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AN ALGORITHM FOR THE EVALUATION
OF THE TWO-DIMENSIONAL HILBERT TRANSFORM

WITH NON-STANDARD WEIGHT FUNCTIONS

Maria Carmela De Bonis

Abstract. The author proposes an algorithm for the numerical evaluation of
two-dimensional Cauchy principal value integrals with respect to generalized
Ditzian-Totik weight functions. Convergence results and some numerical exam-
ples are given.

1. Introduction

Let Φ(f ; s, t) denote the two-dimensional Cauchy principal value of the
function f , which is defined by

Φ(f ; s, t) =
∫
I

f(x, y)
(x− s)(y − t)w1(x)w2(y)dxdy

= lim
ε1,ε2→0+

∫ ∫
Dε1ε2

f(x, y)
(x− s)(y − t)w1(x)w2(y)dxdy(1.1)

where I = [−1, 1]2, Dε1,ε2 = {(x, y) ∈ I : |x − s| ≥ ε1, |y − t| ≥
ε2} (ε1, ε2 > 0), w1, w2 are two generalized Ditzian-Totik weight functions
(w1, w2 ∈ GDT ) of the following type:

w1(x) = ψ(x)(1 + x)γ0(1 − x)γ1 |x− t2|γ2 logγ3
e

|x− t3| ,(1.2)

w2(y) = ψ(y)(1 + y)γ̄0(1 − y)γ̄1 |y − t̄2|γ̄2 logγ̄3
e

|y − t̄3| ,(1.3)

where ψ is an Hölder continuous function, γi, γ̄i > −1, i = 0, 1, 2, γ3, γ̄3 ≥
0,−1 ≤ t2 < t3 ≤ 1,−1 ≤ t̄2 < t̄3 ≤ 1 and s ∈ (−1, 1) \ {t2, t3}, t ∈
(−1, 1) \ {t̄2, t̄3}.
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In [7] the author proposed an algorithm for the numerical evaluation of
the integral Φ(f ; s, t) when w1, w2 are two Jacobi weight functions, i.e. γ2 =
γ3 = γ̄2 = γ̄3 = 0 in (1.2) and (1.3).

The above mentioned algorithm makes use of a Gauss type quadrature
rule that results convergent and stable.

However, this Gauss type quadrature rule requires the knowledge of the
zeros and the Christoffel numbers of the orthogonal polynomials with respect
to the weight functions w1 and w2.

Since the zeros and the Christoffel numbers of the orthogonal polynomials
with respect to the generalized Ditzian-Totik weight functions w1 and w2 are
not available in literature, the above mentioned algorithm cannot be used.

Following an idea proposed in [11] for the evaluation of one-dimensional
Hilbert transform, in this paper, we propose an algorithm that allow us to
overcome the above mentioned numerical difficulties. In fact, we approxi-
mate the integral Φ(f ; s, t) by using an interpolatory product rule in which,
irrespective of w1 and w2, the quadrature knots are chosen to be the zeros
of the Chebyshev polynomials of first kind.

We show that the numerical amplification factor of the proposed quadra-
ture rule results bounded, except for logarithmic factors. Finally, we prove
the convergence of our method and we give error estimates for many classes
of function.

This paper is organized as follows. In Section 2 we state the above men-
tioned algorithm. In Section 3 we give some error estimates, while section 4
contains their proofs. In Section 5 we give some numerical examples and in
the Appendix we give the proof of Lemma 4.1.

2. An Algorithm for the Evaluation of Two-Dimensional
Hilbert Transform

Let Lm,n(f, x, y) be the Lagrange interpolating polynomial of f at the
zeros

xm,i = cos
(2i− 1)π

2m
(i = 1, . . . ,m)

and

yn,j = cos
(2j − 1)π

2n
(j = 1, . . . , n)

of the Chebyshev orthonormal polynomials of first kind Tm(x) and Tn(y),
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respectively. We have

(2.1) Lm,n(f, x, y) =
m∑
i=1

n∑
j=1

lm,i(x)ln,j(y)f(xm,i, yn,j),

where

(2.2) lm,i(s) =
π

m

m−1∑
k=0

Tk(x)Tk(xm,i)

and

(2.3) ln,j(t) =
π

n

n−1∑
r=0

Tr(y)Tr(yn,j)

are the fundamental Lagrange polynomials.
Replacing f by Lm,n(f, x, y) into (1.1), we obtain the following Interpo-

latory Product Rule for the numerical evaluation of the integral Φ(f ; s, t)
where (s, t) ∈ (−1, 1)2 :

(2.4) Φm,n(f ; s, t) =
m∑
i=1

n∑
j=1

Aw1
m,i(s)B

w2
n,j(t)f(xm,i, yn,j),

where

(2.5) Aw1
m,i(s) =

∫ 1

−1

lm,i(x)
x− s w1(x)dx

and

(2.6) Bw2
n,j(t) =

∫ 1

−1

ln,j(y)
y − t w2(y)dy.

The degree of exactness of this formula is (m,n) at least, i.e.,

Φ(xmyn, s, t) = Φm,n(xmyn, s, t).

In order to describe the algorithm, we give a representation for the coef-
ficients (2.5) and (2.6).
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Substituting (2.2) into (2.5) and following an idea used in [11], we obtain

Aw1
m,i(s) =

π

m

m−1∑
k=0

Tk(xm,i)
∫ 1

−1

Tk(x)
x− s w1(x)dx(2.7)

=
π

m

m−1∑
k=0

Tk(xm,i)Qk(w1; s),

where

Qk(w1; s) =
∫ 1

−1

Tk(x)
x− s w1(x)dx.

Analogously, we obtain

(2.8) Bw2
n,j(t) =

π

m

n−1∑
r=0

Tr(yn,j)Qr(w2; t),

where

Qr(w2; t) =
∫ 1

−1

Tr(y)
y − y w2(y)dy.

