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Abstract. For a given data set Y = {(z;,¥:)}i=0, a fractal interpolating func-
tion ¢ : [zg,xn] — R can be defined by a hyperbolic iterated function system
Yyaq= {R?; {w;}™_,} where w; are affine contractions in R? depending on an
n-dimensional vector d. Typically, w; : (z,y) — (ui(z), vi(z,y)) where u;(-)
and v;(z, ) are contractions, and v;(-,y) is a Lipschitz mapping.

The system Yy 4 has the unique attractor ®y q which is the graph of a
continuous function ¢ interpolating Y and satisfying the Read-Bajraktarevi¢
functional equation

—1 .
o(z) = vi(ui (x), o(u; (:c))) , T € lri—1, 3], i=1,...,n.
Using this equation, it is shown that ¢ has only a limited affine invariant prop-
erty. Correspondingly, the general form of affine transformations w such that
w(®y,q) = P, (v),a is specified. An application of the functional equation and
some examples are also given.

1. Introduction

Let an interpolatory data set Y = {(x;,y;)}—y (n > 2) be given, that is a
set of points from R? such that either Ax; = x;,1 —x; > 0 Vi, or Az; < 0 Vi.
Also let a scaling vector d = [dy .. .d,]T be given, namely a vector from R"
whose components are intended as vertical scaling factors.

With the pair (Y, d) one can associate the iterated function system (IFS
for short) Xy q = {R? {w;}?_,}, in which wy,...,w, are the affine trans-
formations of R? defined by

(1) w; : (z,y) — (a4 e, ciz+diy+ fi),
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with the coeflicients

N Az _ Ay; 1 Yn — Yo
a,=—, ¢ = —d;
(2) Tp — X0 Tp — X0 Tp — X0

€ =T — QiTy, fi=Yyi—CciTyp—diyp.

Let H(R?) denote the set of nonempty compact subsets of R? and let
hg be the Hausdorff metric on H(R?) generated by the norm || - [|g defined
as [[(z,y)]le = || +0ly|, 0 < 0 < min;{(1 — |a;])/(1 + |¢;])}. The space
(H(R?),hg) is a complete metric space. With ¥ = Yy 4 is canonically
associated the Hutchinson operator Wy acting on (H(R?), hg) and defined
by

(3) We () = Utwi() .

If ||d|| = max;{|d;|} < 1, then Xy 4 is hyperbolic, and Wy is a contraction
in (H(R?), hg). The unique fixed point of Wy, namely the nonempty, closed,
bounded set ®y,q C R? such that

Ws(®yaq) = Pya
is the unique attractor of Yy q. Under such conditions the following theorem
holds [1].

Theorem 1. The iterated function system Xy q corresponding to an arbi-
trary interpolatory data set Y and to a scaling vector d such that ||d|| =
max;{|d;|} <1 is hyperbolic, and its attractor is the graph of a continuous
function ¢ : [xg,x,] — R that interpolates Y.

Because of this result, we refer to ¥y 4 with ||d|| < 1, as a fractal interpo-
latory scheme, and call the function ¢ = ¢y q, whose graph is the attractor
of Xy q, a fractal interpolating function. Also, we use the acronym IFS with
the meaning of iterated function system.

The Functional Equation

For i =1,...,n, denote the z and y components of w;(x,y) in (1) by
(4) ui(r) = ax +e;,  vi(r,y) =ciw +diy + fi

respectively.
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Consider the functional equation
(5) o(z) = vi(u; (2), pu; Y (), =€z, 2], i=1,...,n.

If u;(x) and v;(x, y) are given by (4) with |d;| < 1, then u;(x) is a bijection
(20, Z,] — R, vi(x,-) € Lipt<Y(R), and v;(-,) € Lip(R), so that (5) is a
functional equation of Read-Bajraktarevié type [7]. It can be written as

xr — €; Tr — €

6) @(z)=c +dis0< >+f¢, x € lxi1,z], i=1,...,n.

a; %

Also, introducing the operator T : ¢ — Ty defined piecewise by

T — e T —e;
(1) (Te)) = (Tip)@) = i —"+dip( =) + fi w€loisai,
where i = 1,... ,n, equation (6) can be put in the more compact form
(8) p(x) = (Tp)(x), x € [zo,n].

By Theorem 2, below, fractal interpolating functions are characterized as
solutions of equation (8). The following lemma states a preliminary result,
namely that bounded solutions of (8) are continuous.

Lemma 1. Let ¢ : [zg, z,] — R be a bounded function that satisfies equation
(8). Then ¢ is continuous.

