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Abstract. We introduce an useful general representation of {2}-inverses
of an arbitrary real matrix A. This representation is based on the compu-
tational scheme Wl(WQAWl)_1W2, where W1 and Wy are two appropriate
matrices, such that Wo AW is invertible matrix which satisfy the condition
rank(Wo AW7) < rank(A). In the case rank(W2AW7) = rank(A) we obtain
well-known general representation for {1, 2}-inverses of A. Using this general
representation, we generate two representations of {2}-inverses by means of the
Jordan canonical form and the rational canonical form of the matrix Wo AW7,
respectively. Introduced representation for {2}-inverses can be simply reduced
to analogous representations of {1, 2} inverses.

1. Introduction

The set of m x n real (complex) matrices whose rank is r we denote by
R>m (C*™). By O we denote the zero matrix of an appropriate size, and
by I the unit matrix of the order k. With A, and A, we denote the first k
columns of A and the first k rows of A, respectively. Similarly, A and AE
denote the last & columns and the last k& rows of A, respectively.

For any matrix A € C™*" consider the Penrose’s equations:

|k

(1) AXA=A, (2) XAX=X,
(3) (AX)T=AX, (4) (XA)T=XA4,
where * denotes conjugate and transpose matrix. If m = n we also consider

the equation
(5) AX =XA.
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For any sequence S C {1,2,3,4,5} the set of matrices satisfying the condi-
tions contained in S is denoted by A{S}. A matrix G in A{S} is called an
S-inverse of A and is denoted by A(®). The unique {1,2,3,4}-inverse of A
is said to be the Moore—Penrose inverse of A. In the case m = n, the group
inverse, A%, of A is the unique {1,2,5}-inverse of A.

For the sake of completeness, we present a brief description of the rational
canonical form and the Jordan canonical form (see for example [4], [11]).

The rational canonical representation of A € R™*™ is given by

A=TBT'=T(B1®---®B,)T !,

where the blocks B;, 1 < i < p are the companion matrices of elementary
divisors

t" +al, t" T L+ alt +af

of the minimal polynomial of A:

0 0 0 —aé
1 0 ... 0 —at .
1 0 —g
B,=1|0 1 ... 0 —ak = |: a_Q] c RMixXmi
Hmi—l _a’L
0 0o ... 1 —a’;niil

In this formula the vector aé contains the following elements:

- ay
al = ., 1<i<p.
aﬁni—1
We can suppose, without loss of generality, that the blocks By, ..., B, are
invertible, i.e. a} # 0,4 =1,...q and the blocks Byt1,..., B, are singular,

e al=0,i=q+1,...p ([4], [11]).
For A € R"*" let A = TJT~! be its Jordan canonical representation.
Then, the block diagonal matrix J can be represented in the form

J=5h® - DS DJ1 D - D Jp,

where Jy, ..., J; are lower Jordan and nonsingular matrices, and Jiy1,. .., Jp
are lower Jordan and singular ([4], [11]).
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The plan of this paper is as follows. We derive the following general
representation of {2}—inverses of an arbitrary real matrix A € C"*"™:

A2} = (Wi (WoAWq) "W 1 Wi € Cy*1, WyecCim,

(1.1) rank(Wo AW7) = ¢ < rank(A)}.

In the case rank(W;AW;) =rank(A) we obtain well-known general repre-
sentation of {1, 2}-inverses of A.

In section 3. we investigate computations of generalized inverses by means
of the introduced general representations and the rational canonical form or
the Jordan canonical form. In the paper [6] we introduce an explicit block
representation for {1}—inverses and the group inverse of a real square matrix
A, using the rational canonical form B = T~YAT. In [6] we use the following
idea in computation of an arbitrary {1}-inverse of A: compute an arbitrary
{1}-inverse Z € B{l1} of B, and then use the similarity transformation
X = TZT7! to obtain X € A{1}. Generalized inverses Z € B{1} are
generated by splitting the matrices B and Z into the corresponding blocks,
and solving the corresponding matrix equations.

