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ASYMPTOTICALLY PERIODIC SOLUTION
OF SOME LINEAR DIFFERENCE EQUATIONS

Jerzy Popenda and Ewa Schmeidel

Abstract. For the linear difference equation
(E) anTpir -+ a}banrl + a%xn =dn, neN,

sufficient conditions for the existence of an asymptotically periodic solutions
are given.

In the paper by N, R, Ry we denote the set of positive integers, real
numbers, and nonnegative real numbers respectively.

Definition. The sequence v : N — R is periodic (o-periodic) if v, 4o = vy,
for all n € N. The sequence v : N — R is asymptotically periodic (asymp-
totically o-periodic) if there exist two sequences u,w : N — R such that u is
periodic (o-periodic), nlLHolo w, =0, and v, = u, + w, for all n € N.

We study the equation (E) when one of the coefficient a’ is periodic or
constant and the rest asymptotically approach zero. In the first theorem we
give negative answer to the question: does the equation (F) possess periodic
solution if all coefficients approach zero. Therefore looking for equations
with periodic solutions we should turn our attention to these equations for
which at least one coefficient a’ satisfies lim a?, # 0 (or this limit does not

n—oo

exist). The second theorem gives answer why considering equations (with
only one a’ satisfying above mentioned conditions) our thesis can not have
the form ”all solutions are periodic”.
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Theorem 1. Let lim a!, = 0 for all i € {0,1,...,r}, and the sequence

n—0o0
{d,}22, possesses bounded away from zero some infinite subsequence

{dn, }22, then (E) has no asymptotically periodic solution.

Proof. Let {d,, }?2, be this subsequence of {d, }7>; such that |d,,| > 0
for some positive ¢ and all k£ € N. Suppose that (F) possesses asymptotically
periodic solution = = {z,,}52 ;. This yields that there exists some constant
D such that |z,,| < D for all n € N. Furthermore from lim a!, = 0 it follows

n—oo

that for arbitrary ¢ > 0 we can find integer n(e) such that

(1) Z lal| < e forall n>n(e).

i=0
Let us take e = 0/D and any n > n(¢). Then from (E) and (1) we get

|dn| = |ap@nir + -+ apani1 + aga,|
<lapllensr] + - + lag|lzns1] + lap]|za|
<D(la" |+ -+ lat| +|a®]) < De =6 forall n >n(e).

On the other hand there exists ny > n(e) such that |d,,, | > . The obtained
contradiction completes the proof.

Remark 1. Theorem 1 yields that if {dn }5=; is periodic (asymptotically pe-
riodic) sequence different (asymptotically) from zero then a necessary condition
for (E) to possess periodic (asymptotically periodic) solution is: for at least one

sequence of coefficients {a}, }n— there should be nli_)moo ay, # 0.

Example 1. The Theorem 1 (Remark 1) does not hold if we have homoge-
neous equation

(E1) al Toyr + -+ alz, 1 +alz, = 0.

Notice that if

(2) Za;:O forall neN,
i=0

then, for arbitrary constant C, homogeneous equation (E1) possesses 2-
periodic solutions {C'(—1)"}52; . We can easily find the equation for which
condition (2) is fulfilled and lim a! =0 for all i € {0,1,...,7}.

n—oo

In the next theorem we present one necessary condition for all solutions
of the equation (E1) be o-periodic.
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Theorem 2. Leta’ : N — R, i € {0,1,...,r} with a”, # 0 for all n € N.
The necessary condition for all solutions of (E1) to be o-periodic is: the
sequences {a’,/al }>° 1, i € {0,1,... ,r — 1} are o-periodic.

Proof. Let {u;n}52, 4 € {1,...,r} be linearly independent solutions of
(E1). Every solution {u,}72 of (E1) can be written in the form

(3) Unp = Clul,n + CQUQ,TL + -+ Cru'r,nv ne Nv
for some constants Ci,Cs,...,C,. From (3) it follows that o-periodicity
of the solutions {u; ,}52,, i € {1,...,r} yields o-periodicity of any other

solution of (E1). Therefore necessary conditions for {u;,}2>; to be o-
periodic are necessary conditions for all solutions to be o-periodic. Suppose
that {u;,}52, form r independent o-periodic solutions of (E1) and denote
suitable Casorati matrix by

Ul,n U2.n tet Up,n
Ul,n+1 U2,n+1 Upr n+1
W, =
Ul nt+r—1 U2 ntr—1 Up n+r—1

and Casoratian
wy, =det(W,,), neN.

