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Abstract. The interest in the study of coupled plates as new qualitative systems has
grown exponentially over the last few years because of the theoretical challenges
involved in the investigation of such systems. As introduction, a review of first author's
research results in area of transversal vibrations of different double plate systems is
presented (see Refs. [2-7]).

The main result of this contribution is the analytical solution of the coupled
homogeneous and nonhomogeneous partial differential equations of the free and forced
vibrations of the double circular plate system coupled by elastic or visco-elastic layer
[1]. This solution is obtained by the use of the method of Bernoulli's particular integral
as well as Lagrange's method of the constants variation. Some numerical examples are
presented along with visualizations of the double plate free and forced vibrations.

The obtained analytical and numerical result is very valuable for university teaching
process in the area of structural system elastodynamics as well as of hybrid deformable
body system vibrations.
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1. INTRODUCTION

The interest in the study of coupled plates as new qualitative systems (see Refs. [2-11])
has grown exponentially over the last few years because of the theoretical challenges in-
volved in the investigation of such systems. The recent technological innovations have
caused a considerable interest in the study of components and hybrid dynamical proc-
esses of coupled rigid and deformable bodies (plates, beams and belts) denoted as hybrid
systems, characterized by the interaction between subsystem dynamics, governed by cou-
pled partial differential equations with boundary and initial conditions.
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In the papers [7] and [9] by using the example of hybrid systems as static as well as
dynamically coupled discrete subsystem of rigid bodies and continuous subsystem, the
method for obtaining frequency equations of small oscillations is presented. Also, the series
of theorems of small oscillations frequency equations are defined. By using examples, the
analogy between frequency equations of some classes of these systems is identified. The
special cases of discretization and continuation of coupled subsystems in the light of these
sets of proper circular frequencies and frequency equations of small oscillations are ana-
lyzed [8].

The paper by K. Poltorak and K. Nagaya (1985) [14] was concerned with a method for
solving forced vibration problems of solid sandwich plates with irregular boundaries. The
exact, general solution of the equation of motion in terms of Bessel functions is found. The
boundary problem is solved by using the Fourier expansion collocation method. The damping
properties of an intermediate, viscoelastic layer are taken into consideration by means of a
concept of a complex shear modulus. This paper by K. Poltorak and K. Nagaya (1985) [15]
deals with a method for solving free vibration problems of three-layered isotropic plates of
arbitrary shape with clamped edges. The direct solution of the Yan and Dowell equation of
motion, in terms of Bessel functions, is found.

Composite materials are widely employed in the new lightweight structure technology for
the construction of many structural members such as multilayered plates and shells. Usually,
these structures have complex geometries and lay ups in order to meet specific design require-
ments and this leads to an anisotropic global behaviour, which is generally characterized by
bending—stretching coupling. Then, the structural dynamic analysis plays a crucial role in the
design and tailoring of this kind of structures in order to obtain the desired response.

The study of transversal vibrations of an elastically connected double plate system is im-
portant for both theoretical and pragmatic reasons (see Refs. [2], [3], and [13]). Many impor-
tant structures may be modelled as composite structure. Like that system it is possible to use a
visco-elastically connected double plate system as elements for acoustic and vibrations' isola-
tion in a system, as a wall or ground; this is the subject of our research presented in this paper.

The obtained results have particular practical importance especially if the models re-
fer to structures made of material with creeping features (see Ref. [12]).

2. THEORETICAL PROBLEM FORMULATION AND
GOVERNING EQUATIONS OF THE BASIC PROBLEM

Let's consider two isotropic, elastic, thin circular plates, with width %;, i = 1,2, modulus of
elasticity E;, Poisson's ratio p; and shear modulus G;, plate mass distribution p;. The plates are
of constant thickness in the z-direction (see Fig. 1. a)). The contours of the plates are parallel.
The plates are interconnected by a linear elastic Winkler type layer with constant surface stiff-
ness c. This elastically connected double plate system is a composite structure type, or sand-
wich plate, or layered plate, and here it will be a first considered problem.

The origins of the two coordinate systems are located at the corresponding centres in
the undeformed plate's middle surfaces, as shown in Fig. l.a), and have parallel
corresponding axes. The problem at hand is to determine solutions and the own vibration
frequencies for such a double plate system elastically connected by an elastic spring layer
distributed along plates contour surfaces.

