢)"(1+¢+ 2qcost)"/2dt ‘ )

Now since,

2 t 2 int/2 t
sin_1< \/a sin —> = gin~! (_W\/asm / > < 7r\/§ i

sin —
1+q 2 T (144¢q)

“1+g¢ 2

T \/qt 43
—— < t< —
21+q_ﬁ <0< _7r>’

where (3 is strictly less than 7/2, and

o= (sitt) > [ (55
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and so,

t1+1/p

(D) ()

where the constant K3 1, depends upon |R(t')| and other parameters. How-
ever the integral I is not zero, therefore, the constant K5 1 is positive.

Now (2.2) will be

1)
|_[27171(.'E)‘ > K4 |R(t/)| / < U)(t) > 6[—(f1n7r2t2)/(2(1+(1))2] dt’
1/vn

1 1\ lp
x| £(@) — oulf,0) 2 Ko (ﬁ) <%>
1 1 _1/13 K3 +K22
_(Kl + K2,1,2)¢ — — A
n n n
1\ (1Y K+ K+ Ky + K
> K119 <—> (—) _ 3 2,2 2,1,2
n n n
1 1\ ~/r Ki+ K3+ Koo+ Koy
= vl K11 — 2
n/An b (1/+/n) (n)1+1/Cp)

And for any given constant K’ such that
Kyi1— K' >0,
we can find a positive number ng = ng(K’) such that

1
NG

(K1 + K3 + Koo + Ko12)n' VP4 < ) <K' for n>ng.

Therefore, there exists a positive constant K, depending on K31, and
K’ such that

1
— 0 x — n /
s 1)~ ()] 2 Ko (= ) (0!,

and hence the inequality (1.3) is the best possible.
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