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Abstract. A generalized solution to a nonlinear Goursat problem when its non-
linear term has unbounded gradient is given by using a special regularization.
The result is related to the known ones. The quasiasymptotics of a generalized
solution to a nonlinear Goursat problem is analyzed.

1. Introduction

The aim of this paper is to present a new method of solving a non-linear
Goursat problem with assumptions which do not allow their solving in the
frame of classical spaces or in the space of Schwartz distributions. The paper
is closely connected to results of [6] which will be also presented.

Goursat problem

9:0,U(z,y) = F(,y,U(z,y),0,U(x,y),0,U(z,y)),
U(z,0) = ®(z),
Ur =9,
has its origin in the mixed quasilinear hyperbolic problem of order two in
two dimensions with data on y = 0 and on a curve I'. It has been studied
from different aspects in many papers (cf. [4], [3]). In [6] are considered
generalized solutions to the following special case of Goursat problem
aﬂcayU(‘rv y) = F(? U(‘T7 y))a

(1) Ulty=o0y = ®(2),

Ujfe=o0y = ¥(y),
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where ® and ¥ are generalized functions of one variable (for instance, dis-
tributions), F' is a given function nonlinear on its arguments, I" is the line
{z = 0}. When the data are singular, this problem is not possible to be
considered in D’(R?). The nonlinearity of F' with respect to U increases this
impossibility. Because of that this problem is considered in the space of
generalized functions which is a good frame for solving nonlinear equations
with singular initial data. This space allows the multiplication of generalized
functions and the association of generalized functions to Schwartz distribu-
tions. But, the transfer from a generalized function to a distribution which
is its image or which is associated with it implies the loss of information
about the topological structure of D’. The restriction of an element on a
manifold in the space of generalized functions is simply defined while for
distributions it is not so. Moreover, the operation of restriction in D’(R?)
requires additional assumptions on the regularity which is incompatible with
the problem when the data are for example, the Dirac measure or its deriva-
tives. For problem (1) in [6] is proposed a special algebraic construction:
triplet of Goursat, which consists of a ring and two algebras which are de-
fined by properties connected with the structure of the problem. A nature of
the problem explains impossibility of solving it in D’(R?) and confirms this
approach, since this algebra admits a generalized solution. Goursat algebra
contains many classical Algebras of generalized functions (cf. [1], [2]).

It is proved in [6] that in a case of triplet of Goursat there exists a gener-
alized solution to problem (1) with a help of method of successive approxi-
mations. By suitable assumptions, the impossibility of solving this problem
in D’(R?) is proved which confirms the generalized function approach.

Seeking a solution to (1) in the algebra of generalized function begins with
considering classes of regular problems which impose additional hypotheses
on a function F':

F € C™(R3 R),
(2) VK CCR? k=14 sup |0.F(z,y,2)| < +oo.
(z,y)eK
z€ER

In this paper we relax this condition by a using special regularization adopt-
ing for this problem, in Colombeau algebra. We substitute the therm F' with
the one F} which has a bounded partial derivative with respect to z, in a
given domain. We prove the coherence between the solutions of so-called reg-
ularized system and those considered in [6] (when condition (2) is fulfilled).
We consider the quasiasymptotics of such regularized Goursat problem and
prove that it depends on the quasiasymptotics of the initial data.
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Paper is organized in the following way. In the second section we give
the description and the basic properties of the space of generalized functions
and the triplet of Goursat by following [6]. In section 3 we adopt the special
regularization from [7] for such a kind of problem. Section 4 is supplied by
the quasiasymptotics for Goursat problem.

2. Basic Spaces

We shall recall from [6] the notions concerning Colombeau algebra of
generalized functions and its generalization, Goursat algebra, which corre-
sponds to the nature of the problem (1). Note, Egorov algebra, Colombeau
and Delcroix one are the special cases of Goursat algebra (cf. [6]). Egorov
algebra has not restriction on the growth, in Colombeau case polynomial
type restrictions appear, while elements of Delcroix algebra have exponen-
tial growth (cf. [6]). We restrict our consideration to Colombeau algebra.

