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Abstract. In the present paper we investigate a particular kind of trigonomet-
ric interpolating wavelets, arising by an opportune discretization of the de la
Vallée Poussin operator. Wavelet compression is analyzed, and estimates of the
interpolating error are given in L -norms and in Besov-norms.

1. Introduction

Given a continuous 27-periodic function f, let us consider the Fourier
sum of f:

(1) S f(x) = % + Zak cos kx + by sin kx, m € Ny,
k=1
where
1 27
(2) ay = — f(t) cos kt dt, k=0,1,...,m,
™ Jo
1 27
(3) by == — f(t) sin kt dt, k=1,2,...,m.
T Jo

It is well-known [2] that if we apply to the integrals (2) and (3), the following
quadrature formula, of degree of exactness [:

n [16a= 2y (),
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choosing [ := 2m, we obtain the trigonometric Lagrange polynomial:

A m
L} f(z) = 20 —i—ZAk cos kx + By sin kx,

k=1

25 25km
A = k=0,1,...
g 2m+lzf<2m+1) “om+ 1 A

25 . 2jkm
k=1,2,...
2m—|—1zf(2m—|—1> M om ST

2k
interpolating f at the 2m + 1 nodes 0,,  := 7%, k=0,1,...,2m.
’ 2m+1

In this paper we apply a similar discretizing procedure to the de la Vallée
Poussin operator:
S f(r) + Smi1f(x) + - + Som-1f(x)

me($) = m , meN.

Using the same quadrature formula (4), but with { := 3m — 1, we obtain an-
other interpolating operator, denoted by L,,, which maps 27-periodic con-
tinuous functions into polynomials of degree 2m — 1 interpolating on 3m
nodes, and which, like its continuous version V;,, preserves the polynomials
of order m.

In the first part of this paper, we show that L,, is a bounded map in
C9. and in some subspaces of L5 . Several estimates of the interpolation
error are also given. In the second part of the paper, starting from an idea
in [6], we consider a particular type of trigonometric interpolating scaling
functions, defined as de la Vallée Poussin means of the Dirichlet kernels.
Then we look the operator L,, from a different point of view: as a projector
in the sampled spaces of a given periodic multiresolution analysis [3].

This viewpoint allows us to use all the tools of wavelet theory, i.e. de-
composition, compression and reconstruction. Thanks to the multiresolution
structure, given a 2w-periodic, continuous function f, we can decompose the
initial polynomial interpolating f at resolution levels lower and lower. Then
we can neglect that elements of the decomposition that are unimportant for
the wanted approximation of f and, finally, we can reconstruct the function
at the initial resolution level. In this way we obtain a new compressed ap-
proximation of f, that is no more interpolating, but that is described by
a number of decomposition coefficients less than the initial approximation,
approximation degree being the same.
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Studying the error of the compressed approximation, we indicate a cri-
teria to choose the threshold for the compression. Finally we give some nu-
merical examples, which confirm the following thesis: locally, in the regular
parts of the function, the considered interpolation process has a behaviour
better than the polynomial of the best approximation.

In the present paper only the trigonometric case is taken under consid-
eration, but we advice that various results about the algebraic interpolation
can be deduced generalizing this trigonometric case in several directions. For
example, we can translate faithfully the trigonometric case banally, bringing
about a change in variable z := cost,t € [0,7]: in this way we still obtain
interpolating wavelets arising by a discretization of the de la Vallée Poussin
algebraic operator which is defined as mean of the Chebyshev sums (see [7]).

In [1] interpolating polynomial wavelets are constructed by means of a
discretization of the Chebyshev sums, obtaining the classical Lagrange al-
gebraic interpolation on the zeros of the Chebyshev polynomials of the 2-th
kind and on the extremes +1. In this case we can apply the decomposition-
compression-reconstruction process, but we have no more uniformly conver-
gent sequence of interpolating polynomials. Nevertheless these are not the
unique possible approaches to the algebraic case and we will return on this
argument somewhere else.

The outline of the present paper is as follows. Section 2 is divided in two
Subsections: in the first one, we give the notations and the definitions which
are necessary in the sequel; in the second one, we discretize the de la Vallée
Poussin operator introducing the interpolating operator L,,. In Section 3 we
enunciate the main results about the boundedness of f/m in the infinite norm
and in Besov norms. In Section 4 we introduce the discrete version of the de
la Vallée Poussin operator by means of the wavelets theory. In Section 5 we
analyze the effects of the decomposition-compression-reconstruction process
applied to our interpolating operator, and finally, in Section 6 we give the
proofs.

