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ON THE SPARSE REPRESENTATION OF OPERATORS
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Abstract. We propose a new scheme of discretization for solving ill-posed
problems and show that combination of this scheme with Morzov’s discrepancy
principle allows to obtain the best possible order of accuracy of Tikhonov Regu-
larization using an amount of information which is far less than for the standard
discretization.

1. The aim of this paper is to describe an economical method for the
discretization of ill-posed linear operator equations of the first kind

(1.1) Az = f.

To construct this method we shall use the relations originally arisen within
the framework of Information-Based Complexity research [2], [3].

Let e1,e9,...,em,... be some orthonormal basis of Hilbert space X, and
let P, be the orthogonal projector on span {ej, e, ... ,e,}. We denote by
X" r=1,2,..., the linear subspace of X which is equipped with the norm

lellxr = llellx + Y 1D5¢llx

j=1
where D; are some linear operators acting from X" to X, and for any m =
1,2,...

(12) ||I*PmHX’—>X S CTm_T,
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where I is the identity operator and the constant ¢, is independent of m.
Following [4], we consider the class of operators

Hy = A Alxoxe + 1A xox + 31D A [xox- <7 ¢

j=1

where B* denotes the adjoint operator of B : X — X, i.e. for any f,g € X
(f, Bg) = (9, B*f).

As illustrated in [4], the space X" and the class H’, are a generalization of
the spaces of differentiable functions and of the classes of integral operators
with kernels having mixed partial derivatives.

Let us introduce some notation: If N(b) and M (b) are functions defined
on some set B, we write N(b) =< M (b) if there are the constants ¢,c; > 0
such that for all b € B ¢M(b) < N(b) < c1M(b). Moreover, for simplicity
we often use the same symbol ¢ for possibly different constants.

We shall study the equations (1.1) with A € H! and f € Range(A), i.e.
equation (1.1) is solvable, but we assume that only an approximation fs € X
to f is available such that ||f — f5||x <, where § is a known error bound.

The traditional approach to the discretization of the problem (1.1) lies in
the application of the Garlekin method. This means that instead of (1.1) we
consider now the equation

(1.3) PnAPx = P fs.

But if (1.1) is ill-posed in the sense of lack of continuity of its solutions
with respect to the data, regularization techniques are required for solving
(1.5). The most famous regularization method is the method of Tikhonov. In
Tikhonov regularization a solution of (1.3) and hence (1.1) is approximated
by a solution z ,; of equation

(1.4) ax + PA*P,,AP.x = PA*P,,fs.

Note that finding an element z ,,; reduces to solving a system of min,,
linear algebraic equations.

One of the most widely used strategy for choosing regularization param-
eter v is Morzov’s “discrepancy principle” [1]. Following [5], we shall con-
sider discrepancy principle in the form tailored for discretized version of
Tikhonov regularization and A € HI: Let 1 < dy < dz and Agisc = Pn AR,
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To = Tam,i. I ||Pnfsllx < did, then take o = 0 as approximation. If
| P fsllx > di6, then choose o > aumin = (ve,I7")? such that

(15) d16 < Hme5 - AdiscxaHX < d26

If there is no & > auyin, such that (1.5) holds, then choose o = aypin.

The usual discussion of order of accuracy of discretized regularization
methods for equations (1.1) is done under the assumption that the exact
free term f belongs to the set

AM, p(A) :=A{f : f=Au, ue M, ,(A)},

where M, ,(A) == {u : u = |A|Pv, |v|x < p}, |A| = (A*A)/2. Tt is well
known that in this case equation (1.1) has a unique solution oy € M, ,(A).
Moreover, from [6] it follows that z4s.(R, A, f5) is an approximation to the
solution of (1.1) obtained within the framework of some discretized regular-
ization method R then

1.6 inf  sup inf T — Taise(R, A, f5)|| x = 6P/ P+
(16) R ream, ,(A) fs:llf - f&llx<6 o ( i

Therefore in the sequel we shall consider the class 27 of equations (1.1)
with A € HI, f € AM,, ,(A).