Simplified version of Colombeau algebra. We define a subalgebra
Xy (RY), of X(R?) which consists of families (f.)., of smooth functions on
R?, by setting:

(fo)e € X(R?); (VK CCR?) (Vo € NY) (3p € RY),

Xy (RY) = (3u € (0,1]) (Ve € (0, 1)) (51612 0% f(z)] <e7P),

where RT = [0, —00). An ideal Z¢(R?) for Xy (R9) is given by

[ U2 € A (RY; (¥ K CCRY) (Ya € NY) (vg € RY),
TelED =1\ Gu e 0.1)) (ve € 0.) (sup |07 £ (x) < &)

The simplified version of Colombeau algebra is given by the quotient Aq(R?)
= Xy (RY) /Ze(RY). Analogously we define a ring of Colombeau moderate
generalized numbers C¢, ¢ € (0, 1], as a quotient Co = R(O:1] /Z¢c, where

Ry = {(me.). € ROV; (3p € R)(3p € (0,1))(Ve € (0, ) (Jme| < e7P)},
Ic = {(m.). € RO (Vg € RY)(3p € (0,1]) (Ve € (0, ) (Jme| < )}

Recall, a generalized constant A € C¢ is associated to a constant a € C,
A = q, if it has a representative A, such that lim._,y A. = a. Generalized
functions G' and H are associated in Ac(£2), where €2 is an open set in R,
G~ H,if <G — H, >~ 0 for every ¢ € C5°(Q2). Elements G, H € Ac ()



36 S. Pilipovié and M. Stojanovié

are L*-associated on Q if for every K CC Q sup,c |G:(x) — He(x)] — 0
as € — 0. L*-association implies the ordinary association.

Algebraic structure adopted to Goursat problem. Let A be a
subring of the ring R and I be an ideal of A. We say that a subring A
in RO is stable for mayorizing if for all family (s.). € RO there exists
(re)e € A such that for all ¢, |s.| < r. implies (s:). € A. We assume that the
sets A and I are stable for mayorizing. Then, Hg4 4 and Z4 ; be an algebra
and its ideal is defined by

Haa = {(u): € X(RY); (VK cC RY) (Yo € NO)(|[0%we || oo (1)) € A},
Zag = {(u:): € X(RY); (VK cC RY)(Va € N ([[0%ue|| oo (10))e € I}

Note, Hg, 4 is a subalgebra of X' (R?). The corresponding algebra is Ag =
Ha,a/Za,r- The ring of generalized constants which corresponds to Ag is
Ce =A/I.

The algebra Ag(R?) is called the Goursat algebra. A ring of generalized
constants is Cq = A/I.

Since Hd’Rg\(/)I,l] = X (RY), Za 7. = Zc(R?), Colombeau algebra is a special
case of Goursat algebra.

Let F: (z,2) — F(x,2) is C°° mapping from R? x R to R. Then, it is
said that Ag(R?) is stable for F if for a class u = [u.] € Ag(R?), F(-,U) =
[z — F(x,u:(x))] € Ag(RY).

Recall (cf. [6]),

feC®R?x R,R); (VK cc RY),
Fo(REx R,R) =< (V6 € N“TH(3C > 0)(Im € N),
(V(z,2) € K x R)(|07 f(x,2)]) < C(1+]2)™).

We will assume in this paper that F' € F¢ such that Ag(R?) is stable for
F.
Triplet of Goursat for problem (1) is (Cg, Ag(R), Ag(R?)).
Let I be a set of positive measurable functions defined on (0, 1) with the
property
AP < c(e) < AP, € € (0,1),

for some A > 0 and p > 0.
In the sequel w will denote an open set in R? which contains 0.
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Definition 1. Let B € G(w). It is said that B has the quasiasymptotics at
zero with respect to c(e) € K if there is Be, a representative of B, such that
for every 1 € D(w) and some s > 0 there is Cy s € C such that

3) lim <BE(€S$), 1/1(3:)> = Cy.s

e—0 C(E)

and Cy, s # 0 for some 9 and s.

It follows from (3) that this limit exists for every s > 0 and that for every
s > 0 there exists ¢ such that Cy s # 0. Note, in general, By, s # 1, is not
a representative of B.

It is proved in ([8]) that there exists g € D’(w) such that for s =1

01/1,1 = C’l/J = <g7d}>a 1/) € D(w)
Throughout the paper we denote by C' a generic constant.