Notice (see e.g. [4]) that w, # 0 for all n € N. Furthermore o-periodicity
of u; yields o-periodicity of the sequence {w,}22 ;. Because w is never
vanishing, o-periodic solution of the equation

a0
(4) wpy1 = (=1)"=*w,, ne€N,

o

therefore (see [1]) {a%/al} is o-periodic.

Because w,, # 0 for all n € N then for each n € N there exist minors

n=1

Wi j(n)),n Of order i (i=1,...,r—1),
ujl(n)vn uj2(n)7n e ujz(n),n

ujl(n)7n+1 uj?(n)’n'l'l u]7(n)vn+1
W5 j(n)),n = det :

Ujy(n),nti—1  Ujy(n),nt+i—1 Uj;(n),n+i—1
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of the Casorati matrix such that w; jn)),» 7# 0. Here

i) = (ji(n),j2(n),...,5i(n)) , 1< ji(n) <ja(n) <--- <ji(n) <r,

and j can possibly depend both on ¢ and on n. Of course each of (:) possible
minors w; j(n)),» can be different from zero or some of them, but at least
one such a minor exists.

Let us observe that w; jn)),m+e = Wi jn)),m for all m € N. Furthermore
if we take J(’rl + U) = J(TL), then W(4,j(nto)),mt+o = W(i,j(n)),m-

Choose j = j(2) = (j1,j2,--- »jr—1) such that minor w1 5)2 # 0. Then
using

-1 1 0
ar a a
(5) Ui n4r = *ni,,,ui,n—‘rr—l - %ui,n—}-l - %ui,n
for i = j1,...,jr—1, we get the equation
1
6 _ 1 r—1 an—l 1 . 1
( ) W(r—1,j),n+1 = (_ ) a’ W(r—1,j),n + ¢(T - 7J7n)7 n>1,
n—1

where {¢(r —1,j,n} is o-periodic (by o-periodicity of {a / ag}:j:l) sequence
defined by

¢(T - ]-a.]’ Tl,)
Uj, (n),n+1 Uja(n),n+1 e Uj,_1(n),n+1
= det

Ujy (n),n+r—2 Uja(n),n+r—2 Uj,_1(n)n+r—2
0 0 0

anfl anfl a‘nfl

ot Yii(n)n—1  Tgr Uj(n)n—1 “ar Ui i(n)n—1
L n—1 n—1 n—1 |
Since

W(r—1,j),n+ko+1 = W(r—1j),n+1,
W(r—1§),24ko = Wr—1j),2 7 0,
W(r-1.,j),3+koc = W(r—1,j),3
for all n, k € N, then we get from (6)

1
a
—tho - (—1)T_1 (w(r—l,j),k:a+3 - ¢(7” -1,j,2+ kg))/(w(r—l,j),ka+2)

1
ay

= (1" w153 —o(r—1,3,2)) /(wir-1j).2) = e

-
A4 ko
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for all £k € N. Similary choose j = j(a) = (j1,J2,-.- ,Jr—1) for any fixed
a €1{2,3,... ,0+1} such that minor wg,_y j),« # 0. Proceeding in the same
way we get

1
ar 1iko . .
—am RS — (—1)" N (W1 ) kotatt — S0 — Lo+ ko)) /(w15 kota)

= (_1)r—1 (w(r—l,j),a—l-l - ¢(T - 17j7 a))/(w(r—l,j),a)
a

-
aa71+ka

Qr

—1

T
a1

This yields that the sequence {a}l / ag}le is o-periodic.

We have proved that {a%/aﬁ}zozl and {al /a;}zo:l are o-periodic se-
quences.
Suppose that all

(7) {afb/a;}zozl , k=0,1,...,r—i—1 are o-periodic.

Take the minor

Ujy,n Ujp,n e Ujs,m
Ujy,n+1 Ujy,n+1 Uj;,n-1
(8) W(i,5),n = det .
Ujy,n+i—1  Ujy,nt+i—1 Uj; m+i—1

such that w(; j).o 7# 0 for some fixed o € {r —i+1,...,r — i+ o}. Because
of (5) we obtain

r—1
o Y,
Ujp n4i = — Ujpnti—1 = """~
n+i—r
r—i+1 r—1 r—i—1
(9) Qppi—r ) Apyi—r ) Upyi—r . .
- r u]kvn+1 - u]kvn - u]k,n—l - -
an+i—7‘ n+i—r n+i—r
1 0
a : a .
n+i—r n+i—r _ .
— e Wiy n+i—r+1 — p Ujp n+i—r, k= 1, ceey .
n+i—r n+i—r

