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ON CONVERSE THEOREM OF APPROXIMATION
IN VARIOUS METRICS FOR PERIODIC FUNCTIONS

OF SEVERAL VARIABLES

Miloš Tomić

This paper is dedicated to Professor R. Ž. Djordjević for his 65th birthday

Abstract. The modulus of smoothness in the norm of space Lq of a 2π–
periodic function of several variables is estimated by best approximations by
trigonometric polynomials in the norm of Lp, 1 ≤ p ≤ q < +∞.

1. Introduction

The converse theorem of approximation in various metrics for 2π–periodic
function of one variable was proved in [1]. In this paper we are proving
one of the analogous theorems for functions of several variables. Actually
we are improving and generalizing Theorem 6.3.5 in [3], and we are giving
the implications of obtained result. In this way we are also getting one
generalization of Theorem 1 in [1].

As usually, we say that f(x1, . . . , xn) ∈ Lp([0, 2π])n if f is measurable on
∆n and is a 2π–periodic function with respect to every variable x1, . . . , xn,
for which ‖f‖p < +∞, where

‖f‖p =
(∫

∆n

∣∣f(x1, . . . , xn)
∣∣p dx1 . . . dxn

)1/p

, 1 ≤ p < +∞ ,

∆n =
{
x = (x1, . . . , xn) : 0 ≤ xi ≤ 2π , i = 1, . . . , n

}
= [0, 2π]n .

The notions of modulus of smoothness of a function and best approxima-
tion of a function by trigonometric polynomials are given in [3] and [2].
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Let
Tν1,... ,νn(x1, . . . , xn)

be a trigonometric polynomial of order ν1, . . . , νn in the corresponding vari-
ables x1, . . . , xn. The best approximation Eν1,... ,νn(f)p of a function f ∈ Lp

by trigonometric polynomials is the quantity (see [3], 2.2.6):

(1.1) Eν1,... ,νn(f)p = inf
T

∥∥f − Tν1,... ,νn

∥∥
p
.

The modulus of smoothness of order k of a function f with respect to xi

is the quantity (see [3], 3.3 and 3.4):

(1.2) ωk(f ; δi)p = ωk(f ; 0, . . . , 0, δi, 0, . . . , 0)p = sup
|hi|≤δi

∥∥∆k
hi

f
∥∥

p
,

where

(1.3) ∆k
hi

f =
k∑

ν=0

(−1)k−ν

(
k

ν

)
f(x1, . . . , xi−1, xi + νhi, xi+1, . . . , xn) .

The mixed derivative of a function f(x1, . . . , xn) of order rj with respect
to xj we denote by

f (r1,... ,rn) =
∂r1+···+rnf

∂xr1
1 . . . ∂xrn

n
.

By a � b, a > 0, b > 0, we will denote the inequality a ≤ Cb, where C is
a positive constant.

2. The Main Result

In this section we are proving a theorem which is a generalization and
improvement of Theorem 6.3.5 in [3].

Theorem 2.1. Let f(x1, . . . , xn) ∈ Lp

(
[0, 2π]n

)
and let for given nonneg-

ative integers rj and natural numbers lj, j = 1, . . . , n, li = 1, for some
i ∈ {1, . . . , n}, 1 ≤ p ≤ q < +∞ the following inequality holds

(2.1)
+∞∑
ν=1

νqσ−1Eνl1 ,... ,ν,... ,νln (f)p < +∞

where

(2.2) σ =
n∑

j=1

lj

(
rj +

1
p
− 1

q

)
.
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Then the function f has a mixed derivative f (r1,... ,rn) belonging to the
space Lq and for any natural numbers k and mi the following inequality
holds

(2.3)

ωk

(
f (r1,... ,rn); 0, . . . , 0,

1
mi

, 0, . . . , 0
)

q

≤ C

mk
i

{
‖f‖q

p +
mi∑
ν=1

νq(σ+k)−1Eνl1 ,... ,ν,... ,νln (f)p

)1/q

+
{ +∞∑

ν=mi+1

νqσ−1Eνl1 ,... ,ν,... ,νln (f)p

}1/q

,

where constant C depends on k and σ only. The constant C does not depend
on neither f nor mi = 1, 2, 3 . . . .