Applying (2.7) and (2.8) we can rewrite formula (2.4) in the form

Φm,n(f ; s, t) =
π

m

π

n

m∑
i=1

n∑
j=1

(
m−1∑
k=0

Tk(xm,i)Qk(w1; s)

)
×

(2.9)

×
(
n−1∑
r=0

Tr(yn,j)Qr(w2; t)

)
f(xm,i, yn,j).

Since the Chebyshev orthonormal polynomials of first kind Ti(z) satisfy
the following very simple three-term recurrence relation

Ti+1(z) = 2zTi(z) − Ti−1(z), i = 2, 3, . . . ,

where

T0(z) =
1√
π
, T1(z) =

√
2
π
z, T2(z) = 2

√
2
π
z2 −

√
2
π
.
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It is easy to verify that the functions Qi(w, λ) satisfy the following relation-
ship

(2.10) Qi+1(w;λ) = 2λQi(w, λ) −Qi−1(w, λ) + 2Mi(w), i = 2, 3, . . . ,

where

Mi(w) =
∫ 1

−1

Ti(z)w(z)dz, i = 0, 1, . . . ,

are the so-called “modified moments” (see [8]). Here,

Q0(w;λ) =
1√
π

∫ 1

−1

w(z)
z − λdz,

Q1(w;λ) = λ
√

2Q0(w;λ) +
√

2M0(w),

Q2(w;λ) = 2λQ1(w;λ) −
√

2Q0(w;λ) + 2M1(w).

Taking into account the above recurrence relationships, we observe that
in (2.9) the only non trivial computations are those of Q0(w;λ) and of
Mi(w), i = 0, 1, . . . .

For some weight functions, Mi(w), i = 0, 1, . . . , may be computed by
using the recurrence relationships developed in [12] and in [1]. In [6] it can
be found the explicit expressions for Q0(w, λ) when w is one of the following
weight functions:

1◦ |x− a|γ , γ > −1 with γ �= 0, 1, 2, . . . and a, λ ∈ (−1, 1) with a �= λ;
2◦ (1 − x2)α|x|γ , 2λ2 − 1 ∈ (−1, 1);

3◦ (1 − x)α|x− a|γ , γ > −1 and a, λ ∈ (−1, 1) with a �= λ;
4◦ (1 + x)β |x− a|γ , γ > −1 and a, λ ∈ (−1, 1) with a �= λ;
5◦ (1 − x2)−1/2 log [e/(1 + x)], λ = 0.

However, when Q0(w, λ) is not available, it is possible to get its estimate,
for example, by numerical integration writing

Q0(w, λ) =
∫ 1

−1

w(z) − w(λ)
x− λ dx− w(λ)

∫ 1

−1

dx

x− λ

=
∫ 1

−1

w(z) − w(λ)
x− λ dx− w(λ) log

1 − λ
1 + λ

.
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3. Stability and Convergence of Quadrature Rule Φm,n

In this section we want to show that the proposed method converges for
many classes of functions and it is numerically efficient. For this purpose,
we need the following preliminary definitions and notations.

The symbol C stands for some positive constant which may take a different
value each time it is used.

If A and B are two expressions depending on some variables, then we
write A ∼ B iff |AB−1| ≤ C and |A−1B| ≤ C, uniformly for the considered
variables.

We define the modulus of continuity of the function f ∈ C0(I) by

(3.1) ω(f ; δ) = max
h1+h2≤δ

{|∆h1,h2f(x, y)| : (x, y) ∈ I, (x+ h1, y + h2) ∈ I},

where ∆h1,h2 = f(x+ h1, y + h2) − f(x, y) and h1, h2, δ ≥ 0.
Through the modulus of continuity ω(f ; δ) we may define the space of

the σ− Hölder continuous functions, LipM σ, by

(3.2) LipM σ =
{
f ∈ C0(I) : ω(f ; δ) ≤Mδσ, 0 < σ ≤ 1, M > 0

}
.

We denote by Ck(I), k ≥ 0, the space of the continuous functions on I =
[−1, 1]2 with continuous partial derivatives of order i, where i = 0, 1, . . . , k.

Furthermore, if f ∈ Ck(I), k ≥ 0, we define the following uniform modulus
of continuity:

Ωk(f ; δ) = max
i=0,1,... ,k

{ω(fk−i
i ; δ)},

where fk−i
i = ∂kf/∂xk−i∂yi.

We denote by Ck+σ(I), k ≥ 0, the following class of functions:

Ck+σ(I) =
{
f ∈ Ck(I) : Ωk(f ; δ) ≤Mδσ, 0 < σ ≤ 1, M > 0

}
.

Obviously, if k = 0,Ωk(f ; δ) is equal to ω(f ; δ), defined by (3.1), and
Ck+σ is equal to LipM σ, defined by (3.2).

Let u1(x), u2(y) denote the singular parts of w1(x), w2(y) respectively.
For example, if w1(x) = (1−x)−1/2|x+ 0.5|1/3 and w2(y) = |y|2/3 log [e/|y|],
we define u1(x) = (1 − x)−1/2 and u2(y) = log [e/|y|].

Note that Φm,n can be regarded as a discrete operator of which the do-
main of definition is the space of the σ-Hölder continuous functions. On the
other hand, by the following lemma, Φm,nf does not appear bounded on the
boundary of I. In fact, we have:
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Lemma 3.1. Let w1(x), w2(y) as in (1.2) and (1.3), respectively. Let v1(x)
and v2(y) two Chebyshev weight functions of first kind. Let (s, t) ∈ (−1, 1)2.
Then the following inequalities

m∑
i=1

|Aw1
m,i(s)| ≤ Cu1(s) logm,(3.3)

n∑
j=1

|Bw2
n,j(t)| ≤ Cu2(t) logm(3.4)

hold, where C is a positive constant independent of m,n, s, t, w1, w2, v1, and
v2.