The use of Love-Kirchhoff approximation makes the classical plate theory essentially
a two dimensional model, in which the normal and transverse forces and bending and
twisting moments on plate cross sections (see Ref. [16]) can be found in term of the
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displacement w{(r, @, £), i = 1,2 of the middle surface points, which is assumed to be a
function of two coordinates, r and ¢ and time ¢ .

The plates are assumed to have the same contour forms and boundary conditions.

Let us suppose that the plate middle surfaces are plane in the undeformed state. If the
plates transverse deflections wi(r, @, £), i = 1,2 are small compared to the plates thicknesses,
h;, i =1,2,(see Ref. [16]) and that plate vibrations occur only in the vertical direction.

: E
Let us denote with D, =—
To20-y)
On the basis of previous assumptions, we suppose that plate displacements u; (r, ¢, z, t),
i=12and v; (r, ¢, z, f), i = 1,2 of the generic plate point N; (r, @, z), i = 1,2 in the radial
and circular direction can be expressed in function of its distance z from the correspond-
ing plate middle surface and its transversal displacement w(r, @, ), i = 1,2 in direction of

the axis z, and also the same displacement of the corresponding point Ny(7, @, 0), i = 1,2
in the plate middle surface.

, 1 =1,2 the bending cylindrical rigidity of plates.

fi = Y - R W)
34FS w (x, y,t) ko ;?ﬁ?ﬂmf"ﬁ’i’ i" wix. 1)
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Fig. 1. a) An elastically connected double circular plate system; b) A visco-elastically
connected double circular plate system; ¢c) model of visco-elastic interconnected layer

The governing equations (see Ref. [2]) are formulated in terms of two unknowns: the
transversal displacements w(7, ¢, ), i = 1,2 in direction of the axis z, of the upper plate
middle surface and of the lower plate middle surface. The system of two coupled partial
differential equations is derived by using d'Alembert's principle or by variational princi-
ple (see Ref. [16]). These partial differential equations of the elastically connected double
plate system are in the following forms:

W b
m@w AW (o) — ey (1 o)~ 4 (o @u)] =

+D,AAW, (r,@,t) +c[w, (r,9,6) — w (r,0,)] =0 (1)

0% w, (r, 9, 1)
h 2—
P21, o

where is ¢ - constant surface mechanical stiffness of elastic layer.

Let us introduce the following notations: aé) ,i=1,2 and c() i ,i=12By

decoupling the equations of the previous system (1) we obtain the corresponding two
partial differential equations of the decoupled plate system, which describe two partial
plates founded on the elastic foundation of the Winkler type. These partial differential
equations are in the following forms:

o’w.(r,o,1)

e + Cé)AAWi (r,p,t)+ a(zl.)wi(r,go, H=0,i=12 (2)
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3. THE PARTICULAR SOLUTIONS OF GOVERNING BASIC DECOUPLED EQUATIONS

The solution of the previous system of partial-differential equations can be looked for
by Bernoulli's method of particular integrals in the form of multiplication of two
functions, of which the first W(7, ¢), i = 1,2 depends only on space coordinates 7 and @,
and the second is a time function 7{;(¥), i = 1,2 (see Refs. [2] and [3]):

Wi(ra(pat):VV(i)(ra(p)Zi)(t)ai: 1,2 3)

The assumed solution is introduced in the previous system of equations (1) and (2)
and after transformation we obtain the following:
T (¢ AAW (r,9)
‘”()+c‘% +a’ =0,i=12 4)
T »n v W(,) (r,9) "

Thus, we obtain in the space cylindrical-polar coordinates , ¢ and z the following
differential equations:

T, () + oy, T, #)=0
AAW(,-)(’”:(P)_k(t) Wi, (r,0)=0,i=12 (5)
where eigen circular frequencies of the corresponding basic system of decoupled plates are:
D, E 1
0f) = kil + a8y = iy — b = ] O =12 (6)

= %0 2 >
Pl Pwh 12p,(I=pi) Pl
It is easy to find the following time functions:

T, () = 4; cosw, 1+ B, sinw, 1 ,i=1.2 7

4. THE SPACE COORDINATE EIGEN AMPLITUDE FUNCTIONS

Let's consider the space coordinate amplitude functions W (7, ¢), i=1,2. For the
plates in circular form, the set of the partial differential equations in the space cylindrical-
polar coordinates r, ¢ and z is:

AW, (r,@) £ k> W, (r,0)=0,i=1,2 (8)

