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COMPLEXITY FOR SOME CLASSES OF
EQUATIONS OF THE SECOND KIND

S. G. Solodky

This paper is dedicated to Professor D. S. Mitrinovié¢

Abstract. For some classes of equations of the second kind in Hilbert space
the exact power order of complexity of the approximate solution is found. We
establish that the optimal power order is realized by iterative methods, which
use the Galerkin information with numbers from the hyperbolic crosses. These
results allow to obtain the exact order of complexity for a class of Volterra
equations with differentiable kernels.

Let {e;}$2, be some orthogonal basis in Hilbert space X, and let P, be the

n

orthogonal projector on span{e,es,... ey}, i.e. Poo = Y. ei(e;, @), where
i=1

(+,-) is an inner product in X. We denote by X", 0 < r < oo, the linear

subspace of X such that for any m = 1,2,..., [ — P,||xr—x < G:n™ ",

where [ is the identity operator and the constant (3, is independent on m,
and for all ¢ € X", [l¢]x < ] x--

Moreover, let £(X, X") be the space of linear and continuous operators
H acting from X to X" with usual norm. We denote by W3, 4 the class of
uniquely solvable equations of the second kind

(1) z=Hz+f,
where H e H C L(X,X") and f e ® C X".
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We shall investigate the complexity of finding approximate solution of Eq.
(1) for some classes Wy, 5. The formulation of the problem and terminology
are borrowed from [1], [2].

Let T = {4;}, be some collection of continuous functionals d;, of which
01, 02, ..., 0, are defined on the set H and 6,41,...,d,, on the set ®,
card (T') = m,

Ty =A{T : card(T) < M} .

To each Eq. (1) of Wy, 4 we assign the numerical vector

(2) T(H,[) = (01(H),02(H), .., 0,(H), 0u11(f)s -+ 5 m(f))

which we call the information of Eq. (1), and the collection of functionals T’
will be called a method of specifying information.

By the algorithm A of an approximate solving of equations from W7, 4 we
mean the operator assigning to information (2) as an appropriate solution
of Eq. (1) an element A(T, H, f) € X. We assume that every algorithm A
connected with the parametric set of elements

Fa = {9051,52,‘..,& D Pe 6,8 € X, & emh, 1=12,... vn}

and A(T, H, ) = ¢¢, ¢5,... & € Fa, where value &, i = 1,2,... ,n, depends
on the components of the vector T'(H, f) and for calculation of these values
it is required to execute only finite number of arithmetic operators (A.O.)
on the 61(H),02(H),... ,0,(H),0,41(f),...,0m(f). We denote by An(T')
the set of algorithms A in which it is required to execute no more than N
A.O. on the components of the vector (2) to determine A(T, H, f) € Fj.
In considering algorithms of An(T) it is natural to suppose that T' € Ty,
for M < N. Otherwise, any algorithm of Ay cannot utilize all information
represented by the components of the vector (2). The error of the algorithm
A on the class U7, 4 is defined as

(Ve A) = sup |z— AT, H, f)llx.
z=Hz+f
HeH, fed

The quantity

T _ 4 3 T
b (\IJH’CD) B TIEH;M Ae}a{lzf(T) ‘ (\IIH’CI)’ A)
M<N
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is the minimal error, which we are able to guarnatee on the class Uy, 4 after
the execution N A.O. on the informational functionals §;. Thus, the quantity
En characterizes the complexity of approximate solving of equations from
VY e

Let IIy be the set of all continuous maps 7 from X" into N—dimensional
Euclidian space Ry. Moreover, let 71 o () be an inverse image of element
() € Ry, ¢ € X". The quantity

ANn(X5, X) = inf sup sup  [If —glx
TN peXy fgen—lon(p)

is called [3] a pretabulated width of the set
Xo={p:ve X' |pllx <d}.
The next lemma ascertains a connection between En (¥}, 5) and the pretab-

ulated width An (X}, X).

