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DEGENERACY OF POSITIVE LINEAR OPERATORS
Lj. M. Koci¢ and B. Della Vecchia

This paper is dedicated to Professor D. S. Mitrinovié

Abstract. This paper is a survey of results obtained by the authors in the
topic of degeneracy of positive linear operators. A broad discussion on the topic
includes some new results and applications of degeneracy.

1. Introduction

Definition 1. Let Q,, be the polynomial space of dimension m+1 and {L,,}
be the sequence of projective operators L,, : C[0,1] — Q,,. If exists, the set
D(L,) C Cla,b] \ Qmla,b] such that degL,(p) < n, ¢ € D(L,), it is called
the degeneracy set of the sequence {L,} and it is said that the operator
sequence {L, } exhibits degenerative property or deficiency property.

The Bernstein operators B, have been firstly pointed out to have de-
generative property. These operators map C|[0, 1] into Q,, and are defined
by

W B0 =3 () pate) . achal. secpl.
k=0

where the kernel functions

) por(o) = (1 )a* (=2

form a basis in Q,,. It is well known [15] that lim B,,f = f uniformly on
[0, 1].
Actually, Freedman and Passow, [9], [18], proved the following theorem:
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Theorem 1 (Freedman, Passow). Let 7, be the set of continuous piecewise
affine functions with the knots in k/n, k=1,..,.n—1,n>2,n € N, and
let {B,} be the sequence of Bernstein operators defined by (1). Then, for
n>2,

(3) f € Tn = an = Bn—‘,—lf .

So, m, € D(B,). An element of 7, is the function whose graph is the
polygonal line with knots in k/n. Note that this polygonal line does not
need to change slope at all of these knots. Also, it is easy to see that for
every p € N, m, C mpy,, so that

(4) f € Tn :Bpn(f) :Bpn—l-l(f) ,VpGN .

In fact, this is the original form of the result of Freedman and Passow.
Goodman and Sharma [10] have got the implication (4) simplified to (3).

A slightly different formulation for essentially the same fact is given in
[22]. According to Schoenberg, Averbach pointed out the implication (3) as
the equality case in the inequality B, 11 f < B, f, for every f convex on [0, 1]
(cf. Temple [25]) (see section 4). The same result was given in [12, Th. 7.5].

Degenerative property of Bernstein polynomials is illustrated in Figure 1.
The function x — @.(z) = |z — ¢|, has been approximated by the sequence
of polynomials B,,(x) =B, (¢.) for n = 2,...,17. For ¢ = 1/2, function ¢,
belongs to the degenerative set 7o, so that, in virtue of (3), i.e. (4), it must
be Bs(xz) = Bs(x), By(x) = Bs(x), ete. (Figure 1, left). If ¢ differs for a
small amount from 1/2, the separation of pairs (Ba,,, Bay+1) becomes visible
on the graphical presentation (Figure 1, right).
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F1G. 1. Degeneracy of Bernstein polynomials
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Concerning degeneracy of Bernstein polynomials, Passow [18] conjectured
the inverse implication in (4):

Conjecture 1 (Passow).

Bpn(f) = Bpn+1(f)7v]3 €N = f € T -

Goodman and Sharma [10] gave a partial answer to this conjecture by
proving that if f is convex on [0,1] and B,,f = By4+1f, then f € m,.

Another partial answer is given by Passow [19], under the assumptions
that f € C[0,1] and f € CQ(%,%) for i = 1,2,...,p. Then, By,(f) =
Bpp+1(f), n=1,2,..., implies f € mp,.

According to the authors’ knowledge, the conjecture of Passow is still
open.

The result of Freedman and Passow (Theorem 1) was generalized in two
ways. In [6] it is shown that degeneracy is not a privilege of Bernstein
operators only. Other way of generalization [8] deals with multidimensional
Bernstein polynomials over simplices.