2. Preliminaries

Some functional spaces. Throughout this paper we denote by 7, the
set of all trigonometric polynomials of degree at most n and by Co, the set
of all continuous 27-periodic functions equipped with the norm

[flloo := sup [f()]-

x€[0,27)
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As usual the notation A ~ B with A, B > 0, means that there exist two pos-
itive constants C7, Cs such that C1 B < A < (9 B. Furthermore, throughout
the paper we denote by C a positive constant which may take different values
in different formulas.

For 1 < p < 400, L is the set of 27-periodic functions f such that

1 2 1/p
I i=( 5 [ 1@Pas ) < e,

while for p = +oo, with L5 we denote the set of 2m-periodic functions
everywhere defined and such that || f||e < +00.

As usual, for eachn € N, 1 < p < +4oo and f € LE_,| E*(f), denotes the

21
error of the best trigonometric approximation of f in the Lf -norm, i.e.,

(5) EX()p = jof 1 =Tl

Furthermore, we denote by wy(f,t), the ordinary modulus of continuity of
f, defined as

(6) wi(f,)p := sup | AL flp,
h<t
with
Apf(z) = flx+h)— f(x), AFf:=AA f h>0, keN,
The Jackson inequality:
(7) EL(f)p < Cwi(f;1/n)p, Kk <mn,

and the Salem-Stechkin inequality:

® o (£i7) <Y E (D,
p 1=0

hold for all n € N, 1 < p < 400, and f € L (see [4]).

By using wg(f,t)p, we can define the following quasi-norm

1 . q 1/q
</ [wk({;ﬂp] %) if 1<q<+o0,
0

wi(fst
>0 "

[ fllp.ar =
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for k > r, where p, ¢, r are fixed real parameters such that
1 <p < +oo; 1 < ¢ < +o0; r>0.
Adding to the above quasi-norm the L5 _-norm, we obtain the Besov norm:

(9) 15z, = [1fllp + [1.fllp.q.r

and the corresponding Besov space
By = {f € L.+ | Fllmp, < +oo.

By the inequalities (7) and (8), it can be proved that the Besov-norm (9) is
equivalent to the norm defined by means of the error of the best trigonometric
approximation, as follows
+o00 1/q
< DI+ k)Y (f),) ) ; 1<g<+oo,
1fllgz, = IIfllp + k=0

sup(1 + k)" Eg(f)p q = +oo.
k>0
Thus,
(10) 1fllBz, ~ IfllE2,

and the Besov space BF, admits a discrete equivalent version EY, defined
as

By = {f € L.+ | Fllm, < +oof.

An interpolating operator. For each function f € L%,r, let us consider
the de la Vallée Poussin sum of f:

2m—1
1
Vinf(z) == - Z Snf(z), meN, m>2,

where S, f is the (n + 1)-th partial sum of the Fourier series of f:

Spf(z): = %—G—Zakcoskm—i—bksink:x, n €N,
k=1
1 2
ak: = — f(t) cos kt dt, k=0,1,...,n,
0
1 2
br: = - f(t)sin kt dt, k=1,2,...,n.
0]

The following results are well-known [8]:
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i) Foreach T € 7,,,, V,, T =T,
.. 4
i) ||[Vinlloo :== sup |[|Vinflleo = - log2+ ¢, sup,, ¢m < +00.

| fllo=

Using the Dirichlet kernel

n
D,(z):=1+ ZZcosk‘:p, n €N,
k=1

we have the following integral representation

2m—1

2T
(1) V(@) = 5o [ 50 Y Due 1)

A particular type of trigonometric interpolating polynomial can be deduced
from (11) by means of the following quadrature formula:

3m—1

2T -
(12) / T(z)dz = 2% T<%J> T € Ty,
0

3m prt 3m

In fact, applying (12) in (11), we obtain the following trigonometric polyno-
mial of degree 2m — 1

3m—1 2m—1

1
09 Enf)i= g 3 | 00 3 Dale o) | St
k=
where ok
b 1= 3—7:; k=0,1,...,3m —1.