Let us substitute the terms of the last row of w(; j) 41 (in (8)) by formulae
obtained from (9), we get

r—1

; @ ) — e
(10) W(ij)ntl = (*1)Z%w(i,j),n + ¢(i,§,n),
n+i—r
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where {¢(i, j,n)} is, by (7), o-periodic sequence defined as follows

Wir-1,j)11 We-1j2l 0 w1l
¢(i,§,n) = det . . .
w(r_17j)71,l - 1 w(r_17j)’22 - 1 w(T_lvj)v'LZ - 1
¢(i>j7n)i,1 Qb(i,j,n)ig ¢(Z7j>n)z,z

with

r—i—1 ¢

at .
.. n+i—r .
QZ)(Z?.L n)i,k = - E po Ujp n+i—r+s k= 17 cee st

s=0 n+i—r

Hence from (10) applying o-periodicity of w; j),n+1, (i j)n, #(4,3, 1) we
get forn=a+koand k=1,2,...

a;_ika i—7r 7 ]
BT = (1) (0 j)athor1 — Slird, @ + ko)) /(Wi g ko)
aa—i—ko—i—i—r
. e aT+i1—1rT
= (-1)"(wig) a1 — 66,3, 0)) [ (wiij).a) = a
However for a € {r —i+1,... ,r —i+ o} this yields Zi*ﬁ = a;? for all
st+ko El

se{l,...,o}, keN.

That is {az_i / ag}:;l is o-periodic sequence. Following this way we get
step by step o-periodicity of all {az_i/afl}zo:l fori =r,r—1,...,2. For
i = 1 the conditions imposed on the minors wy; j) ,, reduce to the fact that for
each n € N there exists a solution u;,,j1 € {1,...,r}, such that u;, , # 0.
Suitable equations (6), (10) reduce to

r—1
n .
Ujy,ntr = = Ujy n+r—1 + ¢(17]17n)7
an
. a2 a® . T
where ¢(1,j1,1n) = —"2—uj, pyr—2 — -+ — T2Uj n s o-periodic sequence
n n

becuse of previous obtained results and o-periodicity of u;,. This yields in

. . . .o . /,«71 r o0
a similar manner o-periodicity of {a]~"'/a; }° ;.
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Example 2. Periodicity of the sequences {aﬂﬁ / a;;}zo:l are necessary but
not sufficient conditions for all solutions of (E1) to be periodic. Consider
the equation

Tpp2+ (1= (=1)")zpp1 +2, =0, nelN.

It is evident that sequences of the coeflicients are 2-periodic. However the
general solution of this equation can be presented as follows

{ Top+1l = (—1)”01 + (—1)”2nC’2, n €N,
(—1)n_102, n € N.

Ton

Of course in generally this solution is not periodic.

Remark 2. Looking for other conditions let us observe that from (4), to get
o 9 1, however it is not
j=1 a;’ ’

sufficient as it is satisfied for the equation considered in Example 2. Notice that if
all solutions of nonhomogeneous equation (F) are o-periodic then all solutions of
suitable homogeneous equations are o-periodic also. Therefore necessary condition
given in the Theorem 2 for the equation (E1) is also necessary condition for the
equation (FE).

Theorem 3. Leta' : N — R, i€ {1,...,r} with lim o/, =0,d: N — R

be o-periodic. Then there exists asymptotically o-periodic solution of the
equation

o-periodicity of {wn}, we should have furthermore []

(E2) a Tpiy+-+alr, 2, =d,, neN.

Proof. Take any € > 0. Let us denote

C' = max |di,

Ci=CH+e,

ay = Clr;g%(lrg?gxr lat ), n €N,
I=[-Cy,0C],

I, = [dn — Qp,dy, + an].

oo . . .
Let us observe that the sequence {a,,},~; is non-increasing and

(11) lim «a,, =0,

n—oo
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therefore
(12) diam I, =2a, — 0 with n — 4o0.

By /~ we denote the Banach space of bounded sequences = = {z,}, .,
with the norm ||z|| = sup,, > [Zn].

From (11) it follows that there exists ny such that «,, < € for all n > n.
Consequently I, C I for all n > n;.

Let T C /o be such a set that © = {z,,}.—, € T if

Tp=d, for n=1,2,... n—1
T, €1, for n>n;.

It is easy to check that T is a closed, convex, and compact subset of /... By
(12), for arbitrary e; > 0 we can set up a finite e;-net for the set T. Hence
by Hausdorff’s theorem T is compact.