3. Regularized System

In order to relax condition (2) we adopt the method from [7] given for
nonlinear Volterra system of integral equations with a non-Lipschitz nonlin-
earity for this problem in Colombeau algebra. We shall consider a case when
0, F is not bounded by using special regularization for F.

Fix a decreasing function h : (0,1) — (0, 00) such that

h(e) = O(|loge|'/?), ase — 0.
Let B; = {(x,y);|x| < 1i,|y] <i}. We denote by ¢; a decreasing sequence,

g; € (0,1) such that h(e;) =i, i € N. We have h(e) > i for € < ;. Then, we
put

_ F(z,y,z), if (z,y) € By, z€ R, and |F(z,y,2)| <1,
F(x,y,2) =

0, otherwise,

(4) Fh(s) (.’L‘, Y, Z) = Fx ¢h(€)_1(xay7 Z), (.’B, Y, Z) € Rga
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for e € [gi41,8:), @ € N, where ¢ € C5°(R?) such that [y, ¢(t)dt = 1,
diam(supp ¢) = 1. Let (z,vy, z) € R? such that (z,y) € Bjo. Then, we have

‘ OF ) (2, y,2) ‘

82]‘
D) _
o= | F&rmone (@ =&y -z - pdedrdyl
Z5 JR3
<h(e) | F(x— ! U,y — ! v,z — Lw)gqﬁ(u v, w)dudvdw
- RS h(e) Y h(g) h(g) 70z """
<Ci max |F(u,v,w)| < Ch(e)?, € €(0,1).
el
Thus,
(5) Sﬂ;l?plFmal, |02 Fpe)| < Cllogel, € € (0,1).

Let @, ¥ € Ag(R). The following is so called the regularized system
azayUe(xa y) = Fh(a) (:Ua Y, Ue(xa y))7
(6) U&\{Z/ZO} = (I)E($)a
Ue\{aﬁ:()} = \IIE(y)a
or in the form of classes
azay[U€<mv y)] = [Fh(a)(x,y, Ue(z, y)])],

(7) [U5|{y:0}] = ¢(LE)7

[Us|{x:0}] = ¢(y)

A class U = [U,] is the solution to (7), it means that there exist (7:)c, (rc)e,
(s )e which belong to corresponding ideals such that

8xayUe($vy) = Fh(s) ('Ia Y, U6(xay)) + 775(55, y)’
(8) Ue(2,0) = @e(z) + re(w),
Ue(0,y) = ¢=(y) + s=(y),

or in integral form,
Ty
Ue(xay) = UOe(x7y) +/ / Fh(a)(ﬁﬂ%Ua(f»U))dfdn
o Jo

+0ule) +5.0) —re0) + | ' / " e(e m)dedn),
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where Uy (J?, y) = gbs(x) + ws(y) - d)s(o)'

The unicity means that the solutions to (8) U, and Uy, (with correspond-
ing (1:)e, (1)e and (s.).) satisfy Ure — Uae € Zo(R?).

According to a special regularization we have instead of (2) the following
constraint

Fy. € COO(]RB,R),
VK cc R?, sup 10 Fye)(z,y,2)| < Cllogel, € € (0,1).

(z,y)EK
zZ€ER

Let kpe = 1 + supwwer |0-Fp)(§,n,1)|. For all (§,7) € K the following
tER
holds

(9) |Fh(a) (g? 7, Us(fa 77))‘ < ‘Fh(e) (57 7, 0)| + ﬁhs‘UE(& 77)|
Recall,

Theorem 1. [6] Let (Cg, Ag(R), Ag(R?)) be the Goursat triplet for the
problem (1) where Cg, Ag(R?), d = 1,2 are defined by Colombeau algebra.
Assume (2) for F and let ® € Ag(R), ¥ € Ag(R) such that ®(0) = ¥(0).
Then, problem (1) admits a unique solution [U.] € Ag(R?).

Note that ®(0) = ¥(0) means that the representatives (¢.). and (¢.)., of
® and W respectively, satisfy (¢:(0) — 1:(0))e € Zc. We can choose (and we
do it) representatives of ® and ¥ such that ¢.(0) = ¢.(0) for every € € (0,1).

Assume that F is C*°(R3,R) function and that condition (2) is not ful-
filled. Then, the following Theorem holds.