Hence, taking into account that

om1 3m?, if ©=2kn, keZ,
Z Dn(z) = { sin3ma/2sinmz/2 .
= — ) otherwise,

sin® /2

it is simple to recognize that the trigonometric interpolating polynomial L,, f
interpolates the function f at the 3m nodes t,,, K =0,1,...,3m — 1.

An explicit expression of the polynomial L, f is the following

~ 2m—1

~ A
Lyf(z) = 20 + Z ke ( Ay, cos kx + By sin kx),
k=1
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where
1, if k<m,
Akm =4 om — k
MZE it k>m,
m
fork=1,2,...,2m —1, and
_ 9 3m—1
i = o 3T fmg)osktmg, K=01,2m— 1,
7=0
~ 9 3m—1
Boi = 5o 3 fltwg)sinktny, k=12...2m 1,
7=0
21y .
tmyj: = 3 7=01,...,3m — 1.

55

We note that, by the well-made choice of the quadrature formula, the discrete
operator L., like its continuous version V,,,, satisfies the following invariance

property: ~
(VT € Tp) L, T=T.

3. On the Boundedness of the Operator Ly,

First of all, the following theorem holds.

Theorem 1. For each m € N, 1 <p < 400, and f € Cor, it results

)1/1)

Im—1

1 1/p ~ 1 3Im—1
104 (g 2 1)) < VoSl < B (g 3 17(mel?

where ty, = 2kn/(3m), k=0,1,...,3m — 1, and

3
- 3+44rn’

B=3+4n

are suitable values of the constants A and B.

The same result holds for p = 400, i.e.,

3
3+

2 -
(15) 4ngx‘f<£>‘§ HmeHoo§(3+47T)m]?X

/

2hm
3m

)
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This theorem can be found in [6], in a lightly different version. For conve-
nience of the reader, in Section 6 we give a simple proof of it.

Obviously, by Theorem 1 we immediately deduce the following result:

Corollary 1. Letm e N, 1 <p < +oo, and f € Cor. Then
(16) 1f = Linfllp < 401+ ) B (oo

holds.

We observe that for 1 < p < 400, (16) is not a homogeneous estimate by
the presence of the infinite norm on the right hand side. A better estimate
is given by the following statement.

Theorem 2. For each p such that 1 < p < 400 and for every function

f € Cor satisfying
/1 il gy o 4o
0

t1+1/p
we have 1/
- C " wp(fit)p
(17) ||f_meHp < ml/p/o t1+1/p dt,

where C is a constant independent of f and m.

By Theorem 2, we obtain the following corollary.

Corollary 2. Let 1 < p,q < 400 and r > 1/p arbitrarily fived. Then for
each function f € Cax N Brg, we have

- C
(18) 1f = Emfllp < <2,
C being a constant independent of f and m.

Finally, if we consider L,, as a map from the Besov space B?, into itself,
we can state the following uniform boundedness result.

Theorem 3. For each m € N, 1 < p,q < +oo, s >1r >0, s>1/p, and
felyu:n Bg,q, the following estimate

C

m87’f'

(19) If = Linfllgz, <

11l sz,
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holds, C' being a constant independent of f and m. Consequently, for all
1<p,q <400 and r € R withr > 1/p,

(20) up | Lol gp, g, < +o0

holds, where B, is the space BEg N Car, equipped with the Besov norm
- lsp,-
9

4. Interpolating Scaling Functions and Wavelets

Let us look at the interpolating operator L,, from a different point of
view. For this end, from now on, let us consider m as a function of j € Ny
and more precisely, let us assume:

m=m;j = 2+ J € No.

For each j € Ny, let for k =0,1,...,3m; — 1

B 2km
a Smj ’

vi(2) =75 Y Dale), () =iz —ti), -

It has been proved [6] that the functions ¢; are scaling functions gen-
erating a periodic Multiresolution Analysis (shortly MRA) of L2 i.e., the
subspaces of L3

Vi :=span{pjr: k=0,1,...,3m; — 1}, j € No,
satisfy all properties defining a periodic MRA of L3_ (see [3]):

(P1) For each j € Ny, V; C Vjy1;

“+o0o
(P2) clospz_ ,UOVJ' = L3,
]:

(P3) ¥j € No, f(z) € V; = [ (v~ 22 ) € Vj;

3m;

(P4) The set



58 W. Themistoclakis

2km
{oin(@) =) (w— —> k=0,1,...3m;— 1}

3mj
constitutes a Riesz basis of Vj, i.e., it is a basis of V; and moreover, there
exist two constants A, B > 0 such that

