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Abstract. In this paper we consider the first initial-boundary value problem
for the heat equation with variable coeficient in a domain (0,1) x (0,7]. We
assume that the solution of the problem and the coefficient of equation belong
to the corresponding anisotropic Sobolev spaces. Convergence rate estimate
which is consistent with the smoothness of the data is obtained.

1. Introduction

For a class of finite difference schemes for parabolic initial-boundary value
problem, the estimates of the convergence rates consistent with the smooth-
ness of data, are of major interest, i.e.

O = vl < CO+ VA lullyeerng 527

Here uw = u(z,t) denotes the solution of the original initial-boundary value
problem, v denotes the solution of corresponding finite difference scheme, h

and 7 are discretisation parameters, W, s/ 2(Q) denotes anisotropic Sobolev

space, W, s/ 2(Qh7) denotes discrete anisitropic Sobolev space, and C is a
positive generic constant, independent of h,7 and u. For problems with
variable coefficients constant C' depends on the norms of coefficients.

Estimates of this type have been obtained for parabolic problems with
coefficient which depends only on variable = [2]. In this paper we are deriv-
ing estimates for the parabolic problem with coefficient which depends on
variables x and t. Our proof is based on Bramble-Hilbert lemma [3].
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2. Initial-Boundary Value Problem and its Approximation

Let us define anisotropic Sobolev spaces W;’S/Z(Q), Q=QxI,1=(0,T),
as follows [5]:

W5 2(Q) = La(1, Wi () N W3/*(I, L2(9)),

with the norm

1/2

T
— 2 2
17l 2y = ( | 15Ol + \\f\\W;/Q(,,LZ(Q»)

We consider, as a model problem, the first initial-boundary value problem
for parabolic equation with variable coefficient in the rectangular domain
Q=Qx(0,7]=(0,1) x (0,77:

ou 0, OJu

o o) = (1) €@,
(2) uw=0, (z,t) € Q% [0,T],
u(z,0) = up(z), x €.

We assume that the generalized solution of the problem (2) belongs to the
anisotropic Sobolev space W, s/ 2(Q), 2 < s < 4, with the right—hand side
f(z,t) which belongs to W;_2’S/2_1(Q). Consequently, coefficient a = a(z,t)
belongs to the space of multipliers M (W;_l’(s_l)/z(Q)), i.e. it is sufficient
that

a €Wy FHCTHI2Q) (e>0) for 2<5<5/2,

a € WQS_I’(S_I)/Q(Q) for 5/2<s<4.

We assume that the coefficient a(z,t) is decreasing function in variable ¢ and
a(x,t) > co > 0.

Let w be the uniform mesh in @ = (0,1) with the step size h, © =
wU{0,1} = wU~. Let 0, be the uniform mesh in (0,7) with the step size 7,
0F =06,u{T}, 6, =6,.U{0, T}. We define uniform mesh in Q: Qpn, = wx 0.,

;{T =wx 0 and Q,, = @ x O,, and we assume that the conditions

kih? <7 < koh?®, ky,ks = const >0,
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are satisfied. Now, we define finite differences in the usual manner:

vt —w n vt —2v40v~
Vg = h =Yz , Uz = T s
where v*(z,t) = v(z + h,t), and
t — t
ve(x,t) = v(@,t+7) — vzt =vg(x, t+ 7).

T

Also, we define the Steklov smoothing operators:

Tt f(x,t) = /1 flz+ha' t)de' =T f(x + hyt),
0
1

T2 f(0.t) = TE flot) = [ (1= o) fla bl o’

-1
1
T fx,t) = / flat+rt)dt' =17 f(z, t+ 7).
0
These operators commute and transform derivatives into differences:
1;2 (Dif(l‘,t)) = Di (Tff(x,t)) = f:tﬂ’c(x’t) ,

i (th($,t)) = Dy (ﬂ_f(:vat)) = ff(x7t) )

etc.

We approximate problem (2) with the following finite-difference scheme:
v+ Ly =TT, f in Qf_,
(3) v=20 on yx0,,
v = Uy on w x {0},
where .
Lh’U = —5((G’U$)i + (cwf)x) .

