FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. 16 (2001), 25-33

GRONWALL-BELLMAN TYPE INTEGRAL INEQUALITIES
FOR MULTI-DISTRIBUTIONS

James Adedayo Oguntuase

Abstract. The object of this paper is to establish a new Gronwall-Bellman
type integral inequalities for multi-distributions. These inequalities generalize
some results of Zhihong and Yongquing obtained in [5].

1. Introduction

The origin of the results obtained in this paper is the Gronwall-Bellman
inequality which plays an important role in the study of the properties of
solutions of differential and integral equations (see for example [1] and the
references cited therein). Due to various motivations, many linear, nonlinear
and discrete generalizations of Gronwall-Bellman type inequalities have been
obtained and applied extensively (see for example [1]).

The purpose of this paper is to further investigate the Gronwall type in-
equalities for multi—distributions and to extend some of the results obtained
in [5] and where necessary to obtain improved apriori bounds than those
given in [5].

The results obtained in this paper are in the sense of Lebesgue—Stieltjes
integral for functions of bounded variation. Throughout this paper, we shall
assume that the functions w;(t) is right continuous at t =0, j =1,... ,m.
We shall let BV(I) denote the set of all functions of bounded variation defined
on I C R and taking values in R.

1. Main Results
The following results will be needed in the proof of our main results.
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Lemma 2.1 ([5]). Let f and g be two real-valued functions on the real line R
such that both are of bounded variation on every compact subinterval of R.
Then fg defines a distribution, and the derivative of fg in the sense of the
distribution is equal to the locally summable function (fg)' given by

f(@)g(x) + f(2)g' (x)
for almost all x. That is D(fg) = (Df)g + f(Dg), where Df and Dg

denote the derivatives of the functions f and g respectively in the sense of
the distributions.

Theorem 2.1. Suppose that for j=1,... ,m and t,s € [0,T]:
1° Q,;(t,s) >0, y(t) > 0 and Q;(t,s),y(t), f(t) € BV|[0,T].
2° u;(t) are nondecreasing in t.

3° Q;(t,s) and its partial derivatives %Qj (t,s) are continuous and non-
decreasing in its first variable and that Q;(t,s) and %Qj (t,s) are nonnega-
tive and integrable with respect to u;(t) and if the following inequality holds

(1) t) < f(t +Z/ Q;(t, s)y(s)du;(s) .
Then

@ 20 < An9)+ An) [ (Qulo:)40(0) + [ 2G5 An1)

<ow ([ Qm<s,r>Am<1>dum<T>) Qe (s)
for allt,s, 7 €[0,T], and where Ay (v) is defined inductively as follows
Ai(v) =w,
® A =4+ [ (4@l 9) 40)
e
-l-/o %Ak (Qr(s, 7)) Ak(v)duk(T))

ey 4 (Quls.) (7)) ).
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Proof. Let

/tas s)du;(s), t,s€[0,T], i=1,...,m.

Clearly z;(t) are functions of bounded variation. We also observed that
z;(0) = 0. Hence, in view of (4), inequality (1) becomes

(5) y(t) < f(&)+ ) (1)
j=0

Thus
Dz;(t) = Qi(t, t)y(t)Duy(t / ath (t,s)y(s)Du;(s) .

If we put i = 1 in (5) and (6), we obtain

Dl‘l( ) Ql t t D’LLl / 8tQ1 t 8 Dul( )

(Qltt —i—Za:] ]
—i—/o %Ql(t*s [ +Zxa ])Dul
That is

(7) D () (Ql(t P (¢ / 9 Qilt, s )) Dus(t)

< (Ql(tvt) [f(t) +ij(t)])
j=2
/m@lts ; <>>Dm<>

Multiply both sides of (7) by exp ( fo Q1(t, s)dul(s)) we have

o (@0 + [ 2010.9(9) D)

X exp< o s)du1(3)>
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(Qltt { *; ] /mczl {@Hjﬁn;xj(s)])
X exp <— /0 O t,s)dul(s)> Dur(t).

By Lemma 2.1, we have

D <x1(t) exp (- /th §)dua (s )>>
(Ql (1) ! +va1 ] e !f@)ixﬂs)])
X exp (- /0 Ot s du1(3)> Dus (1)

Integrate with respect to ¢ from 0 to ¢, we have

(21(8) — 21.(0) exp( /thtsdu1(3)>
(oo [ ool Sl
« Xp( /OleTdul( ))dul()

Since x1(0) = 0, we obtain

® wo< [ (] + 30

+ /O 5o Q5.7 [ T +z;xj<T)Dexp (- / th(s,T)dul(T)) dui (s).