3m;— 1/2 3m;— 3m;— 1/2
EVPIECSDY W] Z won | < 3 W]
mj 120 mj =0

holds for each j € Ny and each {ak}ig_l € C3mi,

Furthermore, it has been shown that the following additional properties
hold:

(I) Z;m; C Vj C T, 1, for each j € Ny;
(II) @;k(tjn) = Ong, for each j € Ny and each h,k=0,1,...,3m; — 1;

(III) There exist two constants C7,Cy > 0 such that for each j € Ny, every
{a k}gm] € C*, and each p (1 < p < +00), it results

1 3m;—1 l/p 3m;— 1 3m;—1 1/p
(22) v [— |ak|p} argjk || < Co [— |ak|p] :
3m; kz:;) Z ’ 3m; kz_:—o

For each j € N, the function

(23) Pi(x) == 2¢j11 ( - 3%) ¥ <x a %)

is the wavelet of level j (see [6]). It is the unique function whose shifts

firstly, constitute a Riesz basis of the wavelet space W;, defined by the
conditions

(24) Visi =V & Wy, Vi LWy, J € No,

and secondly, they satisfy the additional interpolation property:

Yk (M >= Onk-

3mj
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The Riesz stability condition (22) holds for wavelet functions too, i.e. by

(23), (22) we can deduce that there exist two constants, namely C] and C%,
3mj—

such that Vj € No, V{ax},_) "e 3™ and Vp (1 <p < +400), we have

1 3m;—1 1/p 3mi—1 1 3m;—1 1/p
@) o Sl | 2| X | <[ S e |
i =0 k=0 P M=o

Taking into account the interpolation property of the scaling functions ¢;
(property II), for each level j € Ny, we can define the following interpolating
operator:

3m;—1

Lif(z):= > flt)ew(@);  Lif(tin) = fltp), k=0,1,...,3m; — 1.
k=0

This is nothing else than the interpolating operator L, in (13) calculated
with m = m; = 2971, But since obviously

Ej(ij:(ij7 jENQ, k:O,l,...,?)mj—l,
we also have for each j € Ny that

(VfeVy)  Lif=f

Hence we can interpret the discrete approximation Emj = ﬂj of the de la
Vallée Poussin operator V,,; as a projection on the sampled space V; too.
This fact permits us to apply the typical strategies of wavelet theory, i.e.
the decomposition, compression and reconstruction, as described in the next
section.

5. Compression

Fixed a function f € L3, and a resolution level J € N, let us consider
the approximation f; of f at the level J, i.e. the interpolating polynomial:

3mJ—1

(26) fr@)=Lif(x)= Y amesmx),
k=0

2km
3my

(27) CLJk::f( >, k=0,1,...,3my — 1,
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where, as usual, my = 271, By virtue of (24), we have
freVi=VpeWoeoWi@....eo Wy_y.

Hence f; can be decomposed as follows

3mo—1 J—13m;—1
(28) Z aokeor() + Y Y bkl
i=0 k=0

where the decomposition coefficients {ag;} and {b;;} in (28), can be calcu-
lated easily, starting from the initial coefficients {aj;} in (27), by means of
a decomposition algorithm that works in a very fast way, by using the FFT
algorithm [6].

Once decomposed the initial approximation f; of f, we can compress
it, i.e. fixed an opportune threshold € > 0, we can put equal to zero those
coefficients in (28) whose modulus is less than . In this way we obtain other
decomposition coefficients:

B 0, if ’aok‘ <eg,
(29) apg ‘= .
agpr, otherwise,

for k=0,1,...,mg, and

~ 0, if ’b]k‘ <eg,
(30) bjr == )
bjk, otherwise,
for k=0,1,...,m;, j =0,...,J — 1, by means of which we can reconstruct

a new approximation of f. Namely,

3mo—1 J— m
(31) (@) = > aorspor(x Z Z bjktn(x
3mJ—1

= Z agkp.k(T)
k=0

We explicitly note that also to reconstruct fgg) (z) i.e. to calculate the co-
efficients {a Jk}zz(‘)’ ~! we can utilize a reconstruction algorithm that works
recursively in a very simple and fast way. For more details we refer the
reader to [6].