Also, representation of generalized inverses of a square matrix A in terms
of its Jordan canonical form is the well-known method ([2], [3], [5], [9], [10]).
In the papers [3], [9], the corresponding results are obtained by splitting the
matrices A and X into the corresponding blocks and solving the correspond-
ing matrix equations.

In this paper we use a new algorithm, applicable to arbitrary, rectangular
or square, real matrices. Instead of the rational canonical form (the Jordan
canonical form) of A, we use the rational canonical form (the Jordan canon-
ical form) corresponding to Wy AW;, where Wi and W, are matrices of the
corresponding dimensions, such that Wy AW, is regular matrix of an arbi-
trary order ¢ < rank(A4). Then we compute (WyAW;)~! by inverting the
corresponding companion submatrices or the corresponding Jordan blocks.
Finally, an arbitrary {2}-inverse of A can be computed using the matrix
product Wl(WgAT/Vl)_le, according to the introduced general representa-
tion of {2}-inverses.

Introduced canonical form representations of {2}—inverses can be simply
reduced into the corresponding canonical form representations of {1,2}—
inverses, without solving the equation (1).

2. General Representations

In the following lemma we obtain general representation of reflexive g—
inverses for complex matrices, using full-rank factorization.
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Lemma 2.1. Let A = PQ be a full-rank decomposition for A € C™*",
Also, let W1, Wy be arbitrary nxr and r xm matrices, respectively, satisfying

(2.1) rank(QW1) = rank(Ws P) = rank(A),

and U, V are m x m and n X n matrices, respectively, such that
(2.2) rank(QV Q") = rank(Q), rank(P*UP) = rank(P).
Then

(2.3) X=VQ*(QVQ*) (P*UP) 'P*U & X=W1(QW1) (WP)"'Ws.
Also, X represents the general solution of the equations (1), (2).

Proof. Using the results from [8] (Theorem 2.1.1 and Lemma 2.5.2), one
can proved that X € C"*™ is reflexive g—inverse of A if and only if it can
be expressed as

X =vVQ*(QVQ*) Y (P*UP)'P*U.

To complete the proof we prove the equivalence in (2.3). It is evident
that X=VQ*(QVQ*)"(P*UP)~'P*U implies X=W1(QW1) 1 (W P)~1W,.
On the other hand, the equation X = W;(QW;) 1(WoP) W, implies
X =VQ*(QVQ*) Y (P*UP)~'P*U, because of consistency of the equations
W1 =VQ* and Wy = P*U. For example, the matrix equation Wy = VQ* is
consistent if and only if V(Q*)MQ* = V, for some (Q*)(!). Observe that in
the place of (Q*)(l) we can use an arbitrary left inverse of Q*. O

In the following theorem we introduce a general representation of {2}—
inverses of a given real matrix.

Theorem 2.1. For A € C"*" the set A{2} is equal to
(24) {Wl(WQAW1)71W2 : Wi e crxt , Wh € (Ctxm’
rank(Wo AW7 )=t < r}.

Proof. Consider an arbitrary {2}-inverse X of A. According to [8](The-
orem 3.4.1), it can be represented in the form X = C(DAC)"? D, where
C e C"" D € C"*™ are arbitrary, and rank(X) = rank(DAC). Let
rank(DAC) = ¢ < min{u,v} < r. According to Lemma 2.1, we get the
following representation for X:

X=CF(HDACF) 'HD, FcC", Hc C™, rank(HDACF)=q.

After the substitutions CF = Wy, HD = Ws, it is easy to verify that X is
an element of the set defined in (2.4).

Conversely, it is an exercise to verify that an arbitrary element from the
set (2.4) satisfies the equation XAX = X. O
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3. Application of Canonical Forms

Using general representations and the rational canonical form of the ma-
trix Wy AW, we develop a rational canonical form representation of {2}—
inverses.