Let u(x, y) = u1u2. Let m,n be fixed, we have

sup
s,t∈[−1,1]

|Φm,n(f ; s, t)u−1(s, t)| < +∞.

Therefore Φm,n(f ; s, t) is bounded on Cu−1 , where

Cu−1 = {g : sup
x,y∈[−1,1]

|g(x, y)u−1(x, y)| < +∞}.

Then, Φm,n is a map from LipM σ into Cu−1 and its norm is

‖Φm,n‖ := ‖Φm,n‖LipMσ→Cu−1 = sup
‖gu−1‖=1

‖(Φm,ng)u−1‖.

We call ‖Φm,n‖ the “numerical amplification factor” of the quadrature
rule Φm,n(f ; s, t).

The following theorem shows that the “numerical amplification factor”
‖Φm,n‖ results bounded, except for logarithmic factors.

Theorem 3.1. Let (s, t) ∈ (−1, 1)2. Then the following inequality

(3.5) sup
m,n∈N

‖Φm,n‖
logm log n

< +∞

holds.

The proof of the Theorem 3.1 easily follows by applying Lemma 3.1.

Let Rm,n = Φ−Φm,n, γ(s, t) = log
e2√

(1 − s2)(1 − t2)
, and W = γ−1u−1.

The convergence of quadrature rule Φm,n is established by the following
theorem.
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Theorem 3.2. Let w1(x), w2(y) as in (1.2) and (1.3), respectively. Let
(s, t) ∈ (−1, 1)2. Assume f ∈ Ck+σ(I), k ≥ 0. Then

(3.6) sup
s,t∈(−1,1)

|W (s, t)Rm,n(f ; s, t)| ≤ C
(

1
m

+
1
n

)k+σ

logm log n,

where C is a positive constant independent of m,n, s, t and f.

4. Proofs

In order to prove Lemma 3.1 we need the following result:

Lemma 4.1. Let w(x) as in (1.2) and t0 = −1, t1 = 1. Then the inequalities

(4.1)
∣∣∣∣
∫ 1

−1

w(x)
x− λdx

∣∣∣∣ ≤ C
∣∣∣∣log

1 − λ
1 + λ

∣∣∣∣w(λ)
2∏

j=0

Ψj(λ),

(4.2)
∫ 1

−1

∣∣∣∣w(x) − w(λ)
x− λ

∣∣∣∣ dx ≤ Cw(λ)
2∏

j=0

Ψj(λ)

hold, where

Ψj(λ) =




|x− tj |−γj γj > 0,

1 γj < 0,

1 γj = 0,
for j = 0, 1, 2, and C is a positive constant independent on w, λ, tj and γj .

The proof of the above lemma follows an idea used in [5, Lemma 3.1,
p. 24]. Because of completeness we give it in the Appendix.

For any s ∈ (−1, 1) \ {t2, t3},m ∈ N, we denote by xm,c the closest knots
to s, defined by

xm,c =

{
xm,d ifs− xm,d ≤ xm,d+1 − s
xm,d+1 ifs− xm,d > xm,d+1 − s,

where xm,d ≤ s ≤ xm,d+1 for some d ∈ {0, 1, . . . ,m} with xm,0 = −1,
xm,m+1 = 1.

Analogously, for any t ∈ (−1, 1) \ {t̄2, t̄3}, n ∈ N, we denote by yn,c the
closest knots to t.

Let

σ∗m(λ) =
m∑

i=1
i�=c

λm,i(w)
|xm,i − λ| .
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Lemma 4.2. If w(x) = vα,β(x) = (1 − x)α(1 + x)β , then the inequalities

(4.3) σ∗m(λ) ≤ C logm if α, β ≥ 0,

(4.4) σ∗m(λ) ≤ Cvα,β(λ) logm if − 1 < α, β < 0,

hold uniformly for λ ∈ (−1, 1).

The proof of the above lemma can be found in [4, Lemma 3.4, p. 454].
Let

δ∗m(λ) =
m∑

i=1
i�=c

λm,i(w)
|Tm−1(xm,i)|
|xm,i − λ| .

Lemma 4.3. If w(x) = vα,β(x) = (1 − x)α(1 + x)β , then the inequality

(4.5) δ∗m(λ) ≤ C
√
σ∗m(λ) logm

holds uniformly for λ ∈ (−1, 1).

The proof of the above lemma can be found in [2, Lemma 3.1, p. 730].
Proof of Lemma 3.1. We first prove (3.3). Since the following decompo-

sition

Aw1
m,i(s) =

∫ 1

−1

lm,i(x)
w1(x) − w1(s)

x− s dx+
w1(s)
v1(s)

∫ 1

−1

lm,i(x)
x− s v1(s)dx

=
∫ 1

−1

lm,i(x)
w1(x) − w1(s)

x− s dx

− w1(s)
v1(s)

∫ 1

−1

lm,i(x)
v1(x) − v1(s)
x− s dx+

w1(s)
v1(s)

Av1
m,i(s).

holds, we have

m∑
i=1

|Aw1
m,i(s)| ≤ ‖Lm(v1)‖

∫ 1

−1

∣∣∣∣w1(x) − w1(s)
x− s

∣∣∣∣ dx(4.6)

+
w1(s)
v1(s)

‖Lm(v1)‖
∫ 1

−1

∣∣∣∣v1(x) − v1(s)
x− s

∣∣∣∣ dx
+
w1(s)
v1(s)

m∑
i=1

|Av1
m,i(s)|.
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Let us evaluate
m∑
i=1

|Av1
m,i(s)|. Putting

A∗
m(v1, s) =

∫ 1

−1

v1(x)
x− sdx−

π

m

m∑
i=1
i�=c

1
xm,i − s ,

we can see at once that
1◦ if s �= xm,c, then for k �= c

Av1
m,i(s) = A∗

m(v1, s)lm,i(s) +
π

m

1
xm,i − s(4.7)

+
γm−1

γm

π2

m2

Tm−1(xm,i)
s− xm,i

T ′
m(τc)

and for k = c

(4.8) Av1
m,c(s) = A∗

m(v1, s)lm,c(s) + l′m,c(τ
′
c)
π

m
,

where τc, τ ′c ∈ (s, xm,c);
2◦ if s = xm,c, then for k �= c

(4.9) Av1
m,i(xm,c) =

π

m

1
xm,i − xm,c

+
γm−1

γm

π2

m2

Tm−1(xm,i)
xm,c − xm,i

T ′
m(xm,c)

and for k = c

(4.10) Av1
m,c(xm,c) = A∗

m(v1, xm,c) + l′m,c(xm,c)
π

m
.