Lemma 1. ([4]) Let H be some set of the operators H € L(X, X") for which
[H||x—xr <1, |(I = H) x—x <72 Then

1
Ex(Via) = 5 An (X5, X).

where d = (1 + )71,

Now consider the set of methods for specifying information which we call
the Galerkin information. The so-called Galerkin method of approximate
solution of Eq. (1) reduces to the situation where to Eq. (1) there is assigned
a uniquely solvable equation

zg = PyHzg + Po.f,

and zg is taken as an approximate solution of (1). It is clear that zg =
n

> miei, where unknown coefficients 7; will be found from the following sys-

=1

tem of linear equations

i = an(eiaHej) + (eivf) .
j=1
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Thus, in the Galerkin method, to construct the approximate solution z¢g it is
necessary to have the information (2), where 6;(H) = (e;,, Hej,), ... ,0,(H)=

(i, Hej, ), 0u41(f) = (€iprns f)y--- s 0m(f) = (€i,,, f). Information of this
type we call the Galerkin information.

Denote by W2® the calss of Eq. (1) whose free terms f belong to the ball
X7 and operators H belong to the class

HY® = {H : He L(X,X"), H € L(X,X?), |H|x=xr <7,
I = H) ix—x <72, [H [[x-xs <73}
Note, that the complexity of classes W7:* was investigated already in [4],

but in [4] one assumed that s < r < 2s. Our purpose is to find the exact
power-order of the complexity for the whole scale of classes W7*.

Let us introduce some notation: we write a,, < b,, if there is a constant
co such that for all n > ng a,, < cob,. We write a,, < b,, if a,, < b, and
by, < ap.

Let I',,, be the set of the form

T, = {1} x [1,2%™] U (2771,27] x [1,22m9] .

We consider the method of specifying information T, determined by
Galerkin functionals (e;, He;) with numbers from I',, Namely, T(H, f) is
Galerkin information of the form

T (H, f) = ((e;, Hej), (ex, f); (4,§) €Ty k=1,2,...,2°™) .
It is easy to show that
(3) T € Ty, M =< m22™.
Let us assign to each operator H € HZ* the finite-dimensional operator

2m
H" = H"(H) := Y (Py — Pyy—1)HPy2—; + PLHPy2rn .

j=1
For each Eq. (1) we determine the sequence of elements

-1
(4) zZ0 = 0, Zk = Rk+1 + (I - HFPQn) (HFZk_l — Zk—1+ PQme) s
k=1,2,...; n=][2n/3].
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All these elemnts belong to the subspace span{es,es, ... ,es2m}. To con-
struct the element z; it suffices to have the information TL (H, f) and to
solve the equations

5[ — HFP27L5l (HFZZ_]_ _Zl_]_ +P22mf) 5 l: 1,2,... ,k;,
2y =21-1t+¢€.

The discrepancy ¢; is sought in the form

2’71
€ = Z%’Hrei +H 2y — 2121+ Ppn f
i=1
where the unknown coefficients ¢;, ¢ = 1,2,...,2™, will be found from the

following system of linear equations
27L
¢ =Y qiles, He;) + (ei, H 2o — 211+ Ppm f) , i=1,2,...,2".
j=1

Now we consider the algorithm A,,, from Ay (T%;) for which A,, (anl, H, f ) =
2k, , where k, =1, 1 —1 < 2r/s <1.

Theorem 1. If for the pretabulated width of the ball X we have the esti-
mate

(5) An(Xg, X) = N7,
then
(6) N~ < Ey (U5") < N""log""' N .

The algorithm A,, and Galerkin information TE (H, f), m2?™ < N, are
order—optimal in the power scale in the sense of the quantity En (\Ill;s)

The proof of Theorem 1 is based on the following lemmas.
Lemma 2. ([4]) In the algorithm A,,, to represent a solution
A (T H, [) = 2.,
where k. =1, 1 =1 < 2r/s <1, of any Eq. (1) of the class W* in the form

2 2m

Am (T;,H, f) = Zaiei,
i=1

it suffices to perform no more than O (m22m) A.O. on the component of the
vector T, (H, f).
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Lemma 3. For H € H2® and H" = H" (H) we have

(7) |H = H|[x o < 2720/ ),
(8) |H — H" || xrx <m272™.

