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Abstract. Our attention was drawn on log—quadratic functional equation
mentioned by Hiroshi Haruki and Themistocles M. Rassias in [4]:

FiC—C, fle+yfle—y) =f)’fly)?, zyeC.

They stated the following result: The only entire solutions of this equation
are given by f(2) =0, f(z) = e and fz) = —eaz2, where a is an arbitrary
complex constant. In our paper, using some elementary methods we consider the
log—quadratic functional equation for functions f: R — C, supposing only that f
is continuous. The expected solutions are evidently f(z) =0, f(z) = elotia®

) 2
and f(z) = —e(®T"#%" but we will determine these solutions independently
of the above mentioned result.

1. We start with the solution of

(1) [iC—C, flz+y)flz—y) =[f(2)fy)?, zyeC,

for real functions of a real variable, f: R — R, under the assumption that f
is continuous:

(1) IR-R, flz+y)fz—y) =f(x)’f(y)?, z,yeR.

With z = y = 0 we obtain f(0) = 0, f(0) = 1, f(0) = —1. The case
f(0) =0 leads to f(x) =0 (putting y = 0 in (1’)). In the case f(0) =1 we
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shall first show that f(xz) > 0, x € R. Suppose that there exists zy such that
f(zo) = 0, with x = y = x0/2, we obtain f(z¢/2) = 0, and repeating the
procedure we reach to f(xo/2") = 0. By continuity we have a contradiction.
Hence f(0) = 1, it follows f(x) > 0 for each z € R. Now we can apply the
log and then we obtain the quadratic functional equation

o +y) + el —y) =2¢(x) +20(y)

for o(z) := log f(z), whose continuous (nontrivial) solution ¢(z) = az? (a is
an arbitrary real constant) is known. But we will determine the continuous
solution of (1’) in the case f(0) = 1 directly from this equation without
using the log-process. With x = y = t we have f(2t) = f(t)* With

x =2t y=twe have f(3t)f(t) = f(2t)2f(t)?, f(3t) = f(2t)2f(¢), because
f(t) > 0. Therefore, f(3t) = f(t)° and so on, we obtain f(nz) = f(z)"
With z = 1/n, we have f(1/n) = f(1 )1/” , because f(1) > 0. Finally,
f(m/n) = f(1)m/ m* and we obtained the values of unknown function on a
dense set (see [1]). By continuity, f(z) = b b= f(1) > 0, f(z) = e,
where a is an arbitrary real constant. The case f(0) = —1 can be reduced
to the previous case with g(z) = —f(z) also satisfying (1’).

2. Now we consider the functional equation for a continuous function
iR —C,

(1) f+y)flz-y) =f@)?’f(y)?*, zyeR.
With f(x) = u(z) + iv(z) we obtain the system of equations
uw(@ +y)u(z —y) —v(@ +y)v(r —y)
= (u(z)? = v(@)?) (u(y)® = v(y)?) — 4u(z)v(z)u(y)v(y),
u(z +y)v(z —y) + u(z — y)v(z +y)
= 2u(z)v(z) (u(y)® — v(y)?) + 2u(y)o(y) (u(z)® —v(z)?),

where u,v: R — R are continuous functions. With x = y = 0 we obtain

{U(O — (u(0)2 — v(0)2)? —4u(0) v(0)2,
mm)m) = 4u(0)v(0) (u(0)? — v(0)?) .

(2)

(3)

The real solutions of (3) are
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The first solution of (3) leads to the trivial solution of (2), i.e. u(z) = 0,
v(xz) = 0, and therefore f(x) = 0 for (1”). By squaring and addition in (2)
we find
[u(@ + ) + v(@ + )] [ul — y)* + v( — )]
= [u(@)® + v(2)*]? [u(y)* +v(y)*]*.
Therefore, with g(z) = u(x)? + v(z)? we obtain the functional equation

(1"), g(0) = 1, in the both cases u(0) = 1, u(0) = —1.

202

Consequently, u(z)? + v(z)? = 22"

<U(f€))2 (U(fﬂ))2
—2) + (=) =1.
eOﬁfE eocac
We put now u(x) = e**” cos w(z), v(x) = o’ sinw(x) and substitute
them in the first equation of (2). In this way we get

w(z +y) +w(@ —y) = 2kr £ (2w(z) + 2w(y)) .

In different cases we have:
“+7w(r)=pa?—kr, kez,

“—"w(x)=kn/3, kel
“47: It leads to u(z) = €®” cos(Ba? — kr) , v(z) = e**” sin(Ba? — k),
(4) f(z) = eloFiNa’

“—7: 1t leads to k = 3q, ¢ € Z, and therefore f(x) = +e2®” That is a
particular case of (4) with 8 = 0.

