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AN INEQUALITY OF OSTROWSKI TYPE
IN n INDEPENDENT VARIABLES

B. G. Pachpatte

Abstract. In the present note we establish a new integral inequality of Os-
trowski type in n independent variables. The discrete analogue of the main
result is also given.

1. Introduction
In 1938 A. Ostrowski ([2, p. 468]) proved the folllowing interesting integral
inequality.
Let f be differentiable function on (a,b) and |f'(z)| < M on (a,b). Then
for every x € (a,b)

b (a: — “—“’)
(1) flx) — ! / f(t)dt‘ < F+42](b—a)M
b—a /, - |4 (b —a)? '

In the years thereafter, numerious generalizations, extensions, discretiza-
tions and variants of inequality (1) have appeared in the literature (see [1],
[2], [3]). The purpose of the present note is to establish a new inequality of
Ostrowski type in n independent variables. The discrete version of the main
result is also given.

2. Main Result

Let R™ denotes the n—dimensional Euclidean space and S be the set of

all-valued functions u(x), £ € R™, which are continuous on a subset B =
n

a;, b;] of R™. For u € S we denote by [, u(x)dx the n—fold integral
B
i=1

f:: e f;ll w(x1,...,2y)dwy -+ - dz,. The notation %u(ml, ey Ty) for i =
1,2,...,n, we mean the partial derivatives of u(zy,...,x,).

Our main result is given in the following theorem.
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Theorem 1. Let u(x) be a real-valued continuous function defined on B
and

’Ui(.%'l,... sy Li—1,Lj415-- - ,.%'n) = U($)

then

1>
(2) ‘/BU(iB)dCB—%;/sz(xl, s Li—1yLiglye-- ,ajn)dm

<3 (G o ool

Proof. For x € B it is easy to observe that the following identities hold
(see [4]):

(3) (x) =u(ar,x2, ... ,xn) + -+ u(zy,... ,Tp_1,an)

Tn a
/ 8t tl,[L'Q,... ,.’L'n) dt1++/an a—tnu(xly--' 7xn—1atn) dtna

(4) nu(x) =u(by,xo,... ,xn)+ - +u(x1,... ,Tp_1,bn)
by

From (3) and (4) we get
1

%{[U((Il,l’%-.. ,l’n)+u(b1,$2,... axn)] + -

’U,(tl,l’g,... dtl— / —u .’El,... ,.’Enfl,tn)dtn.

u(z) =
+ [U(l’l, sy Tp—1, an) + ’U,(.Tl, sy Tp—1, bn)]

b1
|:/ —u tl,IBQ,... ,IIZn) dt, — %u(tl,xg,... ,xn) dt1:| +
1

0
+|:an atn (CL‘l,... Tp— 1, / a {L‘l,... Tp— 1, )dt :|}

Integrating both sides of (5) on B and by making elementary calculations
we get the desired inequality in (2) and the proof is complete. [

Remark 1. We note that in the special case when n =1, u(x1) = u(t), t € R,
a1 = a, by = b, the inequality (2) reduces to

b
©6) /u(t)dt—%(b—a)[u(a)—l—u( %b—a/ ! (8)] dt
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3. Discrete Analogue

Let N denotes the set of natural numbers, A; = {1,2,... a1 + 1}, Ay =
{1,2,...,a0 + 1}, ..., A, ={1,2,... ,a, + 1} for aj,as,... ,a, in N and
A=A x Ay x --- x A,,. For a real-valued function w defined on N" we
define the difference operators as

Aqw(zy, To, ... ,xy) =w(z1 + 1,29,... ,2,) —w(X1,22,... ,Tpn),

Apw(zy, o, xy) =w(T1, ... Tpe1, Ty + 1) —w(xy, 20, .., Xp) .

For any real-valued function w(x) defined on A we use the following notation

Zw(w): Z En: w(x)
A

$1=1 xnzl
The discrete version of Theorem 1 is established in the following theorem.

Theorem 2. Let u(x) be a real-valued function defined on A, then

‘/ sc——{al i Z [u(sz,... ,on) +ular+ 1,29, . .. 7xn)}
-+ an Z Z [ :c1,...,acn1,1)+u(m1,...,xn1,an+1)]}’
S;(iaiZ\Amw).
i=1 A

Proof. For @ = (r1,...,x,) in A it is easy to observe that the following
identities hold (see [5])

(8) nu(x)=u(l,zo,... ,x)+ - +u(x1,... ,Tp-1,1)

x1—1 r,—1
+ Z Avu(yr, Ty .o yTy) + -0+ Z Apu(T1,y . Tne1,Yn)
y1:1 ynzl

9) nu(x)=u(ar +1,22,... ,2,) + - +u(x1,... ,Tp_1,a, + 1)

ai QAp,
- Z A1U(y1,»’627-~~ ,.CCn)—'”— Z Anu(xh--‘ 7xn717yn)dtn~

Y1=21 Yn=%=Tn
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From (8) and (9) we get

(10) u(x) = %{[u(l,xz,... yXn) Fulay + 1,29, ... ,mn)] 4.

+ [u(xl,... y 1, 1) Fu(xy,. .., Tp_1,an + 1)]

xr1—1 ai
+ |: Alu(y17x27"' ,iUn) - Z Alu(ylax27"' 7xn):| + e

y1=1 Y1==1

Ty —1 Qn
+ |:Z Anu(l‘ly-" 7$n—17yn) - Z Anu(xla"' 7xn—17yn):| } .

ynzl Yn=2Tn

Summing both sides of (10) on A and by making elementary calculations we
get the desired inequality in (7). The proof is complete. [

Remark 2. In the special case when n = 1, u(xz1) = u(t), t € N, a1 = a,
A1 = A, the inequality (7) reduces to

a

(11) Zu(t) — %a[u(l)—i—u(a—l—l)] < %aZ|Au(t)|.
t=1

t=1
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