The finite—difference scheme (3) is the standard symmetric scheme with the
averaged right—-hand side. Note that for s < 3.5 the right—hand side may
be discontinuous function, so scheme without averaging is not well defined.
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3. Convergence of the Finite—Difference Scheme

Let u be the solution of initial-boundary value problem (2) and v - the
solution of finite difference scheme (3). The error z = u — v satisfies the
conditions:

zi+Lpz=n4+¢ in QZT,

(4) z=10 on w x {0},
z=0 on yx0,,
where
0= T2 (Da(aDa) — 5 (@ua)s + (aus)e) o= g — Toug.

We define discrete inner products

(0, W)y = (V,W) Loy = h D _ V(- Dw(- 1),

TEW

where v(-,t) = v(z,t), (z,t) € w x {t}, t € 0} is fixed,

(vvw)Qm— = (U7w)L2(QhT) = ht Z Z v(m,t)w(x,t) =T Z (an)wv

TEW et teot
and discrete Sobolev norms
[l = (v,v)w
1v13,, = (v v)qu. ,
0Iyz1q,.y = 101G, + vallG, + lvezlig,, + llvelld, -
The following assertion holds true:
Lemma. Finite—difference scheme (4) satisfies a priori estimate

(5) 12llwz1 @,y < Inll@u. + lIellQn. -

Proof. Multiplying (4) by Lz = L (2+%)+7% Ly, 2;, where 2 = 2(z,t—7)
and summing through the nodes of w we obtain:
1

. T
7 (I=l1Z, = 121Z, )+ zillz, + 1 2nzlS = (n+e, Ln2)

1 1
< Sln+el+3 120212

1202, = 2112, + 72 lzllZ, + 7l Lnzld < 7ln+ ll?
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and
I2l1Z, = 11213, +1121F, = 217, + 72llzelZ, + 7ILazl2 < 7l +ell2

where Ly (t) = Ly (t — 7). Recalling the condition that a(x,t) is decreasing
function in variable ¢ we simply deduce that ||2||%h — 1217, = 0. We thus
obtain

I1201Z,, — 1203, + 7lILrzls < 7lln +¢llZ -

Summing through the nodes of 6} we obtain

T T
(DT, 2y = 12O, 0) +7 D ILnzllZ <7 lIn+ el
T T

Using the relations ||z(T)||%h(T) >0 and ||z(0)||%h(0) =0 we have

T T
(6) T Mazld < 7Y+ el

Using the relation ||zg|| < ||n + ¢|| + ||Lrz|| we have

T T
(7) 7Y llwlls <47y lin+elll

Finally, recalling well-known relations
ILnzllQn. 2 CllzazllQu. > 2l@n, < Cllzelln, > z2llQu. < Cllzazllqn.

and the relations (6) and (7) we simply obtain

ol gy < Illan, +llllgn, - O

In such a way, the problem of deriving the convergence rate estimate for
finite-difference scheme (3) is now reduced to estimating the right-hand side
terms in (5).
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First of all, we decompose term 7 in the following way: n = > n,

where

n7r = 0.25(a, — az)(u, — u;f) .

Let us introduce the elementary rectangles
626(1,‘775) = {(f,lj) : ée (IE*h,.’E%‘h), Ve (tiTvt)}'

The linear transformations & = x + ha™, v = t + 7t*, defines a bijective
mapping of the canonical rectangles F = {(z*,t*) : |z*| <1, —1 <t* <0}
onto e. We define u*(z*,t*) = u(x + ha*,t + 7t*) and so on.

The value of n; at a mesh point (z,t) € Q;T can be expressed as

1
m(z,t) = ﬁ{ //E(1 —|z*|)a* (¥, t*) D3u* (z*, ) dt* da*

—//Eu —|z*|)a* (¥, t*) dt*da*
x /[Eu — |z*|) D2u* (z*, t*) dt*dx*} .