We observe that by [5, Lemma 3.2, p. 26], we have

(4.11) |A∗
m(v1, s)| ≤ Cv1(s).

Applying Bernstein’s inequality for a derivative of a polynomial (see [10,
p. 92]) and taking into account that xm,c ∼ s and ‖lm,c‖ ∼ 1, we have

∣∣∣ π
m
l′m,c(xm,c)

∣∣∣ =
π√

1 − x2m,c

∣∣∣∣∣∣
√

1 − x2m,c

m
l′m,c(xm,c)

∣∣∣∣∣∣
(4.12)

≤ π√
1 − x2m,c

‖lm,c‖

≤ Cv1(s).
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Moreover, taking into account the expression of the derivative of the
Chebyshev polynomial of first kind, we get

(4.13)
∣∣∣ π
m
T ′
m(xm,c)

∣∣∣=
∣∣∣∣∣∣
π

m

m(−1)c+1√
1 − x2m,c

∣∣∣∣∣∣ ≤ Cv1(s).

Since τc, τ ′c ∼ xm,c, in the same manner we can prove that

(4.14)
∣∣∣ π
m
l′m,c(τc)

∣∣∣≤ Cv1(s)

and

(4.15)
∣∣∣ π
m
T ′
m(τc)

∣∣∣≤ Cv1(s).

Combining (4.7), (4.8), (4.9) and (4.10) with (4.11), (4.12), (4.13), (4.14),
and (4.15), we obtain

(4.16) |Av1
m,c(s)| ≤ Cv1(s)

and

(4.17) |Av1
m,i(s)| ≤ Cv1(s)|lm,i(s)| +

π

m

1
|xm,i − s| + Cv1(s)

π

m

Tm−1(xm,i)
|s− xm,i| .

Thus, we have

m∑
i=1

|Av1
m,i(s)| ≤

m∑
i=1
i�=c

|Av1
m,i(s)| + |Av1

m,c(s)|

≤ σ∗m(s) + Cv1(s)[1 + ‖Lm(v1)‖ + δ∗m(s)].

By (4.4), (4.5) and taking into account that ‖Lm(v1)‖ ∼ 1 (see [13, The-
orem 14.4, p. 335]), we have

(4.18)
m∑
i=1

|Av1
m,i(s)| ≤ Cv1(s) logm.

Finally, combining (4.6) with (4.2) and (4.18), we complete the proof of
(3.3).

In the same manner we can prove (3.4). �
In order to prove Theorem 3.2 we need the following auxiliary results.
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Lemma 4.4. For any function f ∈ Ck(I), k ≥ 0, and for any (m,n) ∈
N × N, there exists an algebraic polynomial Pm,n(x, y) such that,

(4.19) ‖rm,n‖I ≤ C(m−1 + n−1)kΩk,I(f ;m−1 + n−1)

and

(4.20) ω(rm,n; δ) ≤ Cω(f ;
√
δ)

where rm,n = f − Pm,n and C is a positive constant independent of m, n,
and f . Moreover, for any function f ∈ LipM σ the following inequalities

(4.21) |rm,n(s, y) − rm,n(s, t)| ≤ C |y − t|ξ (m−1 + n−1)σ−2ξ,

(4.22) |rm,n(x, t) − rm,n1(s, t)| ≤ C |x− s|ξ (m−1 + n−1)σ−2ξ

hold, where 2ξ ≤ σ, x, y, s, t ∈ [−1, 1] and C is a positive constant independent
of m,n, s, t, and f.

The proof of Lemma 4.4 can be found in [3].
Let

H1(g; s, y) =
∫ 1

−1

g(x, y) − g(s, y)
x− s dx, H2(g;x, t) =

∫ 1

−1

g(x, y) − g(x, t)
y − t dy,

and H = H1H2 = H2H1, we have the following result:

Lemma 4.5. For any function f ∈ Ck+σ(I), k ≥ 0, and for sufficiently
large m and n, the following inequalities

(4.23) |H1(rm,n; s, t)| ≤ C(m−1 + n−1)k+σ log n,

(4.24) |H2(rm,n; s, t| ≤ C(m−1 + n−1)k+σ logm

hold uniformly for (s, t) ∈ (−1, 1)2, where C is a positive constant indepen-
dent of m,n, s, t, and f.

Proof. We first prove (4.24). Note that, for every ε sufficiently small,

(4.25) |H2(rm,n; s, t)| ≤
∣∣∣∣∣
{∫ t−m−λ

−1

+
∫ 1

t+m−λ

}
(rm,n(s, y) − rm,n(s, t))

y − t dy

∣∣∣∣∣
+

∣∣∣∣∣
∫ t+m−λ

t−m−λ

(rm,n(s, y) − rm,n(s, t))1−ε

y − t (rm,n(s, y) − rm,n(s, t))εdy

∣∣∣∣∣
holds for λ ≥ 0.
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By choosing λ = 2, we give the proof for the case k = 0.