Trigonometric Wavelet Interpolation in Besov Spaces 61

Here we are interested to solve the following questions. How can we
choose the threshold ¢ in such a way as the compressed approximation fﬁg)
results comparable with the initial one f;? Furthermore, how many can we
compress? That is, how many coefficients in (28) can we put equal to zero?
In Section 3 (Corollary 1) we have estimated the interpolation error by means
of the error of the best uniform approximation:

If = fillp < CEL (f)oos 1 <p<+oo.

Nevertheless locally, in the “regular parts” of f, the error |f(z) — fs(x)]| is
smaller than E}, (f)e. Consequently, taken

gNE;J(f)OOJ

if the function is everywhere “regular”, we do not expect great results by the
compression, but on the contrary, if the function f has some isolated points
of “singularity”, we expect to neglect a lot of coefficients in (28).

At the moment we are not yet able to prove pointwise estimate for the
error |f(z) — fs(x)| confirming these facts, but several numerical tests give
value to this idea. In the meantime, we state the following result:

Theorem 4. For each J € Ny, € >0 and f € Coy, let f; and f‘(f) be given
by (26) and (31), respectively. Then, for all p, 1 < p < 400, it results

(32) £ — N, < CUe,

C being a constant independent of f, J, and €.

Then, taking into account that

1F = FOllp < 11F = Follp + 115 = 79,

by Theorem 4, easily we can deduce how to fix the value of the threshold &
in such a way as the approximation degree does not change. In particular,
choosing the threshold

53) B D

J )
by Theorem 4 and Corollary 1, we obtain the following estimate

(34) 1f = PNy < CEL (oo 1< p< 400,
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where C' is a constant independent of f and J.

The following tables show some numerical results of the compression, for
several resolution level J. Two cases are analyzed. In the first table, we
have tested the function f(x) = |sinz| (for which E}, (f)e = O(1/my)),

while in the second table the f(z) = |sinz|'/? is considered (in this case
E (f)so = O(1//m7)). In the first case we have chosen ¢ = (Jmy) ™,

while in the second case we have taken ¢ = (J m}/ 2)_1. In these tables we

have denoted by N the number of non vanishing coefficients in (31), by Ny
the number of vanishing coefficients in (31) and by Py the percentage of
vanishing coefficients in (31).

‘ f(x) = |sinz|. ‘
nodes | N | Ny By
J=3 48 28 | 20 | 41.667%
J=51] 192 | 102 | 90 | 46.875%
J=71] 768 | 312 | 456 | 59.375%
J =8| 1536 | 586 | 950 | 61.849%
f(z) = |sinz|Y/2. ‘
nodes | N | Ny By
J=3 48 6 42 | 87.500%
J=5| 192 |22 | 170 | 88.541%
J=T71] 768 |46 | 722 | 94.014%
J =81 1536 | 64 | 1472 | 95.833%

These results can be explained with the following heuristic arguments.

We have seen that the sequence || f — fj|cc — 0 like the error of the best
trigonometric approximation E;;lj (f)oo- But if the function f is everywhere
regular unless in some isolated point, then E7, (f)oc does not take into ac-
count the regular parts of f which, instead, should be sufficiently described
by a lower resolution level. Then the more “heterogeneous” the function to
approximate is, the more successful the compression has. On the other side,
for very regular function we can obtain a good error already with low resolu-
tion levels. Then it is obvious that for such functions we cannot expect great
results about the compression (in fact, for example, if f(z) = eS"% then we
eliminate just two decomposition coefficients for all J = 3,4,5,6,7,8).
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6. Proofs

Proof of Theorem 1. The proof is based on the following trigonometric

inequality (see [8, p. 228]):
3m—1 1/p
1 2k \ | 2n N
_— -7 < -t
(35) <3m > () ) < (1452 ) 17
k=0
which holds for all T' € 7y, N € N, and 1 < p < +oo (for p = 40
the left hand side denoting max ‘T (2’“—“) ‘) In fact, taking into account the

3m

interpolation property of the operator L,, and applying the inequality (35)
for T'= L,,f € Toy—_1, we have:

1 3m—1 1/p 1 3m—1 , 1/p
(5 S vewr) = (3 [Estnn] )
=0
2w(2m —1 ~
(1+ =) 1wl

4 .
(1+5) 1l

Hence , for A = 3/(3 + 4m), we obtain the first inequality in (14) and (15).