. . . o 10 108
where A is the differential operator A = —+——+——.
or~ ror r-oe
We write the solutions of previous equations in the form W (7, @) = ®(¢) R(;(r) and af-
ter applying this solution we obtain the following system of ordinary differential equations:

4 ” 1 ’ nz .
P ()£ 1P, () =0 and R, (1) +R(, (1) + (5 F IR, (1) =0,i=12 (9)

The second equation of previous system has particular solutions in the form of Neuman's
and Bessel's functions, but Neuman's functions for » =0 have infinite value, then particular
solutions of this problem are only Bessel's function of the first kind with real argument J,,(x)
as well as with imaginary arguments I,(x), where x = kr. The modified Bessel's function of
the first kind with imaginary arguments I,,(x), with order #, is in the following form:
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L(x)=@)"J,(ix) = (Gl [ e cos ntdt (10)
2n

If n is an integer number, than this function satisfies the following differential equation:
2

"o L P n . —
I (ix)+ s I (ix) (1 + e JI” (ix)=0 (11)

By using previous considerations and the study of equations (9), we can write their
solutions in the polar coordinates as follows:

D), () =C;), sin(nQ+ 9y, and
R(i)nm(r) = Jn(ki)nmr)+K I (k(i)nmr) b i= 172 (12)

(i)nm “n
So the solutions for the space coordinate amplitude functions are in the following forms:
“[(i)nm (r’ (P) = [Jn (k(i)nmr) + K(i)nm In (k(i)nmr)] Sin(n(P + (p(i)On ) ° i= 1’2 (1 3)

which are the space coordinate-eigen amplitude normal functions for boundary conditions
in the form constrained along the contour circular plate. The characteristic numbers are
the roots of the next characteristic transcendent equation (see ref. [10])

J, (k,a) 1, (ka)
I, (k,a) T,(k,a)

The family (13a) of characteristic equations for each » has an infinite number of solu-
tions (roots) and we are going to mark them with &, m = 1,2,3,... denoting a family of

eigen values for each n=1,2,3,4,.... The sets of equation (13a) of eigen values for each
n=1,23,4,... can be rewritten in the form:

A, (k,a) = f,(ka) =k, =0 n=1234,.. (13a)

I, LR,

AZLE 6, e

=0 (13b)

As the solutions (roots) of this equation are A,,,,, n = 1,2,3,4,..., m = 1,2,3,... so we have
kum = Mum /a where ais the plate radius. The graphics of characteristic transcendent equations
forn=0,n=1 and n =2 are reported in figure 2 a, b and c.
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Fig. 2. The graph of characteristic transcendent equation (13b) for: (a) n = 0, where we can
see only eight solutions (roots) Ag,,, m = 1,2,...,8; of the set with infinite number of
roots, (b) n = 1, where we can see only eleven solutions (roots) A, m =1,2,...,11; of
the set with infinite number of roots, and (c) » =2 where we can see only eleven
solutions (roots) A,,,, m = 1,2,...,11 of the set with infinite number of roots.
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In Fig 2. (a) we can see from the set with infinite number of roots, corresponding to
various n only a certain number of solutions (roots) denoted with 2,,,. For example, in Fig.
2 (a) we find the following roots Ay = 3.196, Ay, = 6.3006, A3 = 9.439,..., in (b) the follow-
ing roots Aj; =4.61, A1, ="7.8, A3 =10.96,... and in Fig. 2. (c) the following roots A,; = 5.9,
Ap=9.2, 3 =12.4,... For those values of characteristic numbers the space coordinate
eigen amplitude functions are represented in Fig. 3.

Last but not least, we obtain the general solutions for the transversal plates middle
surface point displacement in the following forms:

Wi, (r,0,0) = z Z [J,(k; 1)+ K(i)nmln (k(i)nmr)] sin(ne +@y0,) Ty (1), 1= 1,2 (14)

n=lm=1

D m
or

W (0.0 = 3 Wi (72 @) T (0) (15)

n=1m=1
The space coordinate eigen amplitude functions Wg,(r, ¢), i=1.2,
n, m=1,234,...0 satisfy the following conditions of orthogonality:

!

where: i =1,2, n,m=1,2,3,4,..0, s, r=1,2,34,...00, which is easily derived by using sys-
tem equations (13).