Define now an operator A. Let y = {y, },—, € Tand Ay =n={n.},—,
if
{dn for n=1,2,... ,n; — 1,
n = r
dp — Al Ypsr — - —alynt1 for n>mny.

Let us observe that

[tn = dn| = lapynir + - + apynia] < (max |an))(|ynirl + - + [ynia])

< Clr(lrg?écr la’]) < a, for n>ng.

Hence A(T) C T. Furthermore for any = = {z,} o, ¥ = {yn}—; two
elements of the set T we have

|Az — Ayl = sup |(Az), — (Ay)n|

neN

= sup |(dn — ap@pir — -+ = QyTny1)
n>ni

- (dn - a;yn+r - aiynJrl)‘

< sup { (e a0t = ir |+ o~

n>ni

anl anl
< — PN — < — .
<o :;gl(!wnw Yntr| + -+ 20 —ynl) < Cﬂ/’llfC yl|
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From this we get continuity of the operator A. Hence by Schauder’s fixed
point theorem there exists in T a solution of the operator equation x = Ax.
Let z = {2}, be this fixed point of A. Then

z=Adyy .. ydny—1,2nys s Zny-e- }
and by definition of A we have
(13) Zn =dp — Q) Zpgyr — 0 — akznﬂ for n > n,.

That is z = {z,}, ., is the solution of (E2) for n > ny. Furthermore this
solution, by (12), possesses asymptotic property:

(14) 2n = dp + 0(1).

Hence o-periodicity of the sequence d yields asymptotic o-periodicity of the
sequence z. The obtained sequence does not satisfy (E2) for all n € N,
however using (13) we can build solution of (E2) back, step by step up
to z1.

Remark 3. The same result we present in Theorem 3 can be obtained in one
of the following cases.

i) aY = a # 0 (constant) in (E). In this case it suffices to divide the equation

(E) by a, and check that conditions of Theorem 3 are satisfied.

ii) {dn},; is asymptotically o-periodic sequence.

[ee]
iii) {a%} is o-periodic with a # 0 for all n € N. As in the case (i) dividing

n=1
(E1) by a9 we come back to the case considered in the Theorem 1, because
o0

then {dn / a%}
n

is o-periodic and lim (a% /al) = 0.
n—oo

iv) al #£0 for all n € N, nh_)n%O al = 0 and there exists k € {1,...,r} such that
af =a+#0, and for other i € {1,... 7}, i # k, nleooa% =0.

In the paper [7] we have considered equation (E1) in relation to the prob-
lem of existence of asymptotically periodic solutions when {a%} is asymp-
totically periodic, and {a}l} asymptotically approaches 1. In [5] the method
similar to this presented in proof of Theorem 3 has been applied to obtain
existence of asymptotically periodic perturbation for second order nonlin-
ear difference equations with asymptotically periodic solutions. Also similar
method has been used in [6] to obtain particular case of periodic sequences
i.e. constant approaching solutions. For other treatment of the problem of
periodicity see e.g. [2,3].



40

J. Popenda and E. Schmeidel

REFERENCES

. R.P. AGARWAL and J. POPENDA: Periodic solutions of first order linear

difference equations. Math. Comput. Modelling 22 (1995), 11-19.

. S. ELAYDI and S. ZHANG: Periodic solutions of Volterra difference equations

with infinite delay I: The linear case. In: Proc. First Int. Conf. Diff. Equat.,
Gordon and Breach Publ., New York, 1995, pp. 163—-173.

. O.C. FiLHO and L.A. CARVALHO: On periodic solutions of x(t) = ax(t — 1)

+bx(t — 2). In: Proc. First Int. Conf. Diff. Equat., Gordon and Breach
Publ., New York, 1995, pp. 185-195.

. W.G. KELLY and A. C. PETERSON: Difference Equations, Introduction with

Applications. Academic Press, New York, 1991.

. R. MUSIELAK and J. POPENDA: The periodic solutions of the second order

nonlinear difference equation. Publ. Matem. 32 (1988), 49-56.

. J. POPENDA and E. SCHMEIDEL: On the asymptotic behaviour of nonhomo-

geneous linear difference equations. Indian. J. Pure Appl. Math. 28 (1997),
319-327.

. J. POPENDA and E. SCHMEIDEL: On the asymptotically periodic solution of

some linear difference equations. (in preparation).

Institute of Mathematics
Poznan University of Technology
Piotrowo 3a

60-965 Poznan

Poland