Theorem 2. Let (Cg, Ag(R), Ac(R?)) be the Goursat triplet for problem
(6) where Cq, Ag(R?), d = 1,2 are defined by Colombeau algebra. Let
® € Ag(R), ¥ € Ag(R) and (¢-(0) — ¥-(0)) € Zc. Then, problem (7)
admits a unique solution [Uy:] € Ag(R?).

Proof. The proof can be obtained by following precisely the approach
from [6] by using condition (5) and special regularization for F.

Theorem 3. Let the conditions in Theorem 1 are fulfilled. Moreover, as-
sume that for every K CC R? there exists C > 0 such that

L. sup |F(x,y,2)| <C,
(z,y)EK
zER
2. sup |F(z+e,y+ez+e)—F(r,y,2)|=o(l),

(z,y)EK
zZ€ER
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where o(1) means that the left side tends to zero as e — 0. Then, the solution
Ue to (1) (with ¢ and ). instead of ® and V), and the solution Up. to (6)
are L -associated on every compact set K CC R2.

Proof. Let K CC R? and (z,y) € K. Then,
(10) |Uh€($,y) —Ug(l’,yﬂ

€ )

2/0 /0 | Fh(ey (&1 Une(§5m)) — F(&,m, Ue(&,m))|dEdn
T ry

S‘/ / ’Fh(eﬂmaUhs(é,n))—F(ﬁ,n,Uhs@,n))!dfdn‘
0 0

+

T ry
[ |F<s,njvh5<s,n>>—F(g,n,UE@n))rdsdn\
0 0
=J; + Jo.

By the mean value Theorem, there is C' > 0 such that

oF
(11) J2 < C sup | == (2,9, 2)||Une(z,y) — Ue(z,9)].
(zy)EK 0z
z€ER

By (4), we have
(12) ‘Fh(a)(gvnaUhs(gan)) - F(’Sana Uhe(‘gan))‘

= 1 1 1
S/RB ’F(§ - h(é)u,n — h(E)U,UhE(f,n) — @w)
—F(&n,Uns(€,m))|¢(u, v, w)dudvdw.

Let (u,v,w) € supp ¢. By assumption 1., for (£,n7) € K we have

F(e- %u,n - % Upe(€.1) — %m ~F (€, Une(E,)
—F(¢ - %u,n - % Une(€,m) — %m —F (€, Une(€)).

Thus, by continuing (12) and by assumption 2., we have

(13) ||Fh(€) (57 n, Uhs(é.v 77)) - F(gﬂ% Uhs(gan))]dgdnHL“(K) = p(g) = 0(1)7

and

(14) J1 < Cp(e), € € (0,1) for suitable C' > 0.
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Now, by (10), (11) and (14)

[Une(,y) — Us ()l )
/ / Une(€m) — U (6, m)l 1oe 0 déd)

which gives, by Gronwall inequality (cf. [5], Theorem 1.2.2)

[|[Une(2,y) — Ue (2, 9)|| oo (1) < Cple).

This proves the Theorem.

By similar techniques we can prove the following Theorem.

Theorem 4. Let F' be a smooth function and ® and ¥ be continuous on R,
such that ®(0) = V(0). Then, there is a bounded interval I around 0 such
that the classical solution to Goursat problem on I x I is L°°-associated to
the solution to (6) with Ug|y=o = Pc(x), Ue|z=0 = Yc(z).

Note that there exist representatives (¢.). and (1)) of generalized func-
tions determined by ® and ¥ such that ¢.(0) = ¥.(0) for every € € (0, 1].
Theorem 4, as well as the results of [6] imply that our method for solving
(8) and that of [6] give, for ® € C(R), ¥ € C(R) and F € C*(R3), the
solutions which are L*-associated to the classical solution to (1) on I x I,
where [ is a finite interval around 0.

Theorem 5. Let F € CY(R®) and ® and ¥ be continuous and ®(0) = ¥(0).
(a) If for every K CC R?

sup |F(z,y,2)| < oo,
ek

then the solution to (6) is L>°-associated to the global solution to (1).
(b) If for every K CC R?

0
su —F(x,y,2)| < o0,
(wgklaz (2,9, 2)|
z€R

then the solution to (6) is L -associated to the global solution to (1).