Theorem 3.1. Let A € R™*", and let W1, Wy be arbitrary n x q and g X m
matrices, respectively, such that rank(WoAW;) = ¢ < rank(A). Suppose
that the rational canonical form of Wo AW7 is equal to

W2AW1 = TBWzAwlTil = T . BWgAW1 . Til - T . Bl @ ttt @ Bt . Til I

©) Y
where blocks B; = [H a_g] are of the order m; x m;, it =1,... ,t.
mifl _a’L

Let the matriz U = Wh'T is divided into the blocks Unp of the order mq x mg,

((Zj ’f), and the matriz V = T~ W, is partitioned into blocks Vys of the

order m~ X msg, (gii’ ’Z) Then (o, B) block G4 g from {2} —inverse G of

A corresponding to W1 and Wy can be represented as follows:

(3.1) Gap = i<_i’7 ((Uow)mw1m+(Ua7)1>(VVﬁ)ﬂ’(Uav)mw1|(Vvﬁ)—)

Q, m~—1
y=1 0

foreacha=1,... ,p,8=1,...,s.
In the case ¢ = r block Gop, defined in (3.1) represents the corresponding
(e, B) block from G € A{1,2}.

Proof. According to Theorem 2.1, G € A{2} if and only if G can be
represented in the form G = Wi (WoAW,)~1Ws,, where Wy € C"*4, W, €
C9*™ and rank(WoAW7) = ¢ < rank(A). The matrix Wy AW; is regular,
which implies the following [1]:

(WoAWy) ™t =TBy! 4, T ' =T (Bi'®---aB )T,

Applying G = Wy (WoAW) "1 Ws, we get G=U (By '@ --- @ B; ') V.

It is easy to verify

7%59 Ly —1

B;lz 5 9:1,,t
L O

ag
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Consequently,
UanyBy " = [(an)mwfu Uay)py ] - 1
—a O

= [_é((Uav)nw_um'F(Ua'y)u) (UO‘"V)"“{—I\} , vE{l,...,t}.

Now, an arbitrary («,3) block in G, denoted by G,g, can be computed as
follows:

7; (V’Yﬁ)l
(GRS ETR I

= Zi: (—% ((Ua'y)mw—lx a’l+ (an)\1> (V'Vﬁ)l—’_(Ua’Y)nw_u (V’Yﬁ)—> '

may—1|

In the case ¢ = r, According to Theorem 3.1, Theorem 2.1 and Lemma
2.1, we conclude G € A{1,2}. O

The same principle can be used in representations of {2} and {1,2}-
inverses in terms of the Jordan canonical form.

Theorem 3.2. Let A € R"*"™, and let W1, Wy be arbitrary nx q and ¢ xm
matrices, respectively, such that rank(WoAW;) = ¢ < rank(A). Suppose
that

Jwoaw, =1 @ --- D J;

1s the Jordan canonical form of Wo AW7, where the lower Jordan blocks J; are
of the order m; x m;, i = 1,... ,t. Let the matriz U = W1 T is divided into

the blocks Unp of the order mq xmg, (‘;i »f ), and the matriz V. =T"1W,

is partitioned into the blocks V.5 of the order m. xms, (gji) Also,

let (i,)th element of (o, 8) block in U and V is denoted by u?jﬁ and vf‘jﬂ,
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respectively. Then (i, j)th element of the («, 3) block from an arbitrary g—
inverse G € A{2} can be represented as follows:

t my k

1
B _ k-1 B
(3.2) giaj —E E ,E :“?l’y(_l) Ak_m% )
v

y=1k=11=1
a=1,...,p i=1,... Mgy
(,8:17...,3) ) (j:l,...,mﬁ) y TS >t.

In the case ¢ = r, the real number giajﬁ, defined in (3.2), represents the
corresponding (i, j)th element contained in (o, 3) block from G € A{1,2}.

Proof. The matrix Wy AW is regular, which means the following ([1]):
(WodW) ™ =TTy T =T (J7 ' @@ )T7 .