2. The ensuing theorem allows to estimate the efficiency of traditional
approach to discretization (1.3), (1.4).

Theorem 2.1. [5] Let the parameter o be chosen according to the discrep-

ancy principle. If equation (1.1) belongs to the class eoP, 0<p <1, then

Haco - xa,m,l”X S dp <5p/(p+1) + [—rr + mfpr> s

where d,, is independent of 6, [, m.

Let us consider the following situation. We have the information that
equation (1.1) belongs to the class ®2'F for some p € (0, 1], but we don’t know
the exact value of p. From the Theorem 2.1 it follows that in this situation
within the framework of traditional approach (1.3), (1.4) with discrepancy
principle of parameter selection we can guarantee the optimal order of accu-
racy (1.6) in the case when for all p € (0,1] I > 6~ 1/7®+D) "y > §=1/r(p+1),
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It is obvious that the minimal [ and m satisfying above conditions for all
p € (0,1] have the order I < m =< §~/7.
Denote by Card (IP) the number of inner products of the form

(2.1) (ei, Aej), (ei f5)

required to construct an approximate solution x, ., realizing the optimal
order of accuracy (1.6) for all p € (0,1]. Using above reasons for Card (IP)
we have

(2.2) Card (IP) = ml +m = 62/,

3. Now we combine Morzov’s “discrepancy principle” of parameter se-
lection with some new discretization scheme and show that for all p € (0, 1]
this combination allows to obtain the optimal order of accuracy (1.6) using
only O (675/"log(1/5)) values of inner products of the form (2.1).

Within the framework of above mentioned Morzov’s discrepancy principle
we set m = [ = 2™ and as operator Ag;s. we take the operator

n

(3.1) Agisc = Ap = (Por — Pye-1) APyisn-r + PLAPy1su .

=1

Lemma 3.1. For A € H!, and p € (0, 1] we have
|(Ay, — Pon A)|AP|| x—x < 2~ nr(p+3)/2

Proof. From the definition of operator A,, we find

(3.2) 1A — Pon A)JAP [ x—x
<3 (Por = Pov 1) A(Pyrn s — DIAP | x—x
k=1

+||PLA(Porsn — I|A|P || x—x -

Using Lemma 4.3 [5] and arguments like that in the proof of Lemma 3.2 [4],
we get the estimate

(3.3) H(sz — Pyr—1)A(Pyisn—1 — I)’A‘pHXHX < 62_37”(174‘1)/22’”1),
k=0,1,...,n.

The assertion of the lemma follows from (3.2), (3.3). O
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Corollary 3.1. Let A € H and f € AM,, ,(A), 0 <p < 1. Ifzg € M ,(A)
is the solution of equation (1.1) then

”Anilfo — PgnngX <d+ Canr(p+3)/2 .
Indeed, for xy € M), ,(A) we have xo = |[A[Pz, ||z||x < p. Then

[Anzo = Pon follx < [[Anzo — Pon Awol|x + [[Pon (f = f5)llx
<O+ [(A—=n— Py A)|APz||x <6+ c27nrP+3)/2

Lemma 3.2. For A € H!, and p € (0, 1] we have

| Por.sn

AP — | APl x—x < 27

Proof. By analogy with Lemma 3 [3] we can obtain the inequality
(3.4) |A—Anllx—x <e27™.

Moreover, from Lemma 4.3 [5] and from the definition of A,, it follows that
Py150|Ap|P = |A,|P. Then, using (3.4) and Lemma 4.1 [5], we have

[Poron A" — [An [Pl x—x < [I[A]" = [An[?llx—x <

IN

4

—|A - A,l% <c27™P . O
X—X

s

4. Finally, we give the following result:

Theorem 4.1. Let x , be the approzimate solution of equation (1.1) ob-
tained within the framework of Morzov’s “discrepancy principle” for Agise =
Ap and I =m = 2". If equation (1.1) belongs to the class ®F 0 < p <1,
and xo € My, ,(A) is the solution of (1.1) then

lzo — Zanllx <c (2*7”"1’ + 5p/(p+1)> ]

Proof. We put Ry ,, = (al + A;An)_l A San =1— RonAy,. From [5]
one sees that for a > 0

(41) HRa,n”X—»X S 010471/2 ) HSa,nHX—>X S Co,
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HI - AnRa7n||X~>X S ]-7

4.2
( ) HAnSa,n An|p||X~>X S Cpa(p+1)/2’ b € [07 1] .