Then we deduce that 7; is a bounded bilinear functional of the argument

(a*,z*) € Wq’\’A/Z(E) X W;47(22_2)(E), where A > 0, ¢ > 2 and ¢ > 2.
Furthermore, 177 = 0 whenever a* is a constant function or u* is a polynomial
of degree two in x* and degree one in t*. Applying the bilinear version of

the Bramble-Hilbert lemma we deduce that

C
m (2, )] < ﬁ‘a*|W<1A’W(E)’u*‘wfé;L({zz—z)(E)7

0<A<I, 2<pu<3, ¢>2.
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Returning from the canonical variables to the original variables we obtain:

3
Af_
’a*‘W(;\)\/2(E) <Ch” 4 ’a‘Wq)\,/\/Q(e) s

3(g—2)

S Ch’u_ 2q |u’W#vu/2

*
sz | oy ()
2) 2q/(9—2)

2q/(q—

Therefore,

7
by _ L
(a0 < ORI 2 al yao ulypnrs
0<A<1, 2<pu<3, ¢>2.

Summing over the mesh QZT we obtain

@lullyyenrz g

2q/(q—2)

®) Illgu. < CP* 2] sz
q
0<A <1, 2<pu<3.

Now suppose that ¢ > 2 and 5/2 < s < 4. Then the following Sobolev
imbeddings hold:

A, (A ) /2 /2
Wy TR Q) c wi? L (Q) for A >3/q,
WQ‘FM*L(A"’N*I)/Q(Q) C W;\,A/2(Q) for i 2 5/2 _ 3/(]
Setting A + p = s in (8) yields:
) Iillow, < CH2lally; syl gy 5/2<5 <4,
Similarly, for 2 < s < 5/2 we have

|771(CC,7§)’ < Chs—7/2‘a|W35/7(iiri,)(sfl+s)/2(e)|U|W2s,s/2(e) .

Summing over the mesh QZT we obtain
(10) HanQhT S Chs*2HCLHW;/—(iti,)(s—l-o—e)/Q(Q)HUHW;S/z(Q) y 2 S S S 5/2 .

By a similar argument, the term 7, is a bounded bilinear functional of

the argument (a*,z*) € W[;")‘/Q(E) X WQ’Z;L(/(]Q?Q)(E), where A > 3/q,u >
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3(q —2)/(2q) and q > 2. Furthermore, s = 0 whenever a* is a polynomial
of degree one in z* or u* is a polynomial of degree one in z* . Applying the
bilinear version of the Bramble-Hilbert lemma we deduce that

C
22 D1 < 5510" hyporr2 ) [ gy

3 3(¢ —2)

Z<a<2, <p<2.
q 2q

Summing over the mesh QZT we obtain

HWQHQM < Ch)\—’_u_z“auwg’/\/?(cg)HuHWW“/z Q)"

2q/(q—2)
For 2 < s < 5/2, setting ¢ =3, A\=1+¢, u = s — (1 +¢) and using the
imbeddings

W teOTm2gy c w2 Q) for A >3/q,

2q/(q—2)
Wy koS O2(@Q) c WAMA(Q)  for A< 3/g+te,
we obtain

(1) mallgn, < CH*allype-seooroonaqgyullygorn gy 255 572,

For 5/2 < s < 4, using the same technique as for ; we obtain
s—2
(12) Nl < OB 2llallyyvcongllulyz g, 5/2<s<4.

The term 73 is a bounded bilinear functional of the argument (a*,2*) €
C(E) x W, -5/ *(E), and 7n3 = 0 whenever u* is a polynomial of degree
three in x* and degree one in t*. Recalling the imbeddings

Wy I5e92Q) co@) for 2<s<5/2,

Wg_l’(s_l)/z(Q) CO(Q) for 5/2<s<4,

we obtain estimates of the form (9) and (10) for 73 .

Using the same technique as before we obtain estimates of the form (9)
and (10) for n4, 15, e and 77.

Applying the linear version of the Bramble-Hilbert lemma we simply ob-
tain estimates of the term ¢ :

(13) ellQur < Ch* > ullyya.er2 2<s<4.

(N
Combining (5) with (9)—(13) we obtain the final result:
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Theorem. Finite—difference scheme (3) converges in the norm of the space
WQQ’l(QhT) and, with condition kih?* < 7 < koh?, the following estimates

hold:
Ju—

lu —

U”W;J(Qh_r) < Chs_2||a||W3S/7(itF~1‘,)(571+E)/2(Q)HUHW;,S/Q(Q), 2<s< 5/2,

/UHWQQJ(Q,LT) < Chs_2HG’HW;_L(S_I)/Z(Q)Hu”W;’S/z(Q)’ 5/2 <s<4.

These estimates are consistent with the smoothness of data.

—_

[\o}
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