Proof. Suppose that ¢ be discontinuous at the point to € [x;,-1,2,],
ir € {1,...,n}, with the jump Lo = |¢(to — 0) — ¢(to + 0)| > 0. Consider
the point t; = u;l(tg) and let i € {1,...,n} be the index such that t; =
ui_ll(to) € [xi,—1,7i,]. Being, by (8), ¢ = T;, on the interval [x;, _1,z;],
and being |d;,| < ||d|| < 1, we have

0 < Lo = [(T5, ) (to=0) = (T3, #) (to+0)| = [di, | [o(t1=0) —p(t21+0)| < [[d]| Ly

so that ¢; is also a discontinuity point with a corresponding positive jump
L. The discontinuity at t; is, in turn, the "image” of a discontinuity at
ty = u;l(tl), with a corresponding jump Lo, and L; < ||d|| L. Continuing
this process, after k steps, a point is reached where ¢ has a jump Lj such
that

lal* Ly > - > |d* Lz > (||| L1 > Lo, k>1

Therefore L > Lo||d||™% — oo if k& — oo, which leads to the conclusion
that ¢ is unbounded. Thus, ¢ must be a continuous function. [J
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Theorem 2. Let B denote the set of bounded functions [zg,z,] — R. Let
p € B. A necessary and sufficient condition for ¢ to be a fractal interpolating
function of the data set Y 1is that ¢ satisfy the Read-Bajraktarevi¢ functional
equation (8) with T given by (7), where a;, ¢;, e;, fi are given by (2) and
Il < 1.

Proof. (i) Let ¢ be a fractal interpolant for Y associated with the vertical
scaling vector d = [d; ...d,]T, ||d|| < 1. Then, by Theorem 1, its graph
dy C R? is the fixed point of the operator Wy, given by (3). Therefore, for
any P = (z,p(z)) € @y there exist i € {1,...,n} and P’ = (2, ¢(a')) € Py
such that = € [z;_1, z;], and P = w;(P’), which means

9) z=aa" +e, p)=ca +dip)+ fi x € [xi_1, ).
Being a; # 0 since Ax; # 0 for each ¢, (9) yields 2’ = (z — e;)/a; and

Tr —e; xr —e;

o(r) = ¢ +dz'90( ) + fi,

a; i
which is (6).

(ii) Let ¢ satisfy (8). Let (B,d) be the metric space obtained by endow-
ing B with the max-norm d(¢, ) = max {|¢(z) — ¢(z)|,z € [xo,zy]}. The
operator T defined by (7) is a contraction in (B, d) since

(T)(x) = (Ty) ()] = |di [(u; " (2)) = (u; " (2))] < |dil d, ),

and therefore d(T, Tp) < ||d||d(¢, ¢).

Since T is a contraction in (B, d), it has a unique fixed point and, according
to (8), this is ¢. By Lemma 1, ¢ is also continuous. Let ®" be the graph of
¢. As a consequence of (6) we have

(To)(ui(x)) = vi(z,p(x)), x € [xo,zn] , i =1,...,n,

which implies that, for z € [xq, z,],

wi(z, p(x)) = (ui(z), vi(z, p(2))) = (ui(z), (Te)(ui(2))) = (ui(z), p(ui(2)))

which, in connection with the continuity of ¢, leads to

q)/ == CJ wl(fbl) .
i=1
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This means that @’ is a fixed point of the Hutchinson operator (3). Since
it is also a nonempty compact set of R?, it must be the unique attractor of
the IFS ¥y 4, which, by Theorem 1, is the graph of the interpolating fractal
function. O

Remark 1. Notice that the interpolation property of ¢ can also be derived
directly from (8), by the following argument. From (6) it can be seen immediately
that ¢(xg) = yo and ¢(zn) = yn. Furthermore, being the fixed point of T, ¢
satisfies p(z;) = (Tp)(z;) = ciui_l(:ci)—i-dicp(ui_l(ri))—i—fi =cien+dip(zn)+fi =
citn +diyn + fi = cixn +diyn + y; — cixn — diyn = y; for i = 1,...,n. Therefore
o interpolates the set of data Y.

Affine Transformation of The Interpolatory Scheme

Lemma 2. Let w be a regular affine mapping R?> — R? given by
(10)  w:(z,y)— (prt+ay+g,re+sy+h), paqrsgheR

and let F denote the graph of an arbitrary function f : I — R (I C R).
The set w(F') is the graph of a function if and only if ¢ = 0.

Proof. Let a(z) = px+qf(x)+ g and f(z) = rz + sf(z) + h, so that the
image under w of the point (z, f(z)) € F has coordinates (a(z), 5(x)).

(i) Suppose ¢ = 0. Since w is regular, it must be p # 0, therefore a(z) is
invertible and 3(z) = B(a~toa(r)) = Boa"!(a(xr)) is obviously a function,
mapping «(I) — R.