2. Other operators
The first remark of the authors in [6] was that Theorem 1 was a simple

consequence of the difference formula

(5) ABn(f;:v)2—79227127;33 ipn—l,k(ﬂf) [E EHl k4l ]
k=0

n"n+l n

which seems to be firstly published by Arama [1]. Here,

kk+1 kE+1

opf=1- _— k=0,...,.n—1
kf |:n7n+1> 7f:|7 ) y )

stands for the second divided difference of the function f with respect to the
points k/n, (k+1)/(n+ 1) and (k + 1)/n. Now, one has

Proof of Theorem 1. If f € m, C C[0,1], then 07 f =0,k =0,...,n—1,
so from (5) it follows that AB,,(f;z) =0, i.e. (3) is valid. O

Similar proof, given by Passow in [19] is based on Averbach formula (][12])

T = () () - O ()
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where z = z/(1 — z).

It is shown in [6] that difference formula similar to (5) is valid for more
general classes of positive linear operators (PLO), and thus, the degeneracy
property as well.

Let the sequence of PLO’s {L3},725 be given by

() L) = Yo 6@ () L 2 € [0,400)
k=0

where €7, be a kernel and « be a parameter. The operators Lj; cover several
important, well known cases. Thus, for £, (z) = (N)a* (1 — z)"=k, LY are

k
Bernstein operators while for £, (z) = e™"* (",Z) , operators (4) reduce to

Favard-Szasz-Mirakyan operators [25]. If one specifies

N B (Z)l'(k’_a)(l _ .,E)(n—k,—a)
n,k(‘/E) - 1(7’L,—Oé) ’

where

(ko) { 1, k=0
) =
z(rx—a)..(z—(k—1a), k>1,

the Stancu operators ([23]) are obtained. By the choice
]_ k I(k»_a)

mi(@) = (14 na) = (a+ ) F——

(7) gives generalized Favard-Szdsz-Mirakyan operators [24], [16], [20].
Theorem 2 ([6]). For the sequence of operators (6) the implication

(7) fem=Lof=Lyunf,

s valid.

Proof. The proof is based on the difference formula which holds for all
z>0and o >0

af. _ :Ziz—LZ(eg;fL’) = o o n
ALn(f7x) - (n+1)(1+na) kz:osk(x)gnlk(x)ékfv
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where e3(t) = t2, and the sequence s¢(z) satisfies

Zsk n—1e(@)=1.

For the details of the proof, see [6]. [
In [8], the authors determined all PLO’s of interpolation type

(8) Lo(fiz) =) f@p)bi(z),x €[0,1], ne N,

where the kernel functions {b}(x)} form a basis in @, and 0 =z < ... <
zl' = 1. Note that L, : C[0,1] — Q,. It is clear that Q,, C 9,41, which
means that b7 (x) Espan{bf“(x)}, i.e. the degree elevation formula

n+1

Pa) =Y mypbi ()
=0

takes place. The matrix of coefficients [m; ], in many known cases has a
three-diagonal form, so that the degree elevation formula has the form

(9) bjs (@) = mye by ™ () + mprn kb3 (2)
where the coefficients m; ; satisfy the following conditions
(10) m;; >0,

(11) d mig=1, i=0..,n+1,

(12) mex " =0,..,n+ 1.

Besides, it is natural that the structure of the matrix of mesh knots [x}]
affects the convergence of the sequence {L, f}. For the majority of inter-
polation type PLO’s, this matrix has dyadic structure, which means that it
always exists the continuous monotone function g such that g(z}) = k/n for
k=0,....,nand n € N. It is easy to show, that for each dyadic matrix of
nodes, zp; = a3 for p € N.

Let II,, be the set of continuous piecewise affine functions with the knots
in {z7}7Z], n € N, then the following theorem generalizes Theorem 1.
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Theorem 3 ([8]). Let the sequence of PLO (8) be defined by the dyadic
node matriz [x}]. Let for everyn € N

a) Lnp =@, p(z) =ar+ 6, o, € R;

c) the kernel functions bjl(x) satisfy three-term recurrence relation (9).
Then the sequence {L,} exhibits degeneracy property, i.e.

fel, = Ly f=Lyf .