Proof. First of all we note that for H € H’* and for any k =1,2,...,

(9) ”H_PQICHHX—)X §716T2_kra
|H — HPor||xx <730:27%.

Using these estimates, we obtain
(10) (P — Py )H(I = Pyrss)|x-x
S min{H(PQJ — P2J*1>HHX—>Xa HH(I — P22m—j)HX_)X}
{ 27Bm=I), 0 <5 < o,
< )
27Jr, jO +1< ] < 2ma

where jo = [2sm/(r+s)]. Since by virtue of the definition of H' the following
representation holds

2m
(11) PpwH —H" = (Pys — Pys-1)H(I = Pyn—y) + PLH(I = Ppon) |

Jj=1

taking into account (10) and (11), we have

Jo 2m
(12) ||Ppem H — H" || x_x < 22—(2m—j)s + Z 9—ir o 9—2rsm/(r+s)
7=0 j=jo+1

Reasoning similarly and using (10) and (11), we find

Jo 2m
(13) ||P22mH — HFHXT—>X =< 2727"m 272sm ZQj(rJrs) i Z 1
J=0 Jj=Jjo+1
< m272rm
The estimate (7) follows from (9), (12) and the inequality
|H — HY[x—x < |[H ~ Py H||x—x + | Py H — H | _x

In a similar manner, taking into account (13), we obtain (8). The lemma is
proved. [
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Lemma 4. For H e H,®, H' = H'(H) and n = [2n] we have

2—2rsm/(r+5) 7’/3 < 1/2
14 HT — H Py x—x < s> 1/2
(14) I o || x —x 9-2sm/3 r/s>1/2,

m2—27‘m 7“/8 < 1/2
15 HY — H' Pyol|xr— <{ ’ o1,
(15) I o || xr— x 272(r+s)m/37 r/s>1/2.

Proof. We prove relation (15) (relation (14) is proved in the same way).
It follows from (9) for H € H * that

||H - HP2n ||X’"~>X S Brﬂs'y32_(r+s)n = 2—2(T+s)m/3 .
Now from Lemma 3 we find

|H" — H" Pyn||xr—x < ||[H" — HPyn| xr—x + [|(H — H") Pyn || x~— x
<2||H — H||xr—x + |[H — HPsn | xr—x
+|H = H" | x . x|[I = Pyn|[xr—-x
=< m2—2rm + 2—2(T+5)m/3 + 2—2rsm/(1’+s)2—2rm/3 )

It means that we obtain the desired estimate. The lemma is proved. [J

Proof of Theorem 1. The required lower estimate (6) follows from Lemma 1
and (5).

To obtain the upper estimate (6), we calculate the error of the algorithm
Apm on the class W2, Let us assign to each Eq. (1) the equation

(16) Z=H"(H)z + Py f.

From relations (7), (14), and from the theorem on the invertibility of a linear
operator that is close to an invertible operator it follows that for H € H%*

17— H) Mix—x
(I —H)"Yx—x|[H-H|x_x

a7 I =H) Yxox < - <ei,

(7 —H) Yixx
[(I=H") =Y x—x [H' —H' Pon | x . x

(18) [[(I—H" Pon) "M xx < 1= < ca,
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where ¢; and ¢ are dependent only on 71,72, 73,7, s. Moreover, for H € H’*
and f € X7 there is the estimate

(19) ellxe = |H(I = H) ™ f + fllxe < mas+1.

Taking into account (8), (17), (19), we have

(20) 12— Zllx = (I — HY)™L (f = Py f + (H — H) 2) | x < m2~2""

Since for the solution Z of equation (16) there is the representation
F=zpa+ (I~ HY) ' (H 2po1 — 251+ Poan f)

by virtue of (4), for any k = 1,2,... , k., the following relation holds
k—1

21) F—z = ((I —H'Py) T (H - HFPQ,L)> (5—21) .