2n 0 nm # sr
[ W (2 0) W, (r, @)rdrd @ = : (16)
0 nm=sSr

mnnm

Fig. 3. The space coordinate eigen amplitude functions W,,(r,0) for:
(a) 7\,11 = 461, 7\,12 = 78, }\,13 = 1096,, (b) 7\,21 = 59, 7\,22 = 92, 7\,23 = 124,
are presented above and the corresponding cross sections are presented below;
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5. THE PARTICULAR SOLUTIONS OF GOVERNING SYSTEM OF COUPLED
PARTIAL DIFFERENTIAL EQUATIONS FOR FREE SYSTEM OSCILLATIONS

For the solutions of the governing system of the coupled partial differential equations
(1) for free double plates oscillations in the form of expansion (15) the eigen amplitude
function W,,,(r, @), i=1,2, n,m =1,2,3,4,...c0 are the same as in the case of decoupled
plates problem and T(;.(¢), i=1,2, n,m=1,23,4,..00 are unknown time functions
describing their time evolution.

After introducing (15) into the following system of the coupled partial differential
equations for free double plate's oscillations:

0w, (r, @t

%+ c AW, (7,0, 1) = @2, [ (0, 1) =, (7,0, £)] = 0

o*w, (r, ¢,t

za(T(H+C?2)AAWZ (r:(pat) + a(zz)[wz(ra(Pat) _Wl(ra(Pat)] = 0 (17)

we obtain:

Z z W(l)nm (r5 (PJ/) T(l)nm (t) + c(41) z z AA W(l)nm (r5 (p) T(l)nm (t) -

n= n=1 m=1

_a(zl) {Z Z W(Z)nm (7", (P) T(Z)nm (t) - z Z W(l)nm (r5 (P) T(l)nm (t)} = O

n=1m=1 n=l m=1

m=

Z; Z:l W(Z)nm (r,9) T(Z)nm O+ 6(42) Z; Z:l AA W(Z)nm (r,9) T(Z)nm 0+

+a(22) {Z Z W2y (75 0) Tz (6) = Z z Wiy (750) Ty (t)} =0

n=1 m=1 n=1 m=1

By multiplying the first and second equation with W,(r, @)rdrde, integrating along
middle plate surface and taking into account orthogonality conditions (16) and equal
boundary conditions of the plates, we obtain the mn -family of systems containing two
coupled ordinary differential equations for determination of the unknown time functions
Towm(®), 1= 1,2, n,m =1,2,3.4,...c0 in the following form:

= 44 2 2
T(l)nm O+ [c(l)k(l)nm +ag ] T(l)nm - Ay T(Z)nm =0

= 4 74 2 2 _
T(Z)nm O+ [C(Z)k(Z)nm + a(Z)]T(Z)nm (- ) T(l)nm H=0,n,m=12734,. 00,
or in the form:
= 2 2
T(l)nm (t) + (D(l)nm T(l)nm (t) - a(l) T(Z)nm (t) = O

T(z)nm )+ o)(zz)nm Toym () — a(zz) Ty @ =0 n,m=1234,. .0 (18)

Eliminating the time function T),,(¢f) from previous mn-family of system of the
coupled second order ordinary differential equations, we obtain the mn-family of one of
four order equations in the form of:

£ 2 2 - 2 2 2 2
Tty )+ [(‘O(l)nm + O m ] Totyum ®+ [(D(l)nmm(Z)nm —am)a ] Toym =0 (19)
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with the corresponding mn-family frequency equation in the form of polynomial, biquad-
ratic equation with respect to unknown own circular frequencies Coim ,n,m=1.2,34,...00:

~ 4 2 2 ~ 2 2 2 2 2
,,, + [(‘O(l)nm + Oy m J®,,, + [(D(l)nmw(Z)nm - a(l)a(Z)] =0 (20)

Having the two roots (bim(x) ,nm=1234,. .0 5s=1,2:

2 2 _ 2 2 2 2 2
- [(D(l)nm + O m 1 \/[(’O(l)nm ~ Oy I+ 4a(1)a(2)
Opn12) = (21)
2
or in the form:
4 4 4 2 2 41— 4 4 4 2 2 12 2 2

~2 {k(l)nm [C(l) +Co 1+ gy tap, }F \/{k(l)nm [C(l) - C(z)] +ag — a(z)} + 4“(1)“(2)
Opn2) = (22)

2

Formally, we can write the system equation (18) by the following matrices of inertia
A, and of quasielastic coefficients C,,of the dynamical system corresponding to the mn-
family, with two degrees of freedom:

1 0)2 nm _az
Anm 2( lj Cnm 2(_(:2 0)2 w J (23)
e) @ynm
and by using the solutions in the form of:
T(i)nm (t) = A{i)nm Cos(énmt + a’nm) s i= 1’2 (24)

where @’ , n,m=1,23,4,..00 are unknown eigen circular frequencies, Aynm unknown

nm >
amplitudes, and «,,,, unknown phases. Then the frequency equation of the mn -family is
in the form of:
2 ~2 2
| Owyum — Oum —aq
~2

2 2
—4(y) O2ym — Dy

f;vn (éim) = Cnm _GbimAnm -

=0 (25)

which is equal to equations (20) with the sets of two roots (bim(x) ,n,m=1234,.00,s=12.
The relations of the amplitudes of each set are in the form:
(s) (s)
A(l)mn _ A(Z)mn

2 T2 ~
a(l) [(D(l)nm - ('Onm(s)]

=Cy n,m=1234,.0,5=1,2 (26)

If we take into account that it is:
O _A@  _
A(l)nm - A(l)nm _1

then we obtain:

2
4 4 4 2 2 4 4 4 2 2 2
an _ Homlen —cal+an —ap)t 1| kymlen —co 1+ a —ap) e
A(Z)nm - 2 2 —5 2 +4 2 (27)
) a0 %
The solutions of the mn-family mode time functions T,,(?), i=1,2, n,m=1,2,3,4,...0
are in the form of:



The Transversal Vibrations of a Non-Conservative Double Circular Plate System 53

Ty ®=A,, coso,,+B,, sino, ;+C, coso,,,+D,, sino,, 7

nm(1 nm(2

— A - B
T(Z)nm (t) - A(2)nm [Anm cos (‘Onm(l)t + Bnm sin (Dnm(l)t] + (28)
2) ~ .~
+ A(Z)nm [Cnm Cos (’Onm(2)t + Dnm sin (‘Onm(z)t]

where the mn-family mode n, m =1,2,3,4,...0 contains the set of unknown constants
Apms Bams Cams Do defined by plates initial conditions.

Then, the particular solutions of the governing system of coupled partial differential
equations for free system oscillations corresponding to plate displacements read

wi (0, 0) =" > Wy, (1 Q)A,, cos®,,t+B,, sin®d,, .+ 29)
n=1m=1

+C,, c0s®,,,i+D,, sin®,, 7]

00 00 1 _ . ~
WZ (}", (P7 t) = z z W(Z)nm (}", (p) {AEZ))nm [Anm Cos (Dnm(l)t + Bnm s (’Onm(l)t] +

n=1 m=1

@ 5 6
+ A(Z)nm [Cnm Cos wnm(Z)t + Dnm sm (’Onm(Z)t]}

The initial conditions are:

Wl (l",(p,O) = ZZW(I)nm (ra(P)[Anm+Cnm] = gl(r7(P)

n=1 m=1

W2 (7", P, 0) = Z z W(Z)nm (7", (P) {AEIZ))nm [Anm ] + Ag;nm [Cnm ]} = g2 (r’ (P)
n=1m=1
an (l”, (Pa t)
ot

= Z Z W(l)nm (l”, (P)[G)nm(l) Bnm + d)nm(Z) Dnm ] = gl (V, (p) (30)
n=1 m=1

t=0

ow, (r,0,t)

@t = z z W(Z)nm (r5 (p){A?Z))nm [d)nm(l) Bnm] + Ag;nm [(I)nm(Z) Dnm ]} = gz (7", (P)

=0 n=1 m=1

where gi(r, ¢) and g,(r,¢), i = 1,2 are initial condition functions for middle plate points

displacement and velocity, satisfying boundary conditions. Then, by initial conditions
(30) and equations (29) the unknown coefficients are defined by no homogeneous algebra
equation system. By using Cramer formula the set of the unknown constants A, By,
Chims Dum for mn-family mode n, m = 1,2,3,4,...0 are defined in the following form:

[[IAG),., & (r.0) = 2,(r, 9)IW,,,, (r,@)rdrdg
4 .