An application of Theorem 2.1 gives G = U JV_Vi aw, V-
It is easy to verify the following;:

Consequently,

J
(Uo7 = D0y ()™
=1

The (o, 3) block in G, denoted by Gz, is equal to

t
—1 =1,...,
Gap = Unndy WVag, (5577)
y=1

Now, for arbitrary i € {1,... ,mq}, j € {1,... ,mg}, we obtain
t t My
B _ -1 _ -1 Ié]
= (05 50) =N s
y=1 i =lhk=1
my k 1
_ k—1 B8
B )3 DU R
y=1k=1I=1 2

Using the result of Theorem 3.2, we obtain representation of an arbitrary
element from G € A{2}.
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Corollary 3.1. Under the suppositions of Theorem 3.2, the elements from
G € A{2} can be represented as follows:

Imo+mi+...4ma_1+i,mo+mi+...+mg_1+j

t My k
= E E § Umo+mi+...4Mma—1+%, mo+mit...+my_1+1

y=1k=1I=1

)kfl 1

x (-1 R Vot mat b o motmat b mg g
k

foreacha=1,...,p,8=1,...,s5,i=1,... ,mqandj=1,... ,mg, where
m0:0.

Proof. The proof follows from Theorem 3.2 and from the following fact,
valid for arbitrary (i, j)th element inside of any («, ) block in a matrix H:

_ paB _
(Ha,ﬂ)ij - hz’j - hmg+m1+...+ma,1+i,m0+m1+...+mg,1+j . 0

4. Conclusion

We can suggest at least four advantages contained in our approach in
representations of {2} and {1, 2}-inverses:

1. Simplification of derivations used in [3] and [6], which are based on
adequate splitting of the matrices B, Z and solving corresponding system of
matrix equations. Moreover, the splitting technique used in these papers is
valid only for the set of {1, 2}-inverses of square matrices. Also, the method
used in [3], [6] and [10] is not convenient in solving of the matrix equation
(2) without the matrix equation (1).

2. The method developed in Section 3. is applicable to arbitrary, square
and rectangular, real matrices.

3. Introduced representation for all the reflexive g—inverses can be simply
reduced into the corresponding representations of different classes of gener-
alized inverses, without solving the corresponding set of matrix equations,
contained in (1)-(5). For this purpose we can use the following general
representations of different generalized inverses:

Proposition 2.1. If A = PQ is a full-rank factorization of A and W, €
Crxr, Wy € C™*"™ satisfy the conditions (2.1), then:
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general solution of the system of matriz equations (1), (2), (3) is ([8])
W (QW1) " (P*P)~ ' P* =Wy (P*AWy) "' P*,
general solution of the system of matriz equations (1), (2), (4) is ([8])
Q1(QQ") T (W2P) Wy = Q*(W2AQ") ' Wa,
and the Moore—Penrose inverse of A is equal to
AT = Q*(QQ*) " (P*P)~'P* = Q*(P*AQ*)~'P*.

4. General representations of {2}-inverses, introduced in Theorem 2.1, is
practical and universal pattern for computation of generalized inverses. But
it is also of interest a theoretical power of these representations.

5. Examples

Example 5.1. Consider

3 5 1 2
A—0—2—11}
and
1 0
_ 10 1 _[1 0
Wl—()o’W?—{o 1}
0 0

(2)}, T:[é _H.Thisimplies

It is easy to verify Jy,aw, = [g

U=WT= , V:T*Wz:[é H

OO
OO

According to Theorem 3.2 and Corollary 3.1, the elements g;; of the reflexive



10 Predrag S. Stanimirovié

g—inverse of A can be computed as follows:

= =u iv + U9 —v —1-

g11 = 911 = 11>\1 11 12)\2 21—3,

12— =u ! V11 +u ! Vo9 = 5'

g11 = 912 = 11)\1 11 12)\2 22—6,

i = =u lv +u 1v =0;

g11 = 921 = 21)\1 11 22)\2 21 = U;

= =u iv + Ugo—v ——1'

g11 = 922 = 21/\1 12 22)\2 22 = 5
1

31

= = U31—V11 + Usa~—V21 = 0;

gi11 = 931 31>\1 11 32)\2 21

32 1 1

911 = g32 = U31 V12 + Usa—v22 = 0;
A1 Ao

a1 1 1

11 = g41 = U41 V11 + Us2—V21 = 0;
A1 A2

1
913 = gag = Us1 — V12 + Usg~—V22 = 0.
A1 Ao

Example 5.2. In this example we compute the reflexive g—inverse of the

matrix
23 -2 4 8
A= [ 4 20 5 O]
-2 8 20 2
determined by the following two matrices

10 0

10 0

wy=19 10 w,—10 1 of.