Using (4.1) and Corollary 3.1, from the definition z, , we find

(4.3) |lz0 — Zanllx = |San®o + Ran(Anzo — Pan f5]| x
< |Santollx + cra™/? (6 + 02*”7"(P+3)/2)

< 1 Y25 4 ||Sqnwo| x 4 27 TD/2
Now following [5], we consider the element
ApSonto = (Panfs — Aptan) + (I — AnRa n)(Anzo — Pan fs) .
From (4.2) and (1.5) we have
(4.4) di6 = [|Anzo — Por fsllx < [|AnSantollx < d2d +[[Anzo — Pon fs]| x -
Thus, from Corollary 3.1 one sees that
45) a V25 < (dy — 1) (a—l/QHAnSa,nonX n Cg—nr<p+1>/2) .

Note that A,S, , = AnSainParsn. Then, using (4.2) and Lemma 3.2 for
zo € M, ,(A) we have

(4.6) a_1/2‘|AnSa,nx0||X < a”l/? (||An5a,n|An‘p”HX
| AnSan(Porsn AP — | An|P)v] x)

<o l/2 (Cpa(p+1)/2 + Coal/QCanrp>

< cpap/2 + 27,
Let us estimate ||Sq,nzo||x. Note that
(A7) ISamollx < SanPorsezollx + ISan(z0 — Porsnzo)llx
It is easy to see that for g € M) ,(A)

(4.8) |San (0 — Porsno)||x = ||xo — Parsnxollx < (crfy)pp271‘5mp.
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Moreover, the same steps like in the proof of (4.6) lead to the estimate
(49) HSQ,TLPQLF)“xOHX S 15 (ap/2 + 2*”7’])) .

If o < 6%/(P+1) £ 27277 the assertion of the theorem follows from (4.3), (4.5),
(4.6) and (4.7)—(4.8).

Assume now that o > 3 = §2/(®+1) 4 27277 With an argument like that
in the proof of Theorem 3.3 [5] we get the estimate

(410) HSOC,HP21'5"$0H_2X S C (||SB,HP21'5"1.0||_2X + ﬂ_luAnSa’nP21.5n(L'0”2X) .

On the other hand, from (4.4) and Corollary we know that

(4.11)  BH|ApSanPrsnzolk < 67 [(d2 +1)5+ cz—m<P+3>/2]

<e (52p/<p+1) n 2—m<p+1)) '
Again using the inequality (4.9) we obtain
(4.12) 1S5 Por-snzo]|% < ¢ (527’/(1’“) + 2*2””’) .
Uniting (4.3), (4.7), (4.8) and (4.10)—(4.12) for o > §2/(P*T1) 12727 e have
|20 = Tamllx < c1da™'? +c <5p/<p+1) + 2‘"’"?) <ec (51’/(1’“) - 2—"”’) :

The theorem is proved. [

Let now Card (IP) be the number of inner products of the form (2.1)
required to construct an approximate solution x , From the Theorem 4.1 it
follows that within the framework of combination of Morzov’s “discrepancy
principle” with discretization scheme (3.1) we can guarantee on the classes
®ZF the optimal order of accuracy (1.6) for all p € (0,1] in case when
2" = 6~/ (it is clear that for such n ||zg — Zanllx = O (67/P+1) for all
p € (0,1]). Now from (3.1) it follows that

n
1
Card (IP) =< 221'5" = n2l9" = §715/" og 5
k=0
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When this relation is compared with (2.2) it is apparent that for the classes
7P, 0 < p < 1, the discretization scheme (3.1) is more economical then
traditional approach (1.3), (1.4).
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