[Ag;nm - A£12))nm ]I I [W(l)nm (}", (p)]z l”dl”d(P
A

A

[[1g:(r0) - AD,, & (@)W, (r@)rdrde
C — A .

nm >

[Ag;nm - AEIZ))nm ]I I [W(l)nm (}", (p)]z l”dl”d(p
A
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[[IAG),., & (r.0) = &,(r, I, (r, @)rdrde
B =4 ;

Ganm(l) [Ag;nm - A£12))nm ]I I [W(l)nm (}", (P)]z l”dl”d(P
A

[1&:(n0) = AL, & (. @IWy,, (r.@)rdrdp
= (€2))
6‘)nm(2) [Ag;nm - AEI2))nm ]J. _.- [“l(l)nm (7", (P)]Z rdrdq)

A

D

The solutions (29) are the first main analytical result of our research of transversal
vibrations of elastically connected double circular plates system. From analytical solu-
tions (29), and corresponding expressions (31) of the constant we can conclude that for
one mn-family mode n, m = 1,2,3,4,...0, to one eigen amplitude function corresponds two
own circular frequencies and corresponding two-frequency time function 7;,,,(f), i = 1,2,
n,m=1234,.0. We can conclude that the elastical Winkler type layer duplicates the
number of system circular frequencies corresponding to one eigen amplitude function of
the mn -family mode n, m = 1,2,3.4,...c0.

6. THEORETICAL PROBLEM FORMULATION AND GOVERNING EQUATIONS OF FORCED
OSCILLATION OF THE VISCO-ELASTICALLY CONNECTED DOUBLE PLATE SYSTEM

Let's consider the same system of plates but connected with a visco-elastic layer (see
Fig. 1b)) and external excitation force distributed along the upper and lower surface. This
visco-elastically connected double plate system is a composite visco-elastic structure type.

If we present the interconnecting layer as a model of one visco-elastic element with
starting element's length /, whose ends have displacements w(r, @, t) and wy(7, ¢, f), and
velocities w;(r,,¢) and w,(7,,t), as shown in at Fig. 1c), using visco-elastic element
constitutive relation of force, displacements and velocities in that layer (see [1]), we will
formulate governing equations for this problem in terms of two unknowns: the transversal
displacements wy(r, @, f), i =1,2 in direction of the axis z of the upper plate middle
surface and of the lower plate middle surface. Then, the system of two coupled partial
differential equations of the forced visco-elastically connected double plate system is in
the following form [9,10]:

azM}l (I" > (pat )

ot

+ C(41)AAW1 (r,(P,t) _26(1) |:8W2 (Va(P,t) _ awl(l”,(p,l):|_

ot ot
_a(zl)[wz (”a(Pat)_W1 (r:(pat)] = ‘7(1)(’”:%0

0w (r,o,t) 4 ow,(r,p,t)  ow(r,0,t)
—Zatz + o) AW, (r, 9, 1) + 23 ) 2 p -1 p +

+a(22)[W2 (7, 0,1) —w (r,9,1)] = g, (7, ,1)

(32)

where we use the same notations as in previous and define: 28 =b/ p;4- constant
surface damping coefficient of visco-elastic layer; 4, (" 9,1) , i=1,2 - function of
continual distributed transversal forces which we use like external excitation of plates.
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The solution of the previous system (32) of partial-differential equations can be
looked for by Bernoulli's method of particular integrals in the form(15) of multiplication
of two functions, of which the first W,(r, ¢), i = 1,2 depends only on space coordinates »
and ¢, and the second is a time function 7;(¢), i =1,2. Here we use the same space
coordinate eigen amplitude functions W(r, ¢), i = 1,2 as in the case of decoupled system
and for the example of mentioned boundary conditions in form (13).

7. THE ANALYTICAL SOLUTIONS OF THE TIME FUNCTIONS OF THE FORCED TRANSVERSAL
VIBRATIONS OF A DOUBLE CIRCULAR PLATE SYSTEM WITH VISCO-ELASTIC LAYER

Our next defined task is to derive analytical solution of the governing system of cou-
pled partial differential equations for forced system oscillations, equations (32). We con-
sider the eigen amplitude functions W;,m(x, ), i = 1,2, n, m = 1,2,3,4,...c0 expansion with
unknown time functions (%), i= 1,2, n,m =1,2,3,4,...c0 describing their time evolu-
tion [2] as mentioned above in the case of decoupled plates problem. Then after introduc-
ing (15) into (32), we obtain the following system of no homogeneous second order ordi-
nary differential equations with respect to the unknown time functions Ti;,.(f), i = 1,2,
n,m=12734,.. o for the mn-family mode:

T(l)nm (t) + 26(1) T(l)nm + (’O(zl)nm T(l)nm (t) - a(zl) T(Z)nm (t) - 28(1) T(Z)nm (t) = f(l)nm (t)