00 1 05
00 0

The Jordan matrix for Wy AW; and the corresponding similarity matrix are

27 0 0 1 ) 2
Jwoaw, = | 0 18 1 , T= [2 1 —2} .
0 | 018 2 -2 1
Consequently,
1 2 2
2 T —2 . L] 2 2
U=WT= , V=T"Wy==12 1 =2
2 —2 1 9
0 0 0 2 -2 1
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According to Corollary 3.1, we get

2 msy ]
_ 1
QH =Jg11 = Z Z Zulym0+~n+m771+l(_]‘)k lwvl,moJr”.erA,,lJrk,l
y=1k=1k=1 2
2
1 1 9y 1
= U1 )\—12}11 + u12 )\—27)21 + IZ; uy,141(—1) WUHM
1 n 1 1 n 1 1 10
= U1]—V U1 — V2] — U12—5 7V U3 —V3] = — + — .
11 Y 11 12 Ay 21 12 )\% 31 13 A 31 31 3
Similarly,
1= =u iv +u iv —u iv +u iv —ig
911 = 912 = U11 N 12 12 A 22 12 )\% 32 13 Ao 32 = 81 3’
22 _ =u iv +u iU — U iv +u iv —i E
911 = g22 = U21 Y 12 22 A 22 22 )\% 32 23 A 32 = 31 3
2= =u iv +u iv —u iv +u iv —i- —1—1 ;
912 = 923 = U21 N 13 22 A 23 22 )\% 33 23 Ay 33 = 31 12/
22 = =u iv +u iv —u iv +u iv —i E
goo = g33 = U31 Y 13 32 A 23 32 )\% 33 33 Ay 33 = 31 3
82 — =u iv +u iv —u iv +u iv =0
g12 = 943 = U41 Y 13 42 A 23 42 )\% 33 43 Ay 33 = U.

Continuing in the same manner, we obtain

- 10 2 5 -
3 3 6
1| _s 13 11
A02) — — 6 3 12
81
2 _5 13
3 3 3
L O 0 0
Example 5.3. Consider
2 1 0 0 -5
0 2 1 0 0
A=|0 0 2 0 3],
o0 o0 2 4
3 4 -3 -1 1
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1 0 0 0O 1000
01 0 00 0 100
Wy = , Wi=1]0 0 1 0
0 01 00O
000 10 0001
00 0O
The rational canonical representation of the matrix
21 00
0 2 10
WeAWi=14 o 2 ¢
00 0 2
is determined by the matrices
0 0 8 1|0 0 010
1 0-12 |0 01 40
B=biob=\g 1 6 |0 |» T7]1 2 41
00 0 |2 00 0 1
Using
12 8 0
Bi'=|-6 0 8|, By'=[3],
1 0 0
0 0110
01 410
UleT:[g” gm]: 1 2 4]0 |,
21 U2 000 |1
0 00O
4 -2 1 0 |0
_ Viin. Vi 'V -4 1 0 0 |0
=1y | Y11 Viz Viz|
V=T W2_{v21 Vi VQ:»,]_ 000 |00
0 00 ]([1]O0

According to Theorem 3.1, we obtain the following {2}-inverse of A:

g11 912 4913 g14 gis5

G:[Gll Gz G13] 921 922 923 | 924 | 925

Gor Goy Gos =1 931 932 933 934 g35

941 942 g43 944 945
gs1 gs2  gs3 |954 |955




ie.,

10.
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42 100
Lloa 20 0
G=-100 4 0 0
8100 0 4 0

00 00 0
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