Proof. Let

Tν1,... ,νi−1,ν,νi+1,... ,νn = Tν1,... ,νi−1,ν,νi+1,... ,νn(f ;x1, . . . , xn)(2.4)

νj = νlj , j = 1, . . . , n (νi = ν) ,

be the trigonometric polynomials of the best approximation of function f in
the space Lp. For trigonometric polynomials

(2.5) Sm = T1,... ,1 +
m∑

ν=0

[
T2l1(ν+1),... ,2ν+1,... ,2ln(ν+1) − T2l1ν ,... ,2ν ,... ,2lnν

]

the following holds

f − Sm = f − T2l1(m+1),... ,2m+1,... ,2ln(m+1) .

Since

(2.6)
∥∥∥f − T2l1(m+1),... ,2m+1,... ,2ln(m+1)

∥∥∥
p
= E2l1(m+1),... ,2m+1,... ,2ln(m+1)(f)p

we conclude that

(2.7) ‖f − Sm‖ → 0 as m → +∞ .

This means that in the sense of Lp equality

(2.8) f = T1,... ,1 +
+∞∑
ν=0

[
T2l1(ν+1),... ,2ν+1,... ,2ln(ν+1) − T2l1ν ,... ,2ν ,... ,2lnν

]
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holds.
In the following step we are proving that equality (2.8) also holds in the

sense of Lq, 1 ≤ p ≤ q < +∞. To do this we will prove that the sequence
Sm, m = 0, 1, 2, . . . , is a Cauchy sequence in Lq.

Applying the method by which the corresponding quantity in [1] was
estimated (see estimation of quantity A for q > 2 in Lemma 1 in [1]), and
taking into consideration the corresponding inequality of various metrics for
trigonometric polynomials of several variables, we conclude that, for t > m,

(2.9) ‖St − Sm‖q �
{ t∑

ν=m+1

2νq
(

1
p− 1

q

)
(l1+... ,ln)Eq

2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

,

holds.
From (2.9) in view of the assumption (2.1) it follows that the sequence

Sm is a Cauchy sequence in Lq. Since the space Lq is complete, there exists
a function h(x1, . . . , xn) ∈ Lq such that

(2.10) ‖h − Sm‖q → 0 as m → +∞ .

Equality (2.8) and convergence (2.10) imply (see [3], 1.3.9) that equality
(2.8) holds in Lq.

In the following step we are proving that in the sense of Lq equality

f (r1,... ,rn) (q)
= T

(r1,... ,rn)
1,... ,1(2.11)

+
+∞∑
ν=0

[
T

(r1,... ,rn)

2l1(ν+1),... ,2ν+1,... ,2ln(ν+1) − T
(r1,... ,rn)

2l1ν ,... ,2ν ,... ,2lnν

]

holds.
Applying the same procedure which yielded inequality (2.9)), and using

the Bernstein type inequality (see [3], 4.8.62(30); see also proof of Lemma 1
in [1]), we conclude that

(2.12)
∥∥∥S

(r1,... ,rn)
t −S(r1,... ,rn)

m

∥∥∥
q
�

{ t∑
ν=m+1

2νqσEq
2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

holds.
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In view of (2.12) and (2.1) we conclude that the sequence S
(r1,... ,rn)
m con-

verges in Lq. Since equality (2.8) holds in Lq, it means that in the sense of
Lq equality (2.11) holds (see [2], 4.4.7; [3], 6.3.31).

For modulus of smoothness of the function f (r1,... ,rn) we have

ωk

(
f (r1,... ,rn);

1
mi

)
q
≤ ωk

(
f (r1,... ,rn) − S(r1,... ,rn)

m ;
1
mi

)
q

(2.13)

+ ωk

(
S(r1,... ,rn)

m ;
1
mi

)
q
= I1 + I2 .

Now, we get

(2.14) I1 � ∥∥f (r1,... ,rn) − S(r1,... ,rn)
m

∥∥∥
q
.

Using the procedure which yielded inequality (2.12), and in view of equal-
ity (2.11) and (2.5), we obtain

(2.15)
∥∥∥f (r1,... ,rn) − S(r1,... ,rn)

m

∥∥∥
q
�

{ +∞∑
ν=m+1

2νqσEq
2l1ν ,... ,2ν ,... ,2lnν (f)p

} 1
q

.

In virtue of the properties of modulus of smoothness we have

(2.16) I2 = ωk

(
S(r1,... ,rn)

m ;
1
mi

)
q
� 1

mk
i

∥∥S(r1,... ,ri+k,... ,rn)
m

∥∥
q
.