By (4.25) we have

|H2(rm,n; s, t)| ≤ 2‖rm,n‖
∣∣logm2(1 + t) + logm2(1 − t)∣∣

+ 2‖rm,n‖1−ε

∫ t+m−λ

t−m−λ

|rm,n(s, y) − rm,n(s, t)|ε
|y − t| dy

and applying Lemma 4.4, we obtain:

|H2(rm,n; s, t)| ≤ C(m−1 + n−1)σ logm

+ C(m−1 + n−1)ε(σ−2ξ)+σ(1−ε)

∫ t+m−λ

t−m−λ

|y − t|ξε−1dy

≤ C(m−1 + n−1)σ logm

+ C(m−1 + n−1)ε(σ−2ξ)+σ(1−ε)+2ξε

≤ C(m−1 + n−1)σ logm

which proves (4.24). In the same manner we can prove (4.23). The case
k > 0 follows by the same method, by choosing λ = (2ξ + k)/ξ. �

Lemma 4.6. For any function f ∈ Ck+σ(I), k ≥ 0, and for sufficiently
large m and n, the following inequality

|H(rm,n; s, t)| ≤ C(m−1 + n−1)k+σ log n logm

holds uniformly for (s, t) ∈ (−1, 1)2, where C is a positive constant indepen-
dent of m,n, s, t, and f.

Proof. Our proof starts with the observation that

|H(rm,n; s, t)|=
∣∣∣∣
∫ 1

−1

∫ 1

−1

rm,n(x, y) − rm,n(s, y) − rm,n(x, t) + rm,n(s, t)
(x− s)(y − t) dxdy

∣∣∣∣
≤

∣∣∣∣∣
∫ ∫

|x−s|> 1
n2 ,|y−t|> 1

m2

+ · · · +
∫ 1

−1

∫
|x−s|< 1

n2

· · · +
∫ 1

−1

∫
|y−t|< 1

m2

. . .

∣∣∣∣∣ ,
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i.e.,

(4.26) |H(rm,n; s, t)| ≤ 4‖rm,n‖
∫
|x−s|> 1

n2

dx

|x− s|
∫
|y−t|> 1

m2

dy

|y − t|

+
∫
|x−s|< 1

n2

|H2(rm,n;x, t) −H2(rm,n; s, t)|
|x− s| dx

+
∫
|y−t|< 1

m2

|H1(rm,n; s, y) −H1(rm,n; s, t)|
|y − t| dy

= A1 + A2 + A3.

We consider now the case k = 0. Applying (4.19) we obtain

(4.27) A1 ≤ C‖rm,n‖ logm log n ≤ C(m−1 + n−1)σ logm log n.

In order to estimate A2 we need the following estimate. Namely, since f ∈
LipM σ, using (4.20) we have

|H2(rm,n;x, t) −H2(rm,n; s, t)| =

=
∣∣∣∣
∫ 1

−1

rm,n(s, y) − rm,n(x, t) − rm,n(s, y) − rm,n(s, t)
(y − t) dy

∣∣∣∣
≤ 2

∫
|y−t|≤|x−s|

ω(rm,n; |y − t|)
|y − t| dy + 2

∫
|y−t|≥|x−s|

ω(rm,n; |x− s|)
|y − t| dy

≤ C
∫ |x−s|

0

ω(f ;
√
u)u−1du+ Cω(f ; |x− s|1/2) log |x− s|−1

≤ C|x− s|σ/2 log |x− s|−1

holds. From what has already been proved it follows that

A2 ≤ C
∫
|x−s|< 1

n2

|x− s|σ/2−1 log |x− s|−1dx(4.28)

≤ C
∫ n−2

0

uσ/2−1 log u−1du

≤ C
nσ

logn.



An Algorithm for the Evaluation of the Two-Dimensional Hilbert ... 123

In the same manner we can see that

(4.29) A3 ≤ C
mσ

logm

Finally, combining (4.27), (4.28) and (4.29) with (4.26) we prove the lemma
for k = 0.

We can proceed analogously to the proof of lemma for k > 0. �
Lemma 4.7. Let w1(x), w2(y) as in (1.2) and (1.3), respectively. Supposing
that |s| < 1, |t| < 1, we have

(4.30)
∣∣∣∣
∫ 1

−1

∫ 1

−1

w1(x)w2(y) − w1(s)w2(t)
(x− s)(y − t) dxdy

∣∣∣∣
≤ C

∣∣∣∣log
1 − t
1 + t

∣∣∣∣
∣∣∣∣log

1 − s
1 + s

∣∣∣∣u(s, t),
where u is the singular part of w1w2 and C is a positive constant independent
of s and t.

Proof. Adding and subtracting w1(x)w2(t) we get

(4.31)
∣∣∣∣
∫ 1

−1

∫ 1

−1

w1(x)w2(y) − w1(s)w2(t)
(x− s)(y − t) dxdy

∣∣∣∣
=

∣∣∣∣
∫ 1

−1

∫ 1

−1

w1(x)w2(y) − w1(x)w2(t)
(x− s)(y − t) dxdy

∣∣∣∣
+

∣∣∣∣
∫ 1

−1

∫ 1

−1

w1(x)w2(t) − w1(s)w2(t)
(x− s)(y − t) dxdy

∣∣∣∣
= A+B.

Applying Lemma 4.1, we have

(4.32) A ≤
∣∣∣∣
∫ 1

−1

w1(x)
x− s dx

∣∣∣∣
∫ 1

−1

∣∣∣∣w2(y) − w2(t)
y − t

∣∣∣∣ dy ≤ C
∣∣∣∣log

1 − s
1 + s

∣∣∣∣u(s, t)
and

(4.33) B ≤ w2(t)
∣∣∣∣
∫ 1

−1

dy

y − t
∣∣∣∣
∫ 1

−1

∣∣∣∣w1(x) − w1(s)
x− s

∣∣∣∣ dx ≤ C
∣∣∣∣log

1 − t
1 + t

∣∣∣∣u(s, t).
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The combination of (4.32) and (4.33) with (4.31) proves (4.30). �
We are now able to prove Theorem 3.2.
Proof of Theorem 3.2. The proof is based on the following observation:

(4.34) Rm,n(f ; s, t) = Rm,n(rm,n − rm,n(s, t); s, t)

= Φ(rm,n−rm,n(s, t); s, t)−Φm,n(rm,n − rm,n(s, t); s, t)

=
∫ 1

−1

∫ 1

−1

rm,n(x, y) − rm,n(s, t)
(x− s)(y − t) w1(x)w2(y)dxdy

−
m∑
i=1

n∑
j=1

Aw1
m,i(s)B

w2
n,j(t)(rm,n(xm,i, yn,j) − rm,n(s, t))

= A+B.