Remark 1. From (1) we get

‘ 2

(5) f@+9)||fz—v)| = f@) |f)

which represents the equation (1) for nonnegative functions. The solutions of (5)

Y

2
are ‘f(m)’ =0, |f(x)| = e | where a is an arbitrary real constant.

With f(x) = ’f(x)|ez arg £(2) we obtain

arg f(z +y) +arg f(z —y) = 2arg f(z) + 2arg f(y) + 2k,
arg f(x) = ba? —kn, f(z) = Lelatib)z®
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In this way we avoid the second case of the functional equation for w(x)
(=)

Therefore, the continuous nontrivial solution of (1) for the complex func-
tions of real variable (equation (17)) is f(z) = +e?*’, A is an arbitrary
complex constant, A =a +1ib, a,b € R. This solution was expected in view
of the above cited result for (1), but here we have obtained this result inde-
pendently using elementary methods and functional equation techniques.

3. A new situation occurs in the case f:R — A, where A is a finite—
dimensional real algebra with other elements satisfying the equation

(6) £(0)* = f(0)*

besides the zero and the unity. In this case we have besides the trivial
solution (corresponding to the solution f(0) = 0 of the equation (6)) and
a “regular” solution (corresponding to the root f(0) =1 of (6)), also other
solutions corresponding to the other roots of (6), named “singular solutions”
(the norm of these solutions are equal to the zero). For example, let A3 be
an algebra of the real square matrices of the form

SO Q
o o
QL 0O

(a subalgebra of the complete algebra of square matrices of third order
M3(R)). This algebra is isomorphic with the algebra of “hypercomplex”
numbers a + 0b + 0%c, 62 = 1, used by Lagrange in the solution of the
algebraic equation of third degree (see [6]).

Now, we consider the log—quadratic functional equation for f:R — Ajs,
f(x) = a(z) + 0b(x) + 0%c(x), (a,b,c:R — R are continuous),

(1) fat+yfle—y) =f@)?fy)?, fR—As.

As in the previous cases we have

(7) £(0)* = £(0)*,

but now we have seven distinct solutions of this equation
. . . 1 . 2 1 1
J1=0, ja3==%1, jas :i§(1+9+92) ; 36,7:i<§ - §9— §92> :
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Multiply (1) with 1 4 6 + 62. It gives

(a(z+y) + bz +y) +clz+y)) - (alz —y) + bz —y) + c(z — y))
= (alz) +b(@) + (2))” - (aly) + b(y) + e())”,

ie. (6):
0,
a(z) + b(x) + c(x) = {

+ere” |

Denoting A} = {a + 0b — (a + b)§* | a,b € R}, we can establish an
isomorphism between A} and C considered it as a real linear two—dimensional
algebra by

V3

3
a—|—9b—(a—|—b)92—>§a+i7(a+2b).

In view of this isomorphism the equation (1) in the case f(0) = +3(2—
0 — 62) reduces to

ol +9) + 200z +9))]

§a(ach )+
2 4 2

[Batw - )+ (ala =) + 20z - )]

2
~[Batwy +1 2 (atw) + 2060)] " [Bat) + 5 % ) + 20)]
Therefore
ga(x) i ? (a(x) +2b(z)) = FelotiD,
a(z) :j;% az? cos fx?,
(8) b(x) ::F%ea‘” cos Bx? + \/5 e’ sin Bz?,
c(x) ( )+ b(x ))

This is a solution corresponding to f(0) = £3(2 — 6 — 6%).
We denote A3 = {a + b+ 92(1675@ —a—0) ‘ a,b € R}, where v is an
arbitrary real constant, and x; is fixed if a and b are given.
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The mapping

3 1 3
a—{—@b—l—@z(:lzew? —a—"b) — 50 F 567“7? +i§(a+2b$e'm?)

represents an isomorphism between A} and C. Based on this isomorphism
we obtain

1 = ) o
ga(:’v) :F _e’YCE + Z é(a($) + 2b($) :F e,yw ) e ie(a+zﬁ)x .

2 2
Therefore
a(z) = :l:%e”z + %e‘”Z cos Bz?,
9) b(x) = :l:%eWcz F %e‘”z cos 2 & %ewz sin B2,

olz) =+ — (a(z) + b(z)).

This is a solution of (1) corresponding to f(0) = £1. In the case f(0) =
+4(1+ 6 + 62) from the relation f(z)? = f(z)?f(0)? (obtained with y = 0)

it gives
2

a(z)? + 2b(z)c(z) = (a(z) +b(z) + c(z))”,
c(x)? 4+ 2a(x)b(z) = 3(a(x)+b(z) + c(z) )2 ,
b(z)? + 2a(z)c(z) = 3(a(x) +b(z) + c(z) )2 ,
consequently a(x) = b(x) = c¢(z). Then we have f(z) = a(x)(1+ 60+ 62) and

3a(z + y)a(z —y) = 27a(z)%a(y)?.