IN

IN

In order to prove the second inequality in (14) and (15), let us start by
considering the case 1 < p < +o00. In this case there exists a unique function
g€ Ll with1/p+1/q=1and |g|; =1, such that

1

~ 2m
| L fllp = %/0 Lonf(2)g(x) da.

Then, by using the Holder inequality and (35) with T'= V,, f € o1, we
have for 1 < p < +o0o (the case p = 1 being analogous)

~ 1 21 1 3m—1
Hme”p = % 0 me(.%')g(:(}) dx = 3_m kZ:O f(tm,k)vmg<tm,k)

| Bml 1/q | Bml 1/p
< <3_m kz |Vmg(tm,k)|q> <3_m Z |f(tm,k)|p>

=0
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3m—1 1/p
§ <1+W> ‘Vmqu< Z’f mk )
3m—1 1/p
< <1+ >||V Hq< Zlf ) )
3m—1 1/p
< 3+4”Hv ||oo< Zlf mok) ) :

In the case p = +o00, the same result can be proved by proceeding in the
following way. For each x € [0, 27), using the inequality (35) with p = 1 and
2m—1
T(t)= > Dp(x—t), we have
n=m

3m— 2m—1
|me Z Z Dn(l' - tm,k)
k=0 n=m

3m—1|2m—1

maxg | f(tm,k)|
S S
2m(2m — m 2m !
1
(e (14275 ) (%m b

2m 2m 1
max]f(mk:)‘ <1+4;T> (27rm/ dt) 7

and taking the supremum with respect to x € [0, 27), we obtain:

~ 3+4rm 2m
L <
o

But we recall that

2
Woloo = 5o |20

o [/ )

IN

Dy, (z —t)

)

IA

Dy (t)

2m—1

ZD

) mgx[f(tm,k)].

2m 1
)| dt

2
dt+/
0

2m—1

ZD

m—1

> Dal(t)

n=0

IN

:
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2
1 2r [ sin % 2r /sin mTt 2
0 S 5 0 Sl 5

where we used the identity

Then, since

we can conclude

[Vinlloo <2+1=3  (m€N).

Hence, in both the cases 1 < p < 400 and p = 400, we obtain

1 3m—1 1/p
— P <p< 400
s 3+ 4rr [ > 1 f (tma)] ] , 1<p ;
||me||p < 3 HVmHoo 3m k=0
max | f (tm,r)|, p = +0o0,
1 3m—1 1/p
9 ’f(tm,k)p] ; 1 < p < +o0,
< (3+4m) [?’m 1;)
max |/ (1)l p=+o. O

Proof of the Corollary 1. 1t is sufficient to consider the case p = +00.

Let f € Cyr and m € N. Since obviously maxy, | f(tm i) < || flleo, by (15)
we obtain

(36) 1L flloe < (3 +4m) | f oo

Then the inequality (16) follows trivially by (36), recalling that L,, is a
quasi-projector on Ty, i.e.,

(37) VT e€T,) L.T=T.
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In fact, for each T € 7,,, we have

1Lmf = flloo < 1S = Tlloo + IT = flloo
= [Lwn(f = Dlloo + IT = flloo
< (@+Am)|f = Tlos,
which gives (16) by taking the infimum with respect to T € 7,,,. O
Proof of Theorem 2. Let be m € N; 1 < p < +00 and f € Cy,; such that

1
wk(fa t)P

To prove (17) we use the following inequalities (see [5, p. 18 and p. 169])
C / wk}(f’ )p dt
0

ml/p t14+1/p ’

@ Eson () <

where C is a constant independent of f and m, E( f)p is the error of the

best one-sided trigonometric approzimation of f in the L) -norm, namely
B (f)y = inf{HT+ T ||, TH €T, T- < f< T+},

and 7(f,t), denotes the T-modulus of continuity, defined as

Tk(f7t)p = ”wk‘(f7 '7t)HP7
with
wi(f,x,t) == Sup{|A£f(s)\ 28,5+ khe[0,2r] N[z —kt/2,z + kt/?]}.