Proof. (a) Assumptions imply that the solution Up. to (6) is uniformly
bounded with respect to € on every compact set K CC R?. Denote by U(z,y)
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the solution to (1). Let (z,y) € K. We have

(15) Une(z,y) — Uz, y)|
S’Uﬂe(xay) - Uo(iﬁ,y)’

Ty
+/ / |Fh(5) (57 n, Uhs(gv 77)) - F(ga n, Uhe(ga 77))|d§d77
0 Jo

+f ’ / "V (€, Une(€,m)) — F(Eum, U(E, )| dédn.

Since {Un:(&,1);(&,n) € K,e € (0,1)} is bounded, we have

sup |F(§7777Uh5(§777))‘ < 0.
(§meK

Thus, by (12) as in proof of Theorem 3 we obtain the assertion.

(b) By the mean value Theorem applied to (15) we conclude that the
assumption of (b) implies the boundedness of {Un:(&,7m);(&,nm) € K,e €
(0,1)}. Then, the proof is the same as the previous one.

4. Quasiasymptotics and Goursat Problem

Let (Upe): be a solution to (6). Then, we have

(16) Upe(est, esy) = Une(esz, esy) + /0 /0 Focey (6,17, Une (€, ))déd,

where
U (esz,esy) = ¢e(esz) + e (esy) — ¢<(0).
We shall prove the following Theorem.

e?]loge]|

Upe ., .
Theorem 6. Letc(e) € K, lim._, =0 and lim —O) exists in D' (w)

e—0 c(e
for some s > 0, where w is open in R? and (0,0) € w. Then, the solution
Upe(x,y) to (6) has the quasiasymptotics at zero with respect to c(e), i. e.

U € ) .
lim < %,wx,w >=Cys, Cps €C, Y €DW), i=1,...,n.
Proof. Let (z,y) € K. Setting (9) in (16) we obtain

|Une (es, e5y)| < [Une(es, esy))

/ / (P (€.0) + e sup Uil )

(&meK
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and

|Une(esz,esy)| < |Une(es, esy)| + (gsng(\Fh(e) SUNUDICERIE

/ / bne|Une (&, ) dedn.

Gronwall inequality (cf. [5], Theorem 1.2.2 ) and (5) yield
(17) |Une(es,e5y)| < C(|Uoe(esz, esy)| + 7).
We shall estimate the integral part of (16). Because of (9) we have

z Yy
/0 /(; ’Fh(e)(fa 1, Une(&,m))|dEdn
z Yy
S/{) /(; (|Fh(€)(§77770)‘ +Rh€’Uh5(€777)’d§d7’])

By using (5) and (17) we obtain

esx esy
/0 /O | Fhe) (&1, Une (€, m))|d€dn

< sup (|Fue)(&,m,0)])(es?)|zy|
(&mneK

+|f€h€|( sup |Une (& m)(e5)?|zy| < Ce? (1 + |loge|(|Use (es2, esy)| + %))
EmelK

<CO*(1 + |Upe(esx,esy)||loge| + 2| loge]).
Thus, for (z,y) € K,

esx pesy
(18) [ 1Fwoen Unele.myldcan
o Jo
<Ce*(1 4+ |Upe(esz, e5y)|| log e| + £%|logel).
Then, we have in (16)

<Uhe(eczc), esy). w(m,y)> _ <UOE(?;€S?J)’ e y)>
1

€s esy
AR Fr(ey (&1, Une(&,m))dEdn)dady.
—1—/(onz/)efx1¢(aj y)(c(5)/o 0 h )(5 1, Une(§,n))dgdn)dzdy

211
Since (18) and lim e”[loge|

e—0

= 0 hold by assumption the integral part tends

to zero and the assertion of Theorem follows.
By Theorem 1 and Theorem 3 we have
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Theorem 7. Assume conditions of Theorem 3. Let c(e) € K, and

. &2|loge|
lim ——— =

0
)

U
lin% (—OE) exists in D'(w) for some s > 0. Then, the solution U(x,y) to (1)
e—0 c(e

has the quasiasymptotics at zero with respect to c(e), i. e.

iy (V250

e—0

,1/}(1',y)> = Cw,& Cib,s € C7 w S D(W), 1= 1, cey N
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