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Abstract. The rate of approximation a.e. by Steklov means with respect to
multidimensional integrals is considered.

The classical Lebesgue theorem about differentiation of integrals states
that Steklov means Sy, f(x) = A~} f;Hh f(t) dt approximate a.e. the summa-
ble function f. It is easy to estimate the rate of approximating in L'-metric
in the following way

(1) [Snf = fll = O{w(f; 1)} -

Also, it is natural to consider the problem of estimation of the rate of a.e.
convergence of Sy, f(x). In fact, we can define more precisely the order of
0,(1) in the following fundamental relation, which may be considered as a.e.
analogous of the statement ||.Sy,f — f|| = o(1):

2) I / 1) = F@)ldy = 0r(1). dinm (1) = 0.

The complete solution of this problem was given by K.I. Oskolkov [1]. In
certainly weaker that in [1] form, it is contained in the Theorem A below.
Before the formulation of this theorem we introduce some notation.

Let I = [0,1]™ and < and > designates the inequalities < and >, which
are true with some constants. By the ® we denote the class of positive
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sub additive non decreasing on (0, 1] functions ¢. Also, w(f;d) and w;(f, )

denote the modulus of continuity and j—th partial modulus of continuity of

f € LY(I™) respectively and HY (I™) = {f € L*(I") : w(f;d) = O{w(d)}}.
Let f € L(I"™) and § > 0. Define

Ds(f,z) = sup |1]! / @) — f(@)|dy

where supremum is taking over the n—dimensional intervals I = Iy x--- X I,
I>z, I CI” diam(])=96.

We suppose that w(d)/d — oo, & — 0 and introduce the auxiliary function
Q(6) which characterizes the rate of convergence to zero the quantities w(d)
and d/w(0). We set

@ 5’““:““{5:ma"(uf(g);wgl;gi)%}’

and Q(d) = 21_k; 6k+1 <0 < Og.

€

Theorem A. Let w(d)/0 — oo, § — 0, and (t) is positive non increasing
function such that

Lodt
(4) /Omw.

Then for every f € HY (1)
Ds(f,x) = O {w(®)¥(Q5))} a.e. on I'.
If (4) false, then with the some g € HY (I')

D
(5) limsupM =00 a.c onl'.

s—0 w(0) Y((d))

Now, let us point our attention to the multidimensional case. The mul-
tidimensional Steklov means Sy, . p,f approximate summable function f
only by L'-metric with similar to (1) estimation. However, they approxi-
mate a.e. only functions from L(log+L)"~1(I"™) by the well-known Jessen—
Marcinkiewicz—Zygmund theorem. Therefore, the embedding HY (I™) C
L(log +L)"~1(I™), is sufficient for the availability of (2) for all f € H¥(I™).
The corresponding condition of embedding has the following form:

(6) /01@ <log%>n2 d6 < oo
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We [2] managed to establish, that (6) is a necessary condition for (2) also.
By the other words, the condition of strong differentiation of integrals of all
functions from HY (I™) coincide with the condition of embedding HY (I™) C
L(log +L)"~(I™).

So, we can consider the problem of estimation of the rate of strong differ-
entiation.

Theorem 1. Let n > 2 and w(d) modulus of continuity which satisfying (6)
and function ¢ € ® such that

" w(o) 1\"*
Then for every f € HY (I™)

(7) Ds(f,x) = O{v(0)} a.e. on I™.

The method of investigation of strong differentiation due to A. Zygmund
consists of majorization of multidimensional operators by the compositions
of partial one-dimensional operators. Then the problem of finitenesses a.e. is
reducing to the problem of summability and embedding to the some Orlicz
classes low—dimensional operators. We shall also follow this schedule and
introduce the maximal function N, o (z) connected with local smoothness

N (@) = s (1l (iam (D) [ 1) = ()l dy.

Ixel

Theorem 2. Let w(d) is modulus of continuity which satisfies (6) and func-
tion ¢ € ¢ such that

n—1
/ 5 <log > dd < 00.