We begin by proving that (3.6) holds for k = 0, i.e., f ∈ LipM σ. Note
that by (4.19) and Lemma 3.1, we have

|B| ≤ 2‖rm,n‖
m∑
i=1

n∑
j=1

|Aw1
m,i(s)||Bw2

n,j(t)|(4.35)

≤ C
(

1
m

+
1
n

)σ

u(s, t) logm log n,

where u is the singular part of w1w2.

In order to estimate A, we note that

(4.36) |A| ≤ C‖rm,n‖
∣∣∣∣
∫ 1

−1

∫ 1

−1

w1(x)w2(y) − w1(s)w2(t)
(x− s)(y − t) dxdy

∣∣∣∣
+ w1(s)w2(t)

{
|H(rm,n; s, t)| +

∣∣∣∣log
1 − s
1 + s

∣∣∣∣ |H2(rm,n; s, t)|

+
∣∣∣∣log

1 − t
1 + t

∣∣∣∣ |H1(rm,n; s, t)|
}
.

Hence, by (4.19), (4.30) and Lemmas 4.5 and 4.6, we have

(4.37) |A| ≤ C
(

1
m

+
1
n

)σ ∣∣∣∣log
1 − t
1 + t

log
1 − s
1 + s

∣∣∣∣u(s, t) logm log n.
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Finally, observing that

1
γ(s, t)

∣∣∣∣log
1 − t
1 + t

log
1 − s
1 + s

∣∣∣∣ ≤ C,

where γ(s, t) = log
e2√

(1 − s2)(1 − t2)
, and combining (4.35) and (4.37) with

(4.34), we complete the proof for k = 0. The same proof works for k > 0. �

5. Numerical Evaluations

In this section we show some approximate values for the integral Φ(f ; s, t),
(s, t) ∈ (−1, 1)2, obtained by using the algorithm described in Section 2.

Since in the following examples the exact answer is not known, the value
in the last line of each table that follow is thought to be correct to the
number of figures shown.

Example 1. Let

f(x, y) = exy, w1(x) =
1√

1 − x2 log
e

(1 + x)
, w2(y) =

|y|−1/2√
1 − y2 .

Let us evaluate the following integral

Φ(f ; 0, t) =
∫ 1

−1

∫ 1

−1

exy|y|−1/2

x(y − t)√1 − x2
√

1 − y2 log
e

(1 + x)
dxdy.

Since, when w(x) = (1 − x2)−1/2 log e/(1 + x) the explicit expression for
Q0(w, λ) is available only for λ = 0, we give the approximations of the above
integral for s = 0 and some selected values of t (see Tables 5.1 and 5.2).

Table 5.1: Approximations Φm,n in Example 1

m n s = 0, t = 0.1 s = 0, t = 0.99

4 4 71. 25.

8 8 71.4488 25.0177

12 12 71.4488804461 25.017773973

16 16 71.4488804461501287 25.017773973233205

20 20 71.448880446150128793911 25.017773973233205549400

24 24 71.4488804461501287939112183712 25.0177739732332055494003732408
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Table 5.2: Approximations Φm,n in Example 1

m n s = 0, t = −0.99 s = 0, t = −0.5
4 4 8.21 1.

8 8 8.217 1.2608

12 12 8.2177020368 1.26086110111

16 16 8.217702036892015 1.2608611011106082

20 20 8.217702036892015633672 1.26086110111060823083358

24 24 8.2177020368920156336723146425 1.26086110111060823083358917389

Example 2. Let f(x, y) = sin (x+ y) and w1(x) = w2(y) = 1. Let us
evaluate the following integral

Φ(f ; s, t) =
∫ 1

−1

∫ 1

−1

sin (x+ y)
(x− s)(y − t)dxdy.

The corresponding numerical results for some selected values of s and t are
presented in Tables 5.3 and 5.4.

Table 5.3: Approximations Φm,n in Example 2

m n s = 0.1, t = 0.1 s = 0.99, t = 0.99

4 4 −1. 21.5

8 8 −1.10958 21.51974

12 12 −1.1095876430 21.519746844

16 16 −1.1095876430890965 21.5197468440861562

20 20 −1.1095876430890965997847 21.5197468440861562386179

24 24 −1.10958764308909659978475010769 21.5197468440861562386179778436

Table 5.4: Approximations Φm,n in Example 2

m n s = 0.5, t = −0.99 s = −0.99, t = 0.1

4 4 8.9 7.9

8 8 8.95737 7.925821

12 12 8.95737672093 7.9258219285

16 16 8.9573767209349373 7.9258219285504369

20 20 8.95737672093493733377544 7.92582192855043697557251

26 26 8.957376720934937333775440603043 7.925821928550436975572519016997

In the above example w1 and w2 are two Legendre weight functions. As we
said in the introduction, since the zeros and the Christoffel numbers of the
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orthogonal Legendre polynomials are known, for the numerical evaluation
of the above integral it is possible to use a Gauss type quadrature rules [7].
Comparing the above tables with some of those showed in [7, Example 2], we
can note that the Gauss type quadrature rule proposed in [7] converges faster
than the interpolatory product rule proposed in this paper. More precisely,
by the Gauss type quadrature rule proposed in [7], the results written in the
last line of each table showed in the above example are obtained by using only
12 points. Because of this observation, when the zeros and the Christoffel
numbers of the orthogonal polynomials associated with the weights functions
w1 and w2 are available, it is convenient to use the algorithm proposed in [7].