If we put (8) into (5) and using the fact that X;(¢) are nondecreasing, we
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obtain

®  w<s0+ [ (@] +Zx ]
)
x exp< /Q1 P)dua (7 >du1 i:xj(t)

<10+ [ atworors [ Sareone)

x exp( / Q1 (s, 7)duy (7 )) duy (s)
S (oo [ Sar)

T T

<A2 +ZA2 33]

where As(f) and As(1) are as defined in (3).
When i = 2, inequalities (6) and (9) gives

DIL‘Q( QQ t t D'LLQ / atQQ t 8 DUQ
<Q2 (t,t) [ )+ ZAz }
+/0 aQQ t,s |:A2 + ;AQ l‘j (S):|>DUQ(7§),
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10) Daa(t) ~ (@alt. 04200 + [ 2t 514200 Dut)
(Qz (1) [ +ZA2 }
/ 5@t {AQ +ZA2 )z (s DDUQ()

Multiply both sides of (10) by exp <— fo Q1(t, s)duq (s )) we have

Datt) — (Qu(t 42023000+ [ 2 Qalt ) Ax(1)23(0)) D)

o [ @utt o)ttt )
< (@anfan + 3 }
/atQ”S[ 2(1) +ZA2 s D

xexp< /Qz( 1)dus (s )DU2<)

By Lemma 2.1, we have

D <332(t) exp <— /t Qa(t, s A2(1)dU2(S)>>

< (ool ms

+/0 5 @2(t.5) {AQ(f) +éAz(1)xj(s)D

X exp <_ /0 "o, S)Ag(l)dug(s)> Dus(t).
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Integrate with respect to ¢t from 0 to ¢ and noting that z2(0) = 0 we have

m

(11) 2o(t) < /Ot (Qz(s, s) [AQ(f) + ; Az(l)xj(s)}

m

n /0 %QQ(& 7) [AQ(f) + ZAQ(I)%(T)D

=3
X exp <_ /: QQ(S,T)A2(1)du2(T)> duis (s)

On putting (11) into (9) and using the fact that z;(t) are nondecreasing, we
obtain

(12) 4(0) < Aa() + 42(1) [ (@2<s,s> [Az(f)+

m

Jj=3

X exp (- / t QQ(S,T)AQ(l)duz(T)) dusy(s) + Z:Az(mj(t)

< )+ ) [ (@) + [ L uts.m14a00)
X exp <_ /O s QQ(S,T)AQ(l)du2(7)> dus (s)

m

+3 {A2(1> + Ay(1) /Ot <Q2(3,3)A2(1) - /0 %QQ(S,T)Az(l))

Jj=1

X exp <_ /0 s QQ(S,T)AQ(WUQ(T)) duz(s)] 25(8)

= As(f)+ ) As(V)z;(t),

Jj=3

where Az(f) and A3(1) are as defined in (3).

If we set i = m — 1, then we easily obtain

y(t) < Ap(f) + Am(Dzm(t)
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Next, suppose @ = m, then (6) and (11) implies
D (t) = Quut 00O Dun () + [ 5ty D)
< (Qult.)[An(f) + An(Dan ()]
T /0 O Qun(1,9)[An () + An(V20()] ) Dt (1)
Thus,

(14) D)~ (Qu(t. 1A / 5@t A (D (3)) D 1)

<Qm (t,1)A / 2 Qult,9)A (f))Dum(t).

Multiply both sides of (10) by exp (— f(f Qm(t, S)Am(l)dum(s)) and in-
tegrate with respect to t from 0 to ¢ and noting that z,,(0) = 0, we have

15) )= [ (@uls:)An0)+ [ 2 @uts.1A01)

X exp ( / Qm(t,T)Am(l)dum(T)) i ().

Substituting (14) into (13) and noting that z,, () is nondecreasing, we obtain

00 < An() + A1) [ (QulosAn() + [ Q71 An(1))
X exp (—/S Qm(t,T)Am(l)dum(T)> dup,(s) .

This completes the proof of the theorem. [

As an immediate consequence of our result, we observe that if we set
Q;(t,s) =g;(t)h;(s), j=1,2,... ,m, then Theorem 2.1 becomes
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Corollary 2.1. Suppose that for j =1,... ,m and t,s € [0,T],
1° g(t) >0, y(t) > 0 and g;(t),y(t), f(t) € BV]0,T].
2° w;(t) are nondecreasing in t.

3° h;(t) are nonnegative and integrable with respect to u;(t) and if the
following inequality holds

(16) y(®) < FO+ () / By (s)y () s (s)

j=1

Then

A7) y(®) < An(f) + Am(1) / () (8) A ()

X exp ( / t gm(s)hm(T)dum(T)> dupm(s)

Remark 2.1. Corollary 2.1 is essentially not the same as Theorem 2.1 in [5] in
the sense that Corollary 2.1 contains Theorem 2.1 in [5] as a special case. Indeed
Corollary 2.1 is more general than Theorem 2.1 in [5].
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