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ON CONVERSE THEOREM OF APPROXIMATION
IN VARIOUS METRICS FOR PERIODIC FUNCTIONS
OF SEVERAL VARIABLES
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This paper is dedicated to Professor R. Z. Djordjevié for his 65th birthday

Abstract. The modulus of smoothness in the norm of space Lq of a 27—
periodic function of several variables is estimated by best approximations by
trigonometric polynomials in the norm of Ly, 1 < p < ¢ < +o0.

1. Introduction

The converse theorem of approximation in various metrics for 2r—periodic
function of one variable was proved in [1]. In this paper we are proving
one of the analogous theorems for functions of several variables. Actually
we are improving and generalizing Theorem 6.3.5 in [3], and we are giving
the implications of obtained result. In this way we are also getting one
generalization of Theorem 1 in [1].

As usually, we say that f(z1,...,z,) € L,([0,27])™ if f is measurable on
A, and is a 2mr—periodic function with respect to every variable x1,... , z,,
for which || f||, < 400, where

1/p
||pr:</ ‘f(xl,...,xn)‘pdml...dxn> , 1<p<+o0,
An
An:{m:(:nl,...,:nn):ngi§2ﬂ',izl,...,n}:[O,Qﬂ]”.

The notions of modulus of smoothness of a function and best approxima-
tion of a function by trigonometric polynomials are given in [3] and [2].
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Let
TI/1,... yWn (fEl, AR xn)
be a trigonometric polynomial of order v, ... v, in the corresponding vari-

ables x1,... ,x,. The best approximation E,, . .. (f), of a function f € L,
by trigonometric polynomials is the quantity (see [3], 2.2.6):

(11) Eul,...,un(f)p :hjlﬂfo*Tm,...,unH

.
The modulus of smoothness of order k£ of a function f with respect to x;
is the quantity (see [3], 3.3 and 3.4):

(12) wk(faél)p = wk(f; 07 e 7075i707 cee 70)10 = |hSI|1£5HA,;LFLpr>

where
i k
(13) Azlf = Z(—l)k_u <I/> f(xla cee X1, %4 + Vhivxi—Fla s 7xn) .
v=0

The mixed derivative of a function f(x1,...,x,) of order r; with respect

to x; we denote by
f(ﬁ,---,?"n) _ 8r1+..-+rnf '
oz ...0xy"
By a < b,a>0,b>0, we will denote the inequality a < Cb, where C' is
a positive constant.

2. The Main Result

In this section we are proving a theorem which is a generalization and
improvement of Theorem 6.3.5 in [3].

Theorem 2.1. Let f(z1,...,x,) € Ly([0,27]") and let for given nonneg-
ative integers r; and natural numbers l;, j = 1,...,n, l; = 1, for some
ie{l,...,n}, 1 <p<q<+oo the following inequality holds

—+o0o
(21) S VT B e (Fly < +00

v=1

where

(2.2) a:ilj<rj+%—l).

q
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Then the function f has a mized derivative (") belonging to the
space Ly and for any natural numbers k and m; the following inequality

holds

1
wk<f(rlv"'7r”);0,... 0, H,Ow-- ’0)
; q

1

C < (o+k)—1 e
o+k)—
S )
v=m;+1

where constant C depends on k and o only. The constant C does not depend
on neither f norm; =1,2,3....

Proof. Let

(24) TVlz-“ sVi—1,V5Vit 1,0 3Vn = TVlv-“ sVi—1,V5Vit1,. .. 7V7L(f; L1, ... ’xn)

l/j:I/lj, j=1,....,n (vi=v),

be the trigonometric polynomials of the best approximation of function f in
the space L. For trigonometric polynomials

m
(25) Sm - Tl’_._ 1 + E |:T2l1(u+1)7.“ 2v+L ’2ln(y+1) - T2l11/7... 2, 7211,,,1/:|
v=0

the following holds
f - Sm == f - T2l1(7n+1)7“. ’2m+17.” 72ln('rn—}—1) .

Since

(26) Hf - T2l1(m+1)7.” ’2'm+1,.” ’2ln('m+1) ‘ - E2ll(7n+1)7“. 2mtl 72ln('m+1) (f)p
p

we conclude that
(2.7) |f—Sml| —0 as m— +oo.

This means that in the sense of L, equality

400
(2~8) f = Tl,.‘.,l + E [T211(v+1>7,_,72u+17m,21n(v+1> - T211V7,_,’2V,_._72ln’/:|
v=0
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holds.

In the following step we are proving that equality (2.8) also holds in the
sense of Ly, 1 < p < g < +00. To do this we will prove that the sequence
Sm, m=0,1,2,...,is a Cauchy sequence in L.

Applying the method by which the corresponding quantity in [1] was
estimated (see estimation of quantity A for ¢ > 2 in Lemma 1 in [1]), and
taking into consideration the corresponding inequality of various metrics for
trigonometric polynomials of several variables, we conclude that, for ¢ > m,

¢ 1 1 1/q
29) 15 =Sl < { 30 2oy )

v=m++1

holds.