Example 3. Let

f(x, y) =
1

x2 + y2 + 4
,

w1(x) = (1−x)−3/4|x+0.999|−1/4, and w2(y) = (1−y)−1/2|y+0.999|−1/2.

Let us evaluate the following integral

Φ(f ; s, t) =

∫ 1

−1

∫ 1

−1

(1− x)−3/4|x+ 0.999|−1/4(1− y)−1/2|y + 0.999|−1/2

(x2 + y2 + 4)(x − s)(y − t)
dxdy.

Numerical values Φm,n for selected values of s and t are given in Tables 5.5
and 5.6.

Table 5.5: Approximations Φm,n in Example 3

m n s = 0.1, t = 0.1 s = 0.99, t = 0.99

4 4 −0.06 −8.
8 8 −0.0642 −8.07
16 16 −0.0642501079 −8.07115948
32 32 −0.06425010794615205128 −8.071159486314938872
48 48 −0.064250107946152051282873062 −8.071159486314938872422636422

Table 5.6: Approximations Φm,n in Example 3

m n s = 0.5, t = −0.99 s = −0.99, t = 0.1

4 4 −3.2 −0.11
8 8 −3.249 −0.1178
16 16 −3.249577755 −0.117887698
32 32 −3.249577755461490754 −0.1178876987017843238
48 48 −3.24957775546149075486842338 −0.117887698701784323856691732
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Finally, we show an example of approximating the integral Φ(f ; s, t) in
which the function f is less regular than those previously considered.

Example 4. Let

f(x, y) =
√
x2y2 − x2 − y2 + 1, w1(x) = |x|1/2 w2(y) = |y|1/2.

Let us evaluate the following integral

Φ(f ; s, t) =
∫ 1

−1

∫ 1

−1

√
x2y2 − x2 − y2 + 1

(x− s)(y − t) |x|1/2|y|1/2dxdy.

Note that if we take v1(x) =
√|x|√1 − x2 and v2(y) =

√|y|
√

1 − y2, the
above integral is the product of Q0(v1; s) and Q0(v2; t) of which the exact
values are known [6].

In the following tables, we give the absolute error Em,n, where m and n
are the total number of knots used by the rule (2.4), for different value of s
and t.

Table 5.7: The errors Em,n of approximations Φm,n in Example 4
for some selected pairs (s, t)

m n (0.1, 0.1) (0.99, 0.99) (0.5,−0.99) (−0.99, 0.1)
40 40 3.097E− 5 1.450E− 2 1.293E− 3 1.645E− 3

80 80 4.876E− 6 3.302E− 3 2.120E− 4 3.474E− 4

160 160 1.860E− 7 2.896E− 4 2.482E− 5 3.189E− 5

The corresponding exact values are

Φ(f ; 0.1, 0.1) = 0.2602884101349369515278081455101 . . . ,

Φ(f ; 0.99, 0.99) = 5.5153344260999470786046295364990 . . . ,

Φ(f ; 0.5,−0.99) = −0.8009418851755681593843793828090 . . . ,

Φ(f ;−0.99, 0.1) = 1.1981559285552277983555435232066 . . . .

In agree with the theoretical expectation, when the smoothness of the
function f decreases the approximation error Em,n increases.

All the computations were done in Q-arithmetic on the VAX 6510 com-
puter (with machine precision ≈ 1.93 × 10−34).
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6. Appendix

Proof of Lemma 4.1. We first prove (4.2). We define

φj(x) = |x− tj |−γjw(x) (j = 0, 1, 2), φ3(x) = log−γ3
e

|x− t3|w(x).

If −1 < λ < −1 − ε, we can consider the following decomposition:

(6.1)
∫ 1

−1

∣∣∣∣w(x) − w(λ)
x− λ

∣∣∣∣ dx =
∫ 2λ+1

−1

· · · +
∫ t2−2ε

2λ+1

· · · +
∫ t2+2ε

t2−2ε

. . .

+
∫ t3−2ε

t2+2ε

· · · +
∫ t3+2ε

t3−2ε

· · · +
∫ 1

t3+2ε

. . .

= I1 + I2 + I3 + I4 + I5 + I6.

Now, we have

(6.2) I1 =
∫ 2λ+1

−1

φ0(x)
∣∣∣∣ (1 + x)γ0 − (1 + λ)γ0

x− λ
∣∣∣∣ dx

+ (1 + λ)γ0

∫ 2λ+1

−1

∣∣∣∣φ0(x) − φ0(λ)
x− λ

∣∣∣∣ dx
≤ C

∫ 2λ+1

−1

∣∣∣∣ (1 + x)γ0 − (1 + λ)γ0

x− λ
∣∣∣∣ dx+ C(1 + λ)γ0 |φ′0(ξ)|.

Let 1 + x = y(1 + λ). Then we obtain

(6.3)
∫ 2λ+1

−1

∣∣∣∣ (1 + x)γ0 − (1 + λ)γ0

x− λ
∣∣∣∣ dx ≤ (1 + λ)γ0

∫ 2

0

∣∣∣∣yγ0 − 1
y − 1

∣∣∣∣ dy
≤ (1 + λ)γ0

{∫ 1

0

+
∫ 2

1

}
yγ0

|1−γ0 − y−γ0 |
|1 − y| dy

≤ (1 + λ)γ0

{∫ 1

0

+
∫ 2

1

}
yγ0(1 − y)−1−γ0dy

≤ C(1 + λ)γ0 .

Combining (6.2) with (6.3) we get

(6.4) I1 ≤ C(1 + λ)γ0Ψ0(λ).
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For I2 and I4, we have the following estimates

(6.5) I2 ≤ C|w′(ξ)| ≤ C

and

(6.6) I4 ≤ C.

