FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. 14 (1999), 21-29

THE REGULATION INDEPENDENT OF THE POTENTIAL
SYMMETRICAL TO THE CENTER [r,n] FOR
STURM-LIOUVILLE OPERATOR WITH A CONSTANT DELAY

M. Pikula and T. Marjanovié

This paper is dedicated to Professor D. S. Mitrinovic¢

Abstract. Let L = L(r,q) be operator defined with —y” (z) + q¢(z)y(z — 7) =
M), \=2%ye—7) =0,z <7, 7/3 <7< /2 y(r) = 0. The aim of
this work is to prove the existence and unicity of the operator L, if the range
of proper values is given. Potential ¢ is a complex function in L;[0, 7], and
q(z) = q(m — z). If ¢ is an analytic function, the problem is solved in [6] for
T € (0,7). With ¢ € L1[0,n], 7 € [r/2, 7] the corresponding problem is solved
in [7]. For an arbitrary 7 € (0,7) and “small” potential ¢ the problem is solved
in [8]. In this paper, the same method of characteristic functions like in [4], [5],
and [6], is used.

1. Asymptotics of Characteristic Values
Let L = L(r,q) be operator defined with

(1) —y" (@) +q(@)y(z — 1) = Ay(x), A =27,
(2) ylx—7)=0, z<7, 7w/3<7<7/2
(3) y(m) = 0.
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The relations (1) and (2) are in fact the integral equation

1 xT
(4)  y(z,z,7) =sinzx + — / q(t)sinz(x —t)sin z(t — 7)dt
z T

x t1—7

1
+ = q(t1)sinz(z — t1) / q(to)sinz(ty — 7 — to) sin z(ty — 7)dtadt;.
z 27 T

From (4) we get the characteristic function F(z) of the operator L in the
form

(5) F(z)=sinmz+ % /7T q(t)sinz(m —t)sin z(t — 7)dt

1 x tlf‘l'
+ = q(t1)sinz(m — t1) / q(to)sin z(ty — 7 — to) sin z(ty — 7)dtadt;.
z

2T T

Theorem 1. If ¢ € L1[0,7| then zeros z, of the function (5) have the
following asymptotics

cosnrt

(6) o =nt /W q(t)dt + o(

cosnTt

), n=1,2,....

Proof. Take z, = n+c1(n)/n+ca(n)/n?+o(1/n?). Putting this expression
into the equation F'(z) = 0 and grouping expression by degrees, we get

c1(n) = CO;:T/ t)dt — —/ cos?n t— —)dt

ea(n) = /2 jq(tl) / N () dtadts.

47

and

Because ¢ € L1 [0, 7], we have ag,, = [ q(t) cos 2n(t—7/2)dt — 0 (n — +00).
From that and from the fact that F( ) is an odd function, the proof
follows directly. O

Remark 1. If function ¢ is of the bounded variation then

/T7r q(t) cos2n(t — g)dt = O<l>,

n
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and

cosnt [T
(M z=nt ol / o(t)dt

' (% o [ " ety +0<1>> +o(1a)

T

Since A\, = 22, then from (6) we get asymptotics of the eigenvalues of the

operator L in the form

1 ™
() Ay =024 = / q(t) cosntdt + O(aw,), an — 0 (n — +00),
™ T

and from (7) in the form

1 [" 1
—m2 L —
(9) An =1 +7T/T q(t) cosnt dt+0(n).

Let us prove an explicit connection between delay 7 and given eigenvalues.
Since

Atz — Ao — (n+2)? + (n—2)2

B = Antl — Ap—1 — (TL + 1)2 - (n — 1)2

O(aw), an— 0, n— 400, ¢ € [1]0,7],
=2cosT+ 4 O(1/n), m — +oo, qis a bounded variation

function,

then

(10) com:% lim ﬁn:%ﬂ (—2<B<2).

n—-+o0o
Notice that if 0 < 8 < V/3, then 7 € [7/3,7/2).

2. Relation Between Potential and Characteristic Values

Let A, be eigenvalues of the operator L. Then the characteristic function
(5) can be done in the form
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where A is a undetermined constant. Equating those two forms of the same
function, we get

Thus,

2

(11) F(z):wﬁ%-zﬁ@—i—).
n=1 n

n=1

Using asymptotics (8) and taking z = —i /1, we obtain

(12) lim F(—i/p) — sin(—mi\/1) 9

p—+00 COSh(ﬂ' — 7—)\/’[7 \//j = /7- Q(t)dt =Ji.

Putting S(z,t1,t2,7) = sinz(m — ¢1) sin z(t; — 7 — t2) sin zto, for z = m,
m € N, we can write

(13) S(matlatQaT) = (_1)m+15m(t1at2a7-)
(=ym+t :
I {sin2m(t; — to) — sin 2m7

— sin2m(t; — 7) + sin 2mts }.