Proof. 1t is based on the difference formula

(13) Lo(fiz) = Lny1(fi2) Zan kaIll %JCZI%J%H;JC],

where a, = (2}, a:ZI%)(mZLl — 7). Note that the divided difference

in (13) is well defined on the dyadic node matrix. Further, from f € II,, it
is obvious that [xk,a:’gill,xkﬂ; fl=0,1ie. Lyt1(f) = L,(f). For details of
this proof, see [8]. O

The Theorem 3 contains following important special cases:

1) By choosing b} () = pn.x(z) (given by (2)) and z} = k/n, the degree
raising formula is

n—k+1,, kE+1
a1 G @ty

Thus, by Theorem 3, D(B,,) 2 7.
2) For

(14) bl (z) = —— bt (x),k=0,...,n .

+1 k+1

(Z)m(k,—a) (1 o x)(n—k,—a)

1(77,,—04)

by (z) =

(a > 0 is fixed), and z}} = k/n, the Stancu operators are obtained. The de-
gree raising formula is just the same as (14), and the degeneracy set includes
T,, as above.

9

3) Let p = (poy -y ftn—1),v = (Mo, ..., Vn—1) are two sequences of nonneg-
ative parameters. The choice b} (z) = d}}(z), where for k =0,...,n

di(x) = A p(x+ po)(x+pp—1) Il —z+1v9)...(l —2+vp_p—1) ,
and the constants A, i,k = 0,...,n, are given recursively by

Aok = 0k,0 ,
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A1k An—1.k
>\n,k — + )
I+ pg—1+vn—r 1+pe+vn—r
together with selecting nodes z{j,...,z7, so that >, _,zpdy(z) =  is sat-

isfied. Then,
Di¥(fiz) = flap)di(z), = €[0,1],
k=0

defines the sequence of PLO. These operators have been studied by Barry
and Goldman [3]. They used the generalized Pélya urn model to generate
DH¥. The degree raising formula is

An dn-‘rl dn+1
dZ(:U) k (k (x)+ k+1($) :

ol Vnek \ Atk Aatlktl

and, by Theorem 3, D(D#¥) D II,,, with =} as nodes.

4) Let v € Nym € Npand n =v+m and 7" = (t_,, ..., tp+1) be the knot
sequence 0 =t_, = ... =t <t <t < ... <ty <tlpg1 = ... =41 = 1,
such that ¢;_, < t;4+1(¢ =0,...,n). The sequence of nodes z", induced by 7"
is given by

1
(tk—u—l—l + ...+ tk), k=0,..,n.

14

(15) xp =

In [22] Schoenberg introduced the operator T, by
Tn(f§x) = Zf(xZ)Nlak(x)v z € [O, 1] )
k=0

where Ny, i (z) = N(z/tk—v, ..., tk+1), k = 0,...,n, are the B-splines of degree
v, with respect to the knots ¢;_,,...,t;11. The operator 7,,, now known as
Schoenberg’s variation diminishing spline operator, maps C[0,1] into S,, the
space of splines of degree v with the knots 7. It is known that {N, ;}, k =
0,...,n, is a basis for S,,. To obey our previous notation, we shall write
b (xz) = Nyp(x)(n = m + v). Thus, the operator T,, degenerates over the
set II,, with nodes at the points z}, given by (15).

3. Multidimensional case

Let ag, a1, ...,as (s > 1) be the set of affinely independent points from R*.
Then, the s-dimensional simplex is defined by o4 = span{ag,...,as} . By
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Caratheodory’s theorem, for each t € o, there exist real numbers i, ..., ts,
t; > 0 and Y.;_,t; = 1 such that, for each t € R®, t = >;_ t;a;. The
numbers t; are called barycentric coordinates of ¢ with respect to the simplex
os. Let i = (io,...,is) be the set of multiindices and [i| = ;. For any
function f : o; — R, the Bernstein operator over o, is defined by

(16) B(fit) = f<%>b?(t) |

lil=n
where for t = (tg,...,ts) € 0s, the basis polynomials are
n! ; 4
n - 10 . 1s
bi (t)_ 'LO'ZS'tO ts )

and f(i/n) is the value of f in the point z' = (ig/n,...,is/n) € os.

Let 2™ = i/(n + 1), 1y, = (i—ex)/n, k =0,...,5 where e, =

(6j.k)5=0, be the points from R®. The functional D} : f — R, defined by

s

n n ik n .
(17) Dif:f(xi—i_l)_k_on_i_lf(xi*ek) , |1|:n_|_1 ,

will be called Jensen functional.
In [7], the following results are proved.