The estimate for the norm ‖S(r1,... ,ri+k,... ,rn)
m ‖q follows from (2.5), in the

same way as inequality (2.12). Only instead of number ri we write ri + k.
Therefore, we get

∥∥∥S(r1,... ,ri+k,... ,rn)
m

∥∥∥
q
�

∥∥∥T1,... ,1

∥∥∥
p

(2.17)

+
{ m∑

ν=0

2νq(σ+k)Eq
2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

.

To get (2.17) we use inequality

∥∥G2ν+1 − G2ν

∥∥ ≤ ∥∥G2ν+1 − f
∥∥ +

∥∥f − G2ν

∥∥ .
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Hence

(2.18)
∥∥∥S(r1,... ,ri+k,... ,rn)

m

∥∥∥
q

�
{
‖f‖q

p +
m∑

ν=0

2νq(σ+k)Eq
2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

.

From (2.13), in view of (2.14), (2.15), (2.16) and (2.18), it follows

ωk

(
f (r1,... ,rn);

1
mi

)
q

(2.19)

� 1
mk

i

{
‖f‖q

p +
m∑

ν=0

2νq(σ+k)Eq
2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

+
{ +∞∑

ν=m+1

2νqσEq
2l1ν ,... ,2ν ,... ,2lnν (f)p

}1/q

.

Let us denote

(2.20) F2ν = E(2ν)l1 ,... ,2ν ,... ,(2ν)ln .

Then

(2.21) Fµ = Eµl1 ,... ,µ,... ,µln

and Fµ ↓ 0 as µ → +∞.
Choosing m so that 2m ≤ mi < 2m+1, from (2.19) we get

ωk

(
f (r1,... ,rn);

1
mi

)
q
� 1

mk
i

{
‖f‖q

p +
mi∑
ν=1

νq(σ+k)−1F q
ν

}1/q

(2.22)

+
{ +∞∑

ν=mi+1

νqσ−1F q
ν

}1/q

.

Inequality (2.3) follows from (2.22) in view of (2.21). �

3. Some Consequences

We give now a few basic consequences of Theorem 2.1.
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Corollary 3.1. For n = 1 (lj = 1, rj = r, σ = r + 1
p − 1

q ), Theorem 1 in
[1] follows.

Corollary 3.2. If the condition

(3.1)
+∞∑
ν=1

νq
[
r+n( 1

p− 1
q )

]
−1Eq

ν,... ,ν,... ,ν(f)p < +∞

holds, then the function f has a derivative ∂rf
∂xr

i
with respect to any variable xi.

The derivative belongs to the space Lq. Also for the modulus of smoothness
the corresponding inequality (2.3) holds.

Corollary 3.2 follows from the theorem for l1 = l2 = · · · = ln = 1, rj = 0
for j �= i, ri = r.

Corollary 3.3. If

(3.2)
+∞∑
ν=1

νq
[
r+( 1

p− 1
q )(l1+···+ln)

]
−1Eq

νl1 ,... ,ν,... ,νln
(f)p < +∞,

then the function f has a derivative ∂rf
∂xr

i
∈ Lq and the corresponding inequal-

ity (2.3) holds.

This corollary follows from the theorem for ri = r, rj = 0 for j �= i.

Corollary 3.4. For p = q, Theorem 2.1 implies Theorem 6.3.5 in [3]. In-
deed, from (2.19) using inequality (

∑
ak)s ≤ ∑

(ak)s, ak ≥ 0, 0 < s ≤ 1, we
get

ωk

(
f (r1,... ,rn);

1
mi

)
q

(3.3)

� 1
mk

i

{
‖f‖p +

m∑
ν=0

2ν(σ+k)E2l1ν ,... ,2ν ,... ,2lnν (f)p

}

+
+∞∑

ν=m+1

2νσE2l1ν ,... ,2ν ,... ,2lnν (f)p ,
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and then

ωk

(
f (r1,... ,rn);

1
mi

)
q

(3.4)

� 1
mk

i

{
‖f‖p +

mi∑
ν=1

νσ+k−1Eνl1 ,... ,ν,... ,νln (f)p

}

+
+∞∑

ν=mi+1

νσ−1Eνl1 ,... ,ν,... ,νln (f)p .

For q = p we have σ =
n∑

j=1

ljrj , and inequality 6.3.5 (24) in [3] follows

from (3.4).
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