Let /s > 1/2. We put in (21) £k = 1 and by means of the Lemma 4 and
(16), (18)—(20) we obtain

12 = z1llx <o (I(H" = H" Pyn) 2|l x + | H" = H Pyn || x—x ||z = Zllx)
=< 272(r+s)m/3 )
Now if we set in (21) k = k., then analogously we find

Hg — 2 HX = 2—25k*m/3 2—2rm/3 < 9—2rm
From the last inequality it follows that

(22) [lz=Am(Tp,, H, Hllx = l2=20.|x < lo=Zllx +l|1Z—2p, x < m275™.

It is easy to see that if /s < 1/2 then the estimate (22) holds for k, = 1.
Using (3), (22) and Lemma 2, we obtain the upper estimate (6) for N =<
m22m

E(U5®) <e (VD% Ap) < N""log" "' N
Thus, the theorem 1 is proved. [

Now we consider the class \TJQ of Eq. (1) with free terms f € X] and
smoothing operators H from

R = {H : H W NLOCX™), |Hlxe e <)
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Denote by TG the method of specifying information, determined by Galerkin
functionals with numbers from the set

Gm = {1} x [1,2%™] U (2971,27] x [1,22m77] .
Let us assign to each operator H € ’HTY the finite—dimensional operator
= Z (ng — ngfl) HPs2m—i + PLHPo2m .
j=1

Further, we consider the algorithm A,, (Tg) in which as an approximate
solution of Eq. (1) from W! we take the element

2 (Ap) =20+ (I = HOPy) ™ (H%2 — 2 + Py f)
where z, is a solution of the equation

2
Zpn = HC Ponzp + Pozm f, n = [gm} .

Theorem 2. If for the pretabulated width of the ball X, we have the esti-
mate An (X}, X) = N7", then

N™"<Ey(¥]) <N "log" N.

The algorithm A,, and Galerkin information TS (H, f), m2*™ = N, are
order-optimal in the power scale in the sense of the quantity En (\Ifg)

Theorem 2 is proved in a way analogous to Theorem 1.

In conclusion of present paper we consider the Volterra integral equations
with differentiable kernels.

Let Lo be the space of functions which are square-summable on (0, 1)
with usual norm, and let W3, » = 1,2,..., be a normed space of contin-
uous functions f(t) whose f("~1) are absolutely continuous on [0,1] and
f) € Ly. Therewith || fllwy = | fllz, + [fT]lL,- We denote by x1(t),
X2(t), ..., Xn(t), ... the Haar orthonormal basis. Let S,, be the orthogonal
projector on span{xi, x2,.-.,Xn}- It is known [5, p. 82] that for f € WJ
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1f = SufllL, < n7"||fllwy. We consider the class Hy of integral operators
Hz(t) = fot h(t,7)z(T) dr for which

2 1/2

) dt dT) <70 .

Lot (1 on(t, )
ogl,iélih(“)H(/o I (\ ot
z(t):Hz(t)—i—f(t)E/O h(t, 7)2(r) dr + £(£)

2 |on(t,T)

or

2+ 9%h(t,T)
or?

y

We denote by Uy the class of the Volterra equations

whose free terms f(t) belong to the unit ball of the space W3 and H € Hy .
Note that

(23) Uy C \IJZ;

for X = Lo, r =1, X! =W}, X2 =W, P, = S, and some parameters
Y1 — v4 depending only on ~g.

Moreover, it is known (see [6, pp.220,247]) that
(24) An (W3 4, Lo) = N7,

where Wy ; is the ball of the space W3 whose radius is equal to d.

Thus, from Theorem 2, Lemma 1 and (23), (24) we obtain the following
statement.

Theorem 3. -
N™' < Ex(¥y) < N~ tlogy .

The indicated optimal order in the power scale of the class Uy is realized by
the algorithm A,, and Galerkin information TS (H, f), m2?™ < N, which
are constructed on the basis of Haar’s orthonormal system.
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