Theorem 4. If DI is the Jensen functional given by (17), then

ABy(fity= > yTODIf

lil=n+1

Theorem 5. Let m,(0s) be the set of continuous piecewise affine functions
with the knots { -}, [i| = n, i # ney, k=0,...,s. Then

femn(os) = Bif=Biaf.

Proof. Note that every point ]! = i/(n+1) is surrounded by s+1 points
Ti_e,, k=0,...,s, which form a subsimplex o} =span{z;_¢,,k =0,...,s}.
On the other hand, the function f € 7, (c) is affine in ol for every i. Thus,
by (16), D’ f = 0 and by Theorem 4, it follows that ABZ f =0. O

In [5], Chui, Hong and S. Wu obtained the result stated in Theorem 5.
Taking into account that m,(os) C mp,(0s) for every p € N, one has the
following
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Corollary 1. If f € m,(0s), then By, f = By, .1 f.

mn

Theorem 5 generalizes the result by Chang and Davis [4] about degeneracy
of Bernstein polynomial operators defined on triangles, i.e. when s = 2.
Note, also that Theorem 1 is a special case of Theorem 5 for s = 1. Indeed,
o1 is a segment of the real axis, say [a, b], while o5 is a triangle in the plane.

An example of degeneracy of Bernstein operators, defined over triangle oo,
by

uvlwk

B = Y f(L2E

. n’n’n)ilj!k! yt=(wv,w) €z,
i+j+k=n

is shown in Figure 2. The function f belongs to the set w3(02). By Corollary
1, B f = B]f, B§ f = B7 f and so on. The triangular patches, being graphs
of the polynomials By f, n = 2,3,4,6,7, are shown in Figure 2.

2

I
i)
e
QORI
‘n!‘l“‘)@ I”‘ ; %:iigf?"l
MO oot ‘ ‘
g i
i
AN ‘}mﬂgﬂ
“*“‘“"&ﬁé&»}%ﬁ s
‘:\‘;m,",mw W
N WA

FIG. 2. Degeneracy of Bernstein polynomials on triangle

The following conjecture is the direct analogue of Passow’s Conjecture 1
(see [7]):

Conjecture 2.
Bgf = BZJrlf ,Vpe N = f € 7rn(0—s) .
Concerning deficiency on the triangular domain o9, H.-Y. Wu [27] proved
that if f € C1(03) is a piecewise quadratic function defined on the second

subdivision of o3, then

(n+1)Bg, 45 (f;t) = 2n +1)B3,, 1, (f;t) + nB3,(f;t) = 0.
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4. Some applications

It is well known fact that (univariate) Bernstein polynomials preserve
convexity (of any order) of generating function ([21]), and even some classes
of generalized convexity [13]. Also, if f is convex then AB,, f < 0, which is
the result of Temple [26]. These facts are illustrated in Figure 1, where f is
the special convex function ¢.(z) = |x — ¢|. Distribution of the members of
the sequence {B,,(¢.;x)} 125 for various c is fairly complicated. Displaying
the locus of minima for the polynomials B, (¢.) for 2 < n < 14 and 0 <
¢ < 0.5, on [0,1/2] (Figure 3, left) can help us to see this complexity. It
turns out to be paradoxal, but the approximation of the minima of ¢., by
polynomials By, (¢.) and Bpy,+1(¢c), near the point ¢ = 1/n is equally good,
as it is shown on the separated trajectories for the vicinity of ¢ = 1/3, Figure
3 (right). This is the consequence of the degeneracy property of Bernstein
operator.

0.25 |

F1G. 3. Minima of By on [0,1/2] for 2 < n < 14 and for ¢ € [0, 1/2]

In connection with approximation of convex functions by Bernstein poly-
nomials, Arama and Ripianu [2] proved that if f € C>]0,1] and if for
v >2 f®(z) >0,z €[0,1], then A’B,f > 0, n € N, where A?B,, =
B,y2 — 2By1+1 + By,. In [11] Horové weakened conditions of Arama and
Ripianu in the following theorem:

Theorem 6. (Horova) Let [x1,za,...,Zk12; f] > 0 for k = 1,2,3 and 4,
where z; are arbitrary points from [0,1]. Then A%2B,f > 0.