Hence
1 =
(10) a(x) =b(z) =c(x) = igew .
Thus, this is the solution corresponding to f(0) = +£3(1 + 6 + 6%).

4. Following Hille-Phillips book [5] the continuous solutions of

fR=A, flx+y)=f(2)f(y),
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are given by
+o00 o
(1) fe) =i+ 3 A

where A4 is Banach algebra, j is an idempotent of A and A is a constant
from this algebra such that Aj = jA = A.

We will show that the solutions of (1”) can be represented in the form
given by (11), putting 22 instead of .

For the solution (10) we have A = §(1+6+6?), where ¢ is a real constant,
(1460 + 6% = 3""1(1 + 0 + 62). Substituting in (11) we get

(z*)"
n!

(35)n$2n

n!

M8

Fz) = é(1+9+92)+[ 31140+ 6%)0")

n

M T

1 1 >
:§(1+0+92)[1+ }:5(1+9+92)e351 :

1

3
Il

With 36 = v we obtain (10). (The function — f(z) also verifies the equa-
tion (1").
In what concerns the solution (8) we have A = § + 0 — 6%(§ + ). Hence

- %0 - %92 + (6 +¢e0 —0°(6 +¢))a?

(6+eb— (5+6)92)21’4 + é(5+69 — (6 —|—6)92)3x6 +-
ie.

2 1
f(z) = [g +da? + (6% — 26¢ — 2%)a

+%(53+€3—655(5+5) — (5+5)3)x6+...]

1 1
+9[—§+ez2+§(52+455+52)x4+~--]
1

_92[3

+(5+5)x2+%(262+26€—€2)w4+~--].
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Putting § = %a, €+ %(5 = %, €= —%OH— %, we have

_ 2.2 o 1o o4 3.2 5 20 5
f(a:)—3+3a:v —i—3(oz B°)x 2( 57 —I-gﬂ a)r’ +
1 1 1
+9[—§+sx2+5(52+455+52)x4+5(63—e3+3525)x6+---}
1 1
— 0? [§ + (6 +e)x® + 5(252 + 20e — &%)t
1
+§(53—53—3525)x6+---],
ie.
2 2 1 1 1
flz) =4 Zar?+=(a®> =)zt + (a2 — =af?)ab + - +0(...)+6%(...)
3 3 3 9 3
and
2 2 1 1 1
a(z) = 3 + gozacz + g(a2 — BHat + (§a3 - gaﬁz)xG +--
_ 2 I BT NS S S ST A
—3(1+aa: +2(a B)x +(6a Qaﬁ)a:—l— ),
ie.

2
a(x) = gea””Q cos Bz .

After some calculations we obtain (8) (taking into account that — f is also
solution of (1")).

In the case of “regular solution” (9) corresponds to f(0) = 1 (unit element
of algebra), the condition A5 = jA = A from (11) left the constant A

arbitrary ,
A=6+0s+wh”.

We have

A? = 6% 4 2ew + O(w? + 20¢) + 6%(e? + 26w),
A% =63 4+ &% + W + 66w + 30(2w + 0% + w?0) + 302 (20 + 62w + wie),

and
f(x) =1+ 62% + %(52 + 2ew)z? + é(ég + &3 + w? + 66ew)a®
+30(%w + 6%¢ + w?d) + 36%(€20 + 6w + w?e) .
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Putting
§ =2a+37,
o =ly-lat &0,
v =—fa- b+,
we obtain

2 1 1 1 1
a(z) =1+ <§a+§7> z? + <§a2—§52+672> a4
1 2
— e 4 geam2 cos B2 .

3

Finally, with some calculations we obtain that the solutions of (1””) can
be represented in the Hille-Phillips form with 22 instead of z. (Further we
take into account that —f is also solution of (1"”)).

Remark 2. One can directly verify that the Hille-Phillips series

. n
fl@)=7+ Z e
n=1

satisfies the log—quadratic functional equation

fa+y)fl@—y) = f@)2f(y)?°

for functions f:R — A, where A is a Banach algebra.

In this paper we have obtained via functional equation elementary tech-
niques the continuous solution of a system of functional equations which
cannot easily be obtained in finite terms from the above general result.

Remark 3. In the case of A3 the solutions of the log—quadratic functional

equation (1) can be expressed in finite terms with aid of so called functions of P.
Appell (see [2], [3]).
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