Then N3 f(z) € L'(I™) for every f € HY (I™).

Proof. With 7 = (7(1),...,7(n)) we denote some rearrangements of
(1,...,n). Define n—dimensional simplexes E, C I"

E.={(z1,...,2,):0< )<L xr) <xr2)<1,... ,xT(nfl)Sl‘T(n)Sl}.
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For example in two—dimensional case there are two different rearrangements
7:(1,2) - (1,2) and 7: (1,2) — (2,1). Then

Eio={(z1,22) : 0< a1 <1, 27 <o <1},
Es1 ={(r1,22) : 0< 22 <1, 29 <y <1},

and I? = El,g U E2’1.
It is obvious (by induction), that for every = € I

(8) 1< Y (@) <!

where sum is taken over all rearrangements 7 and x, denote the character-
istic function of E..

Now, let z € I = I x - -+ x I,, and integer m; such that 27"~ < |[;| <
2™, Denote by v(I) = (27™,...,27™n), and taking into consideration
(8) we have for all z and y in I™

1F ) = F@)] <D 1 Wrs ey n) = Fns ) X (0(D)
Y W Ty ) = F1 o m) [ X (0(T)).

Let

i
—
QL
S

Ay ={k:1<k<ns k#5}, 1G) = [] . dy()
kEA(H) keA(®j)

Then
1! - d 17!
17 [ 1) = 1G@) ol
X/‘f(ylv 7yn)_f(ylv y Lr(1)s -+ - 7yﬂ)|dy
I
><><T(v(1))Jrn!ZII(j)I‘1
j=1

/ @2 =y )| dy().
1(5)
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If we denote by
pf@ = s () ()"

Ixelw(l)EE,

X/I]f(yl,... Yn) = f1s 2y, -, Ya) | dy ;s

N f(@) = sup () (G)

I,xel

x/ @1 sn) = [ sy syl dy(d),
I(j)

as 1/¢(diam (1)) < 1/9(|1;]) for all j =1,... ,n, then
Nof@) <Y RY(f2)+n > NG ().
T Jj=1

The second sum, in essence, contains (n — 1)-dimensional N, ,—functions,
therefore, it is sufficient to establish summability R7, f(x).
Let

Ef ={m=(my,...,m,): (27™,...,27™) € E,}.

T

Then
9—mi1 o—mn
Ry(fx) < > 2m1/ dtl--.2mn/ |flzy +tr, . @y + 1)
mEE; —_Q2—mn —_2—mn
_ —1
- f('rl + 11, .. yLr(1)s -+ s qn + t’n)‘ dtp [77[}7'(1)(2 mT(l))]
2—m1
< Y > 9ma / dty ---2mn
mEE* |e1]=1,... |en|=1 0
2= mn
></ F(21 €1ty T+ 6 1)
0
_ —1
—fler ety o 20y, T+ €ty diy [@ZJT(I)(Q mT<1>)] .
Now

IRl > 30 270 @ )]

’ITLEE: |61|:1,... 7|€n|=1

2 )
TS
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Let us estimate the arbitrary addendum. Without loss of generality we
may assume that e =---=¢, =1; 7(1) = 1,... ,7(n) = n. Then

m —m -1 2 1
S [ e

mek*
[ee] mi Mp—1 L 2—m1
<2 {Z > 1}2"“ e [ Al s,
m1=0 (mao=1 ma=1 0
Obviously,

mi Mnp—1
S Y d< )t
mo=1 mp=1

Taking into consideration monotonicity of 1(t), we get

o0 27m
IRD Al < 3 mn=22m [z~ / JAL l dt

m=0
o] 9—m 1 n—2
1A flla < 1>
< g Qm/ log — dt.
25 )y T P

Thus, applying the Abel’s transform, we get

1 n—2
IR fllh < /0 ;bll((?) <log %) dt < oo.