(ii) Let now F = w(F) be the graph of a function f. Let £, € I and
& # 1. Since w is a regular affine mapping, it maps P = (&, f(§)) € F and
Q= (n, f(n)) € F, P+#Q, into two different points w(P) = («a(§), B(§)) €
Fand w(Q) = (a(n), B(n)) € F. Two cases are possible: either 3(&) = 5(n),
and then, since w(P) # w(Q), it must be a(§) # a(n); or B(§) # B(n), and
in this case again it must be a(§) # a(n) by the fact that f is a function.
Therefore, the implication £ # n = «(§) # a(n) holds in any case. Now,
since a(§) — a(n) = p(§& —n) + q[f(§) — f(n)] for any f, in order that the
inequality a/(§) — a(n) # 0 be valid whenever £ —n # 0, it must be g = 0.
Otherwise, a function f can be found such that [f(&) — f(n)]/(§—n) = —p/q
and then a(§) —a(n) =0. O

Lemma 2 suggests that affine transformation of a fractal interpolating
function ¢ can only be performed by means of a mapping w with ¢ = 0, i.e.,

(11) w:(z,y) = (a(z), B(z,y)) = (pr +9, T2+ 5y +h).
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In fact, w maps the data set Y into the data set ¥ = w(Y) = {(&:,9)} 10>
with #; = a(x;), y; = B(zi,y;). Since sign(Az;) = sign(p) sign(Az;), Vi,
coefficients a;, ¢;, é;, fz can be defined according to (2) for the new data
set f/, and the new fractal interpolating scheme is well defined. So is also
the function ¢ having graph ®, the attractor of Ey’ q- Note that the new

coeflicients are related to the old ones by

di =a;, éi:(r/p)(ai—di)—i-(s/p)ci, él :pei—i—g(l—ai),

(12) .
fi=sfi+rei+h(l —di) + (rg/p)(di — ai) + (sg/p)ci,

and by Theorem 2, ¢ satisfies a functional equation having the form of (6)
with the coefficients (12), namely

T — é; T — & R
(13) oz) = ¢ y l‘f‘di@( p l)‘f‘fi’ T € [Tio1, T4

% 7

The following theorem establishes affine invariance of the fractal interpo-
latory scheme Xy 4q under a regular transformation of the type of w.

Theorem 3. Let ¢ be the fractal interpolant of Y associated with d and
let ® = @y q be the graph of p. Let w be the regular affine mapping given
by (11), and let Y = w(Y). If ¢ is the interpolant of Y associated with the
same d, and o = D (v),a s its graph, then

(14) w(®) = .

Proof. Denoting the interval [z, x,] by I, consider the function ¢ : I —
R, and its graph ®. By Lemma 2, the set w(®) is also the graph of a function,
say f @ a(l) — R, so that any point P € w(®) has coordinates P =
(z, f(z)), € a(I). On the other hand, this point is the image under w of
some point Q = (a~!(z),p(a"t(z))) € ®, therefore its ordinate must also
satisfy

(15) fa) =Bla™ (2), p(a™!(2)), =€ a(l).

So, equation (15) characterizes functions whose graph is the image under w
of the graph of ¢. Therefore (14) is equivalent to

(16) p(z) = Bla™ (2), pla”!(2), z€all).
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Plugging this equation into (13) yields the functional equation for ¢

Bla~ (@), pla™ (@) = &—

(17) A .
tdiB(a” (o) ela (F) + i

that is also equivalent to (14).

We will show that (17) reduces to (6). This will lead to the conclusion
that (14) holds if and only if ¢ is a solution of (6), namely (by Theorem 2)
the fractal interpolating function for (Y, d). So, our assertion will be proved.

Since any affine transformation is a composition of a translation and a
linear transformation, it is sufficient to prove the equivalence for these two
special cases of w, separately:

a) The affine transformation given by (11) is a translation if p = s = 1,
r=20, and g,h # 0.
In this case a(x) =x+g¢g, [(z,y) =y+h, and, by (12),

ai=a;i, &=c;, é;=ei+g(l—a), fi=Ffi+h(l—d)—cg.