More precisely, by (37) and Theorem 1, for all T+ € 7,, such that T— <
f <TT, we have

1f = Lufllp < 1 =T llp+ I Lnf =T Ilp

< NTH =Tl + 1 Lin(f =Tl
1 3m—1 1/p
< T =TT, +C <% > |(f—T_)(tm,k)\p>
k=0

| 3ml 1/p
< |TF=-T7|,+C <3—m >t _T)(tm,k)’p>
k=0

< AT =T |lp + ClLn(TH =T,

CIT* =T lp.
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Thus, taking the infimum with respect to TF € 7,, such that T- < f < T+
and using (38), we get

- - 1 C Y™ wk(fit)y
I = Eufly < CEL s On (1) <0 [ e o
Proof of Corollary 2. Let be 1 < p,q < +oo, r > 1/p, f € Cor N BY,, and
m € N, arbitrarily fixed. Let us examine the case 1 < ¢ < 400 (the case
q = 400 being the same). If ¢ = (¢ — 1)/q is the conjugate exponent of ¢,
then by (17) and Holder inequality, we obtain

1 1
=4 C m W ,t C m W ’t _L/ r_1
If = L flly < /0 Mdtz—l/o Okl 8o =t g

¢ T d ] v w (0,17 )\ °
m _ 1 17,0 oy w .

= / AL / [u] it
me \/0 0 "t
C 1 C

= —1 —1 flpar < —Ifllpz,- O
mp m P m

Proof of Theorem 3. Let be m € N, 1 < p,q < +00, s > r > 0 with
s> 1/p and f € Cyr N BY,, arbitrarily fixed.

First of all we observe that to demonstrate the theorem, it is enough to
prove the following estimate

~ C
(39) If = Linllgr, = —=Iflle,-

In fact on the one hand, (39) implies directly (19) by virtue of the norm-
equivalence (10), and, on the other hand, (20) trivially follows from (19) by
taking s = r. Limit ourself to the case ¢ # +o00, the case ¢ = +o0 being
analogous. We note that V1" € 7,,,_1, we have

<[f=Tlp if k<m,

E’“(f_T)p{ = EX(f), if k>m.

Hence for T' = Ly, f € Tom_1, we obtain

+00 q
If = Lfllgr, = If = Lufllp+ (Z [(1 + k) TOE(f — Jimf)p}q>

k=0
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(Z [+ R B (f - L m}q)
w0 [ 3 [0+ BT E S — B
k>2m
< = Lnflp+Clf = Lnfly ( S+ k)”“)

k<2m
1

+o| X [a+naEm(,] q
k>2m

1

q

< Clmllf = Lnflp+| D [+ R 1EL(f),]

k>2m

Then (39) follows immediately by Corollary 2 (recall that s > 1/p) and
by the equivalence | fl|gz, ~ || fllgr,. In fact, we have

I = Lndl, < €[l = Lnslr ((E @+ nm g0y )]

k>2m

IN

/1l 1 a
T S, qs—1 * q
o [ (s e E g )|

Ifllgz, 1 o ez,
ms—r + ms—r HfHEf,q W :

< C

Proof of Theorem 4. Let be 1 < p < 400, f € Cor, J € Ngand € > 0
arbitrarily fixed. Let us write the initial approximation of f at the level J
(26), in the decomposition form

3mo—1 J—13m;—1
(40) Z aokeor() + Y Y bithk(a
i=0 k=0

Then let us consider the corresponding compressed approximation of f

3mo—1 J—13m;—1

(41) Z aoreor() + Y Y btk

=0 k=0
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with the coefficients {agx} and {Ej,k}, respectively given by (29) and (30).
If we set
agk = aok —aok; k=0,1,...,3mo,
Bik:=bjr—bjx; k=0,1,....3mj; j=0,1,...,J—1,
by (29) and (30), obviously we deduce that

laoi| < e, k=0,1,...,3mo,
|ﬁj,k|<57 k:0,1,...,3mj; 7=0,1,...,J —1.

Consequently, for all p : 1 < p < +00, it results

(42) ||{Oé()’]€}||lp §87 ||{Bj,k}”lp Sea j:O,l,...,J—l,
where we have denoted by | - || the vectorial norm

N-1

(25 mr)”
~ ’ka’) 1 <p<+oo,
[{zxHw == N =

m’?X‘xk“ D=+,

where {xk}iv ' € CN. Thus, subtracting (41) from (40) and taking the
p-norm, by (22), (25) and (42), we get

3mo—1 J— 3m;—
‘|fJ_f§€)‘|p < Z Q0,EPOk Z Z ﬁjkw]k
k=0 p =0 =l
J-1
< Cyl{eox}ller +C5 D 1Bk }Hler
=0

< g(Cy+Ch)<CJe. O
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