The proof of theorem 2 is complete. [J

Now, Theorem 1 follows from theorem 2 by the following simple observa-
tion

ml/D ) — F(o)] dy < IIII/I!f(yl,-.- ) = Fys s s2a)| dy
+ |I|_1 , |f($1, Ce ,ZL‘n) — f(yl,l‘z, e ,l‘n)| dyl
< M (NG f) (@) o(diam (1)) + N f () 6(| 1))

where M! denotes partial Hardy-Littlewood maximal function at z;—coor-
dinate, which is finite a.e. if N;’lf € L.
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Let us discuss the sharpness of (7). It is not difficult to prove, that well
known Bari-Zygmund condition on w(d) is equivalent with the following
condition: d/dk+1 = O(1), where sequence J;, was generated by (2). So, in
this case Q(0) has the power grow near zero. On the other hand, 1(¢) has
the logarithmic behavior, hence the order of (¢/(€2(d)) and 1(¢) is identical
(this unformal consideration may be rewritten as formal statement). Thus
for these modulus, like w(d) = 6*(log(1/6))”?, 0 < a < 1, the sharpness of
(7) follows from (5).

However, for the logarithmic—type modulus like w(d) = (log(1/9))%, a<—1
with some condition of regularity the estimation (7) is also sharp. This
condition is decreasing of 9 (t)/w(t) and w(t)t~/2. The latter implies that
w(ék) =27k,

Further, for the simplicity of notations, we consider two—dimensional case.
Then

k-1 ) > w((S _1> 1) -1
/w a0 = Z/ 500 © <2 o

Hence

Z log5 =
¢ Ok '

If > w(dk—1)/1(dk—1) is divergence, then necessary estimation follows
from one-dimensional case. So, let us assume, that

>

k=1

£

Denote
Qrl0,61)%; Ep={(x1,72) : 0 <1 <015 0 < 2927 < 6301},

Ok—1 me[ w(0k—1)
0 Y(0k—1)0k—10k

Then ‘Ek’ = 6k5k—1 10g(5k_1/5k) and mk]Ek\ > (w(ék_l)/w(ék_l))x

x log(dx—1/0k), so
ka’Ek‘ = O
k=1

Ak = Y(0k—1)

| +1.
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Now by the well known Calderon lemma we can define translations Tf,
i=1,...,mg; k>0 such that |limsup 7F(E)| = 1.

Let x* denote the characteristic function of 7/*(E},) and define

co My

fo=Mxts F=>) fi

k=1 i=1
Then A\pmid; < 2w(dk—1) = 4w(dx) and for dj—1 <h<djandi=1,2we
have

o0

wi(f,h) <<hZA””’“5 + Y /\kmkék<<hz 5k ) 4 Z () -

O k—j+1 k=1 k—j+1

The latter sum is less than Cw(h) (see [1]), so f € HY(I?).
Further

> > w(ék_l) 5k
2l <25

Hence |lim sup 77(Qx)| = 0.
If FF = A\gxq, then for x € Eji\ Qy, there exists rectangle I 5 z (see Fig. 1)
such that (F(z) =0)

2
© 17 [ 1P - Pl dy = 5 = 0(52) > v(diam (1),

Let QF = 7F(Qx) and z belong to finite numbers of QF. Let x € I and
diam (1) is so small, that either I C QF or IN Q¥ = () for k < n, and for
k = n there is relation like (9). Then

n—1 my

S / ~ fi@)] dy

k=1 i=1

+Z|I| / ~ fi@)] dy
£ S / — fi@)] dy

k=n+1 i=1
= |31 + 3o + 23] .

- 1/|f )ldy >
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[y
Ty = b b /71

|12

T
O
Qr 1 Iy,
0 by | 11] Op—1

Fic. 1

By the assumption about mutual disposition of I and supp (f;) for small
k, ¥1 = 0. By (9) X2 > ¢(diam (1)), and as X3 > 0, then 31 + Xo + 33 >
Y (diam (1)).
D5(fa ‘T)

Therefore almost everywhere on I? lim sup ———-% > 0.

0—0 ¢(6)
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