T(Z)nm (t) + 28(2) T(Z)nm + (D(22)nm T(Z)nm (t) - a(22) T(l)nm (t) - 26(2) T(l)nm = f;Z)nm (t) (33)

where known time functions f{1y,,(#) and f(»)..() are defined by the following expressions:

rn

[ [ 40 (0.0 Wy, (. 0)rdrdg
fil)nm (t) = 00

2n

[ Wy (> @) rdrd@
0

O C—

and

r2n
I I ‘7(2)(”5 0) Wy (r,)rdrde
00

ﬁz))zm (t) = (34)

2n

[ [ DWWy (@) rdrd
00

We can obtain the basic linear unperturbed equations of the coupled system of
differential equations (33) neglecting the external excitations. Also, for the linear system,
we can formally define the following matrices: mass inertia moment matrix A, damping
coefficient matrix B, and quasielastic coefficients matrix C (see Ref. [14]):

A :(1 j B :( 28, _28<1>J C :[w(zl)nm —aj, J (35)
. 1) 285, 2, ) " =4y 00y,
and the characteristic equation of the linearized coupled system is in the following form:
A2+ 28 A+ 0, —ag, =28\

A, +2B+C =0 (36)

nm |

2 2 2
—aby, =280 A28,k 0
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with four roots for every eigen amplitude function mode nm:

M2um = O FiPy, ad Ay g, ==9,,, FiDs,, (37)
We obtain own amplitude numbers from (see Refs. [2] and [3]):
A4 R
aj, +28(1)km A2+ 280 A g + O K5 K

and we rewrite the solution of linear coupled system in the form:

D S 2 b, n
(1)nm ®= K5 1R01 COS( Pyt + gy ) + K5 tRoz COS( Dy, +0gy)

21nm Zlnm

1 81 A 2 ~83m ~
Ty (D) = K;Z)nm "Ry COS(P,,t +0lgy ) + Kﬁzlm "Ry, €OS( Dyt + ) (38)

where amplitudes and phases Ry, and a; are constants, defined by the initial conditions.

To obtain an approximation of the solution of the coupled equations (32) for the
forced vibrations by using the Lagrange's method of constant variations, we propose solu-
tions in the following forms:

]zl)nm (t) K(l) 75 ””” tR (t) COS(Dlnm (t)+K(2) 75 t 2nm (t)Cos(Dan (t)

21nm 1nm 21nm
(Z)nm (t) K§12)nm 78 ’’’’ tR (t)COSq)lnm (t)+K§§r)1meiéz ’’’’ ' an (t) cosq)an (t) (39)
where two amplitudes R;,,(?) and two phases @, (¢)=p,,.t+b,(t), i=1,2 are unknown
functions. By introducing the condition that the first derivatives of the time functions 7, (?) :
Ty () = =8, K™ R (1) cos D, (1)~ K™ R (1) py sin D, (1) -
—8,K7e ™ R, (t)cos D, (£) — KPe > R, (1) p, sin D, () +
+KDe ™ R (£ cos @, (1) — K Ve ™ R ()¢, () sin @, () +
+KD e R, (1) cos D, (£) — KPe > R, (1), (1) sin @, (¢)
Ty (1) = =8, K ¥ R (1) cos D, (1) ~ Ke ™R, (1) p, sin D, (1)~
—8,K e R, (t)cos D, (£) — KPe > R, (1) p, sin D, () +
+KDe ™ R (£) cos @, (1) — KDe ™ R (£)d, () sin @, (£) +
+KD)e R, (1) cos @, (1)~ K e ™ R, (1), (1) sin @, (1)

have the same forms as in the case where amplitudes R;,,(f) and difference of phases
O;nm(?) are constants:
(1)nm(f)—— K™ R (1) cos D, (1)~ K e R (0) p, sin D, (1) —

—8,K2e ™ R, (t)cos D, (£) — KPe ™ R, (1) p, sin D, (£)

(Z)nm(t) Kg) SR [ (1) cos @, (¢) - K(l) SR ()P, sin®@, (1) — (39%)

~8,K3 e Ry (1) cos @, (1)~ K3 ™ R, (1) p, sin @, (1)
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we obtaine first two conditions for the derivatives of the unknown functions Ri (¢) and @,(t).