The condition [z1, 2, ..., Zk+o; f] > 0, x; € [0,1] means that f is convex
of order k. So, convexity of orders 1,2, 3 and 4 of a generating function is the
necessary condition for convexity of the sequence of Bernstein polynomials.
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Sufficiency of these conditions has never been proved. Accordingly, one may
think to weaken conditions of Theorem 6. It may seem that only the first
order convexity of f will cause convexity of the sequence {B,, f}. But, the
degeneracy of Bernstein operator can be used to disprove this conjecture.
Namely, one has

Theorem 7. Let f(x) = |z —0.5|. Then the sequence {B,, [} is not conver.

Proof. Tt is obvious that f € my, and f is convex (of the first order). By
Theorem 1 (i.e. by (4)), Bomf = Bam+1, for m € N. Then, for any m € N,

A?Bop f = Bomiof — 2Bomi1 f + Bom f = Bomiof — Bomy1f
Now, it can be proved that the difference
(18) Bomiaf — Bomy1f #0.

Contrary, suppose that Boy,12f — Bam+1f = 0. Following (5), it must be
Zi:o sz,k($)5im+1 = 0, where

k k+1 k+1
2m+1"2m+2"2m+1

5zm+1f — ;f .
Using the fact that polynomials {pay, 1, K =0,...,2m} form a basis in Qg
it must be 5im+1f = 0 for all £ = 0,...,2m. But, the direct calculation
shows that 07! f = 2(2m + 1) which is different from zero for all m € N.
This contradiction shows that (18) is true. On the other hand, B, f < B, 11
due to convexity of f, which, together with (18) gives A?By,, f < 0, i.e. the
sequence {B,, f} can not be convex. [

Another application of degeneracy is to derive so called degree elevation
formula which is useful for CAGD in the theory of Bézier curves and surfaces,
and similar free-form curve (surface) models generated by other positive
linear operators.

Lemma 1. For every f € m,,

kE+1 n—k k+1 k+1 k
(19) f<n+1>:n+1f< n >+n+1f<ﬁ>’

18 valid.

Proof. By the Theorem 1, f € 7, implies AB,, f = 0. It follows by (5)
and the basis property of polynomials p;} that ¢; f = 0. Now, from
0=4f= [E k1l b+l }

n'n+l n

=ni(n+1) [k}rlf(k:l) - (k+q)j:n1—k)f(:ii> +"ikf(§>} ,
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(19) easily follows. O

Note that the Bernstein polynomial B, f, for fixed n does not need the
function f to be defined over the whole interval [0, 1]. It is enough to know
just the sequence P = {P, = f(k/n)}}_,- So, one may write B, (P;z)
rather than B, (f;z).

The following statement is given in [6]:

Theorem 8. Let B,(P;z) and B,11(Q;z) be two Bernstein polynomi-
als generated by the sequences {Py}7_o and {Qx}3ty. Then B, (P;z) =
B, 4+1(Q; ) identically, for x € [0,1] if and only if

QO :P07
(20) Qk+1 :Z—jr’fpk-q-l-i-%Pk,k:O,...,n—l,
Qn+1 :Pn

Proof. The analogy of the difference formula (5) is
By(P;x) — Bny1(Qs2) =

n-l Piiq (n+1)Qr11 Py,
nx(l —.’E)kz:%pn—l,k(x) (k: _:1 - (k+1D)(n —+k‘) ez k:) '

Therefore from B, (P;x) = B,+1(Q;x), it follows that i":f — ((gill))(?l’fkl) +

% =0, (k =0,...,n—1). Besides, for z = 0, B,(P;0) = P, and
B,41(Q;0) = Qq; for x = 1, B,(P;1) = P, and B,41(Q;1) = Qpny1, ie.
(20) is valid.

Suppose that (20) is true. Then there exists a function f € m,, such
that P, = f(k/n) and Qr = f(k/(n + 1)), and therefore B, (P;z) =
Bnt1(Q;z). O

One generalization of the algorithm (20) is given in [14].
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