Therefore, equation (17) takes the form

S()(:E_g)+h:Ci<av—ei—g(l—ai))+d“p(3c—ei—g(l—ai) —g)

a; a;

-l-dih—l—fi—l—h—cig—dih,

which, by easy computations, becomes

olx—g) :Ci<7(x—g) _ei> +di¢(7(a:—g) _ei) + fis

Qa; a;

which, in turn, by the position ¢t = z — g yields

p(t) = Cz‘<t ;;z) +d1‘90(t ;iei) + fiy

that is (6).
b) Transformation w in (11) is a linear map if g = h = 0 and ps # 0.
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In this case a(z) =px, [(z,y) =rz+ sy, and

a; = a;, ¢ =(r/p)(ai—d;)+ (s/p)ci, & =pei, fi=sfi+re,

so (17) becomes

ra/p + sp(x/p) = Sci(m/pa—i_ei) + Sdi(;p(m/pa—i_ei) +r(ai — di)(ﬂﬁ ;j&)

T — pe;

—f—rdi< )—H"ei—l—sfi,

1

which gives

sp(z/p) = SCi(x/pT_ei> + sdigo(x/paii_ei>
(fE — PE;

%

) +rei+ sfi = (ra) o,

and finally

p(x/p) = Ci(@) +di<P($/pa—:€i) + fi,

1

which again yields (6) by the variable transformation t = z/p. O

Remark 2. For another proof of (14), see [6]. For monotonicity preserving
property of ¢, see [4].

Application and Examples

It was suggested in [2, Chap. 6] that the integral of the interpolating
fractal function ¢ satisfying equation (8) can be calculated by

1= [ oo = [ roran - g / f_i1<Tiso><x>dsc

0 0]
i r — e xr — e
/ [Ci Z+dz‘<P< Z>-|rfz‘
i1 Q; a;

which, by the substitution x = a,;t + e; becomes

dzx,

n

=1

(18) I= Z /wn (Cit + d“p(t) + fi)aidt =al + 0,
i—1 %o
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where

(19) o= Zaidia B = Zai/ (it + fi)dt
=1 i=1 Zo

And it follows from (18) that
g

(20) 1=

Also in [2, p. 221], Barnsley suggests that [ equals ffon wo(x)dr where

A
Azl(ﬂf—%z)7 xi§$§$i+1, iZO,l,...,n—L
7

(21)  wo(z) =i +

is the piecewise linear interpolant to the data Y. But, by (19),

n 2 _
ﬁ Zaz/ Czt+fz Zaz<cz 9 :EO +fz( n_x()))

i=1

Ax;_q
2

I
,Mz

s
Il
=

[Ci(l‘n +z0) + 2fi],
which, after replacing a;, ¢; and f; by their expression (2) gives

" Az
B = Z%[%fl + i — di(yo + yn)],

i=1

or

(22) Zyz 1+yzAm, 1—y0+ynZdA$z L

=1

45

Note that the first term on the right hand side of (22) is, by itself, the value

of f @o(z)dx. Therefore 8 = f @o(z)dz is valid if and only if

(23) Yo+ yn =0,
or

(24) di=0, i=12,....,n.
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Example 1. The Cantor function x — f(x) is the interpolating fractal
function that is defined by the data Y = {(0,0), (1/3,1/2), (2/3,1/2), (1,1)}
and the scaling vector d = [1/2 0 1/2]7.

Thus, by (19), « = 1/3 and by (22) f = 1/3, which gives, by (20),
I= fol f(z)dz = 1/2, which is the known result [3]. Here, neither condition
(23) nor (24) is satisfied, and in fact 3 differs from fol o(x)dr = 1/2, where
o is the piecewise linear interpolant to Y.

Direct computation, based on (18) and on the functional equation for
Cantor function

1 1
1 1 2
= _ —<zx< -
CERES Leac?
1 1 2
— -2 — —<zx<l1
l2f(?mv )+2, 3_.7:_

also gives

! Y1 oat (Yidt [t /1 1\ dt
1= e [0 55 [ (30+3) 5

1 1
ie., I = §I+ 3 which yields I = 1/2.

Example 2. Consider the functional equation of type (6)

(25) fla) = { AN 0<z<1/2,

ufr—1)—z+1, 1/2<z<1,

where || < 1, |p| < 1.

Comparing (25) with (6) immediately gives diy = A\, da = p and xg = 0,
x1 =1/2, z9 = 1. Letting z = x;, i = 0,1,2 in (25) results in the following
linear system:

f(0) = Af(0),
f(1/2) = AF(1) +1/2,
f(1/2) = pf(0) +1/2,

f() = pf(1),
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wherefrom it follows f(0) = f(1) =0 and f(1/2) = 1/2. Thus, the interpo-
lating data set is Y = {(0,0), (1/2,1/2), (1,0)}, and therefore, a; = ay =
1/2 which gives (by (19)) o = (A4 1)/2 and (by (22)) 8 = 1/4.

Thus,
1

I=sa==n

Note that the condition (23) is valid and, accordingly, § = fol fo(x)dx, where
fo is a “tent function” which interpolates the data Y.

It is interesting to note that for A = u = 1/4 the interpolant given by
(25) is in fact a smooth function, namely the quadratic polynomial f(z) =
2z (1 — z). For other smooth fractal objects and their applications, see [5].
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