Moreover, since x− λ > C, we have

(6.7) I3 =
∫ t2+2ε

t2−2ε

φ2(x)
∣∣∣∣ |x− t2|γ2 − |λ− t2|γ2

x− λ
∣∣∣∣ dx+ C|λ− t2|γ2 |φ′2(ξ)|

≤ C
∫ t2+2ε

t2−2ε

|x− t2|γ2dx+ C|λ− t2|γ2

≤ C|λ− t2|γ2Ψ2(λ)

and similarly

(6.8) I5 ≤ C logγ3
e

|λ− t3|Ψ3(λ),

(6.9) I6 ≤ C(1 − λ)γ1Ψ1(λ).

Combining (6.4), (6.5), (6.6), (6.7), (6.8) and (6.9) with (6.1) we obtain
(4.2). Analogously, we do if 1 − ε < λ < 1.

If t2 − ε < λ < t2, we can consider the following decomposition:

(6.10)
∫ 1

−1

∣∣∣∣w(x) − w(λ)
x− λ

∣∣∣∣ dx =
∫ t2−2ε

−1

· · · +
∫ 2λ−t2

t2−2ε

· · · +
∫ t2

2λ−t2

. . .

+
∫ t2+2ε

t2

· · · +
∫ t3−2ε

t2+2ε

· · · +
∫ t3+2ε

t3−2ε

. . .

+
∫ 1

t3+2ε

. . .

= I ′1 + I ′2 + I ′3 + I ′4 + I ′5 + I ′6 + I ′7.
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Here, we have

(6.11) I ′3 =
∫ t2

2λ−t2

φ2(x)
∣∣∣∣ |x− t2|γ2 − |λ− t2|γ2

x− λ
∣∣∣∣ dx

+ |λ− t2|γ2

∫ t2

2λ−t2

∣∣∣∣φ2(x) − φ2(λ)
x− λ

∣∣∣∣ dx
≤ C

∫ t2

2λ−t2

∣∣∣∣ |x− t2|γ2 − |λ− t2|γ2

x− λ
∣∣∣∣ dx+ C|λ− t2|γ2 |φ′2(ξ)|.

Let x− t2 = y(λ− t2). Then, we obtain

(6.12)
∫ t2

2λ−t2

∣∣∣∣ |x− t2|γ2 − |λ− t2|γ2

x− λ
∣∣∣∣ dx ≤ |λ− t2|γ2

∫ 2

0

∣∣∣∣yγ2 − 1
y − 1

∣∣∣∣ dy
≤ |λ− t2|γ2

{∫ 1

0

+
∫ 2

1

}
yγ2

|1−γ2 − y−γ2 |
|1 − y| dy

≤ |λ− t2|γ2

{∫ 1

0

+
∫ 2

1

}
yγ2(1 − y)−1−γ2dy

≤ C|λ− t2|γ2 .

Combining (6.11) with (6.12) we get

(6.13) I ′3 ≤ C|λ− t2|γ2Ψ2(λ).

The rest of the proof runs as in the previous case. Analogously, we do if
t2 < λ < t2 + ε.

If t3 − ε < λ < t3, we can consider the following decomposition:

(6.14)
∫ 1

−1

∣∣∣∣w(x) − w(λ)
x− λ

∣∣∣∣ dx =
∫ t2−2ε

−1

· · · +
∫ t2+2ε

t2−2ε

· · · +
∫ t3−2ε

t2+2ε

. . .

+
∫ 2λ−t3

t3−2ε

· · · +
∫ t3

2λ−t3

· · · +
∫ t3+2ε

t3

. . .

+
∫ 1

t3+2ε

. . .

= I ′′1 + I ′′2 + I ′′3 + I ′′4 + I ′′5 + I ′′6 + I ′′7 .
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Then, we have

(6.15) I ′′5 =
∫ t3

2λ−t3

φ3(x)

∣∣∣∣∣
logγ3 e

|x−t3| − logγ3 e
|λ−t3|

x− λ

∣∣∣∣∣ dx
+ logγ3

e

|λ− t3|
∫ t3

2λ−t3

∣∣∣∣φ3(x) − φ3(λ)
x− λ

∣∣∣∣ dx
≤ C

∫ t3

2λ−t3

∣∣∣∣∣
logγ3 e

|x−t3| − logγ3 e
|λ−t3|

x− λ

∣∣∣∣∣ dx+ C logγ3
e

|λ− t3| |φ
′
3(ξ)|.

Let x− t3 = y(λ− t3). We obtain

∫ t3

2λ−t3

∣∣∣∣∣
logγ3 e

|x−t3| − logγ3 e
|λ−t3|

x− λ

∣∣∣∣∣ dx(6.16)

≤
∫ 2

0

∣∣∣∣∣
logγ3 e

|y||λ−t3| − logγ3 e
|λ−t3|

y − 1

∣∣∣∣∣ dy
≤

∫ 1/2

0

logγ3
1
y

dy

1 − y +
∫ 2

1/2

∣∣∣∣∣
logγ3 1

y − 0

y − 1

∣∣∣∣∣ dy
≤

∫ 1/2

0

logγ3
1
y
dy +

∫ 2

1/2

1
y
dy ≤ C.

Combining (6.15) with (6.16) we get

(6.17) I ′′5 ≤ C logγ3
e

|λ− t3|Ψ3(λ).

The rest of the proof runs as in the previous case. Analogously, we do if
t3 < λ < t3 + ε.

Now, we are ready to prove (4.1). Since

∣∣∣∣
∫ 1

−1

w(x)
x− λdx

∣∣∣∣ ≤
∫ 1

−1

∣∣∣∣w(x) − w(λ)
x− λ

∣∣∣∣ dx+ w(λ)
∣∣∣∣
∫ 1

−1

dx

x− λ
∣∣∣∣ ,

applying (4.2), we prove (4.1). �
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