In order to find a relation between the potential ¢ and eigenvalues \,, of the
operator L, we start from

+oo)\ 400 ZQ
14 An 1——)
SRR 1) (G s
= siums — 3L eoss(n =)+ o [ alt)cos(n— 20+ )i
= SIN7TZz % COS z2(T T % 7_ q COS z2(T T

1 ™ t1*7‘
+ = Q(tl)/ q(t2)S(z,t1,ta, T)dtadly,
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for z € C. The identity (14) gives

1) e+ S cosmr
= % /T7T q(t) COSQm(t — g) dt
" %{/J Q(tl)/T HQ(tz)Siwm(tl — tg) dty dty

s t1—T7
— sin2mr / q(tl)/ q(tg) dtl dtg
2 T

T

T t1—7
— / q(tl) / q(tQ) sin 2m(t1 — 7') dtQ dtl
2 T

T

s t1—T1
+ / q(tl)/ q(tg)sianththtl}, m=1,2,....
2 T

T

Now, we introduce

4 RS Wi e 2 —1)m
(16)  Agpy, = (—l)me [W 11 3 n:1(1 - T—n) + ( 2) CosmT] ,
) T—7/2
(17) Aom = — / q(t + %) cos 2mitdt,
™ /2
1 ™ tlfT .
T = = [ att) / o(ts) sin 2m(ty — bo)dtadts,
sin2mr " bi=m
raonl) = =T [ qte) [ atta)dtad,
2T T
(18) 1 s tlfT .
o3.m(q) = — ; q(tl)/ q(t2) sin2m(t; — 7)dtadty,

s

1 tlfT )
oam(q) = — q(h)/ q(t2) sin 2mtodtadty.

Then (15) becomes

4

(19) Ao2m = A2m + Z Uk,m(Q) = A2m + X2m(Q)
k=1

25
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Using an integration by parts, exchanging the order of the integration,
and putting

T—T—11

Q(t1,ts,7) = q(T+t1 +

tl—T

the functional Xa,,(q) can be transformed in the form

9 [T-T ty TH(r—T—t1)(t2—7)/(t1—7)
Xonl) == [ [ et | o(ts) dts

T

t2 ™
+oatta+ ) [ atta)dts —alts) | q<t3>dt3}dt2} cos 2mty dt,
T T+t2
ie.,
9 T™—T t1
(20) X2m(q) = ; / |:/ K(tl,tg,q(tl,tg)ﬂ') dt2:| COS 2mt1 dtl.

Therefore (19) becomes

2 T™T—T tl
(21) agm = Agm 4+ — / [/ K(tl, t2, q(tl, tz), T)dt2:| COS 2mt1dt1.
™ Jr T

Now, we put

a(t) = { q(t +71/2), te(r/2,m—71/2),

0, te (0,7/2)U(m —71/2,7),

and

thlK t1,ta,q(t1,t2), T)dta, t; € (1,7 —1T),
H(tl)_{ ( )

0, t1 € (0,7)U (m —T,m).

If g(z) = q(m — z), € (0,7), then ¢1(x) = ¢1(m — x). Then ag,, are
Fourier coefficients of the function ¢ (z), x € (0, ).

It is easy to show that Ao, — 0, if m — 4o00. It means that As,, present
Fourier cosinus coefficients of a certain function f € L;[0,7]. Besides the
functionals Xo,,(q) represent Fourier coefficients of the function H (7).



The Regulation Independent of the Potential ...

If we multiply (21) with cos 2mz and summing in m, we get

and

i.e.,
(22)
and

(23)

xT

q(ac—i— Z) = f(x) —i—/ K(x,t,q(t))dt, x € (r,m—1),

2

T

_ f<x_ g) _|_/TI_W/2K(x— g,t,q(t)>dt, x € (;T

27

Remark 2. The interval A4,, in (23) for 7 = /2 disappears, and for 7 = /3
it becomes (m/2,57/6).

Since (23) is a nonlinear integral equation of Volterra type, and because
the kernel K (z — 7/2,t,q(t)) satisfies the Lipschitz condition by a ¢, then
it has only one solution which can be obtained by the method of successive
approximations.

Thus, one sequence of eigenvalues of the operator L defines that operator.

3. The Solution of the Inverse Problem

Theorem 2. In order that a sequence of numbers \,, n € N, |\,| < |Ant1]
be a sequence of eigenvalues of the operator L type (1), (2), (3) it is necessary
and sufficient that:

1° The sequence A\, has asimptotics

A = n? +agcosnt + O(a,), o, — 0, n — +00;

— ?2 =2cosT, € (0,V3).
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Proof. The necessity of conditions 1° and 2° is evident from the direct
problem. Let us prove that 1° and 2° are sufficient conditions. We construct

the function
+oo )\n +oo 22
v = 12 T1(0-2)
n An
n=1 n=1

and consider identity (14). Take 7 = arccos 3/2 and

T . O(—iy/p) — sin(—mi/1n)
/T alt)dt = uEIEoo cosh(m — 7)\/1t 2V

The presented identity is transformed into the system of equations (22)
and (23), where K is defined by (20). Let g(x) be the unique solution of the
system (22), (23), = € [r,7]. According to the symmetry ¢(z) = g(m — z),
the function ¢ € L1[0, 7] is defined. With such defined 7 and ¢ we construct
the operator L = L(7, ). Let us make the characteristic function F(z) of
the operator L and let us find its zeros +z,. Let S\n be eigenvalues of the
operator L.

From the way of defining the function ¢ and number 7 it is evident that

®(z) = F(z), which means that A\, = \,,. O
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