From (2.9) in view of the assumption (2.1) it follows that the sequence
S is a Cauchy sequence in L,. Since the space L, is complete, there exists
a function h(z1,...,z,) € L, such that

(2.10) |h—Snllg =0 as m — +oo.

Equality (2.8) and convergence (2.10) imply (see [3], 1.3.9) that equality
(2.8) holds in Lj.

In the following step we are proving that in the sense of L, equality
(211) f(Tl,... ) (g) T("'17~~~ ')
i1 (v+1) 2u+1,... 241 T Loliv g olny

holds.

Applying the same procedure which yielded inequality (2.9)), and using
the Bernstein type inequality (see [3], 4.8.62(30); see also proof of Lemma 1
in [1]), we conclude that

1/q
{ Z 2yan2llV...,2V,.‘.,21nv(f)1’}

v=m+1

(2.12) Hst(’“h-wm)_Sgl,...,rm

holds.
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In view of (2.12) and (2.1) we conclude that the sequence Shrrn) con-
verges in Ly. Since equality (2.8) holds in L, it means that in the sense of
L, equality (2.11) holds (see [2], 4.4.7; [3], 6.3.31).

For modulus of smoothness of the function f("™) we have

(2.13)  wy (f(le“'vrn). i) < wy (f(r1,... ) Gt ). i)
q q

" my m;
1
+ wg (Sr(rfl"" ), —> =1+ 1.
q

m;

Now, we get

(2.14) L < || fr ) = gl )

q

Using the procedure which yielded inequality (2.12), and in view of equal-
ity (2.11) and (2.5), we obtain

Q=

(2.15) Hf(Tla-~~7"'n) — 57(7:1,...,%)

+oo
q <<{ Z 2V¢IUE(2111V’_,,,Qv,m’Ql.,LV(f)p}

v=m+1
In virtue of the properties of modulus of smoothness we have

1 1 |
(2.16) I = wy (S,(glv---v’“n); E>q < m—fusgl’"' otk

The estimate for the norm ||S,(,§1 TithTn) ||q follows from (2.5), in the
same way as inequality (2.12). Only instead of number r; we write r; + k.
Therefore, we get

@17) || reter| <|ny |
q P
m i 1/q
+ {Z gva(o+ )qulV7._,72V7__.’21n1’(f)p} )
v=0

To get (2.17) we use inequality

HG2V+1 - GQV

< G — S]]+ 11 ~ G
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Hence

(218) Hs’r(;lr'“ﬂ'i-f'k,...,'r'n)

q

m 1/q
< I+ 2B D0}

v=0

From (2.13), in view of (2.14), (2.15), (2.16) and (2.18), it follows
(P14eee3Tn) 1
(219) (Sl —)
mi/q

1 - vq(o Y
<o { I+ 2B (D]

........

v=0
+ { Z QVQUE;I“V"“ 2ov. . 7any(f)p} .
v=m-+1
Let us denote
(2.20) Fy = E(gv)ll,__.,Qv,...,(2v)ln .
Then
(2.21) Fo=Eun .. i

and F), | 0 as 4 — +o0.
Choosing m so that 2™ < m; < 2! from (2.19) we get

1 1 i /4
(r1,ee5mn). (o+k)—1
I sty + Sowmtoro-tg)

v v=1

+o0 1/q
Y e

v=m;+1
Inequality (2.3) follows from (2.22) in view of (2.21). O

3. Some Consequences

We give now a few basic consequences of Theorem 2.1.
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Corollary 3.1. Forn=1(l;=1,r;=r, 0 = T+ == E) Theorem 1 in
[1] follows.

Corollary 3.2. If the condition

(3.1) Zu PG mg () < oo

holds, then the function f has a derivative g;{. with respect to any variable x;.

The derivative belongs to the space L. Also for the modulus of smoothness
the corresponding inequality (2.3) holds.

Corollary 3.2 follows from the theorem for I} =l =--- =1, =1,7; =0
for j #i,r; =r.

Corollary 3.3. If

(3.2) ZV [r+(3 =)+ +a) | ~1 g

l
Vil

vin (f)p < +OO)

then the function f has a derivative g;{ € Ly and the corresponding inequal-
ity (2.3) holds.

This corollary follows from the theorem for r; = r, r; = 0 for j # 1.
Corollary 3.4. For p = q, Theorem 2.1 implies Theorem 6.3.5 in [3]. In-

deed, from (2.19) using inequality (> ax)® < > (ar)®, ar >0,0<s <1, we
get

(3.3) Wk <f(7”1,...,rn); i)

mg
< {1l + 2P B e (D)
7 v=0
—+o00

+ Z 2’/0-E2llu,_“72u7_..’2lnv(f)p,
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and then

(3.4)

M. Tomié

(g 1)
q

my
1 —
< {1+ o Bt (1}
mi v=1
+oo
+ Z Va_lEull,...,u,...,u’n (f)p
v=m;+1

For ¢ = p we have 0 = ) l;r;, and inequality 6.3.5 (24) in [3] follows
=1

from (3.4).

J
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