KWe ¥ R (1) cos ®, (1) — KVe ™ R (1), () sin @, (£) +
+KDe ™ R, (£)cos D, (1) — KPe ™ R, (1), (1) sin®, (£) = 0
KWe ™ R (f)cos D, (1) — KLe ™ R (1), () sin @, (£) +

. (40)
+K e R L (¢)cos D, (1) - K2 'R L (D)9, (£)sin®, (£) =0

After multiplying first equation (40) with cofactor K or K2’ and second with
-K$) or —K{? and summing these two equation the system of equations follows :
R (t)cos D, (t)— R, (£)¢, (1)sin D, (1) = 0
R, (£)cos @, (1) — R, (£)d, (¢)sin D, (£) = 0 (41)

The second derivatives 7'

(i)nm

(¢) are in the forms:

Ty (1) = 2K D™ R (1) cos @, (1) — 5, K e ™ R, (1) cos D, (1) +

+28,Ke R (1) p, sin @, (£) +8,K e > R (1), (1) sin D, (1) -
—KDe R (1) p, sin®, (1) — KLVe ™ R (1) p? sin ®, () —

—KDe ¥ R (1) p,b, (1) cos D, (1) + 2K e ™ R, () cos D, () —

—5,K2e R, (1) cos D, (£) + 28, KPe ™ R, (1) p, sin ®, (£) +

+8,K2e R, (1), (£)sin @, (1) — KPe > R, (1) p, sin ®, () —

—KPe R, (1) p2 sin @, (1) — KD e R, () p,b, (£) cos D, (1)

Ty (1) = 82K e R (£)cos D, (£) - 5,K Ve > R (1) cos @, (1) +

+25,KVe R (1) p, sin @, (£) + 8,K Ve > R, (), () sin @, (1) -

—KDe R (1) p, sin®, (£)— KDe ™ R (£) p? sin ®, () —

—KDe ¥R (1) Py, (1) cos @, (1) + 52K e ™ R, () cos D, () — (42)
—5,K2e R, (1) cos D, () + 28, KDe ™ R, (1) p, sin ®, () +

+8,K2¢ % R, (1), (£)sin @, (1) — KPe > R, (1) p, sin D, () —

—KPe R, (1) p3 sin @, () — KDe ™ R, (¢) ﬁ2d>2 (t)cos D, (1)

After introducing the first 7 Ty (1) €G8. (39%) and second 7. (), eqs (42) derivatives

(l)nm
of the proposed solutions (39) in the system of nonhomogeneous equations (33) we obtain
two more equations in the derivatives of the unknown functions R, () and ¢, (7):

inm inm
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—Ke ™R (1) py sin®,(6)— K3 ™ R (6) pydy (1) cos @, (1) —
K(Z) R , (1) P, sin @, (1) — K(Z) 752[R2(t)f72(i)2(t)008(1)2(t)=f(l)nm

~KDe SR (1) py sin®, (1)~ KDe ™ R (1) py, () cos @, (1) —
—Kg)e*bszz (t) D, sin®, (¢) - zr<§§>eff’2’}i’2 (£) o, () cos D, (1) = Sy

After multiplying the first equation with cofactor K'Y or K’ and second with —K)

or —K{? and summing these two equations the system of equations follows:
K® @
ﬁl)nm KZI .f(Z)nm
5 ~ (1 2 (2) (1
' (KZZ)K21) KZZ K ))

1) 1)
Kzz f(l)nm - KZI f(2)nm
St s (KWK _ g @ g
e ' Dy (Ky Ky — Ky Ky

R (¢)sin @, () + R, (), (t) cos D, (£) =

R, (1)sin®, () + R, (£)d, (1) cos D, (£) = (43)

Solving the obtained subsystems of four nonhomogeneous algebraic equations (41) and
(43) with respect to the derivatives Rmm (¢) and d)mm (?) , we can write the system of the first-
order differential equations as follows:

.f(l)nm (t)KZan - .f(z)nm (t)Kéfr)lm

R, (t)=- ' sin®,, (£) ;

K 1 2 1 2 1r b

" plnm (Kél)anEZZlm KéZ)anélr)lm ) "

. ﬁl ( )K22) - f nm (I)Kéi) s

¢1nm (t) == o - - esl ’’’’’ ' cos q)lnm (t)

1) (2) 1) (2)
Rlnm (t)plnm (t)(KZDmeZan K22an21nm )

O] (1)
KZanf(l)nm (t) KZlnmf(Z)nm( ) 8

) (2) (2) 1)
pan (K22an21nm K22an21nm)

d)z (t) = g)nmf(l ynm (t) Kéll)”mf(Z)nm (t)
Rznm (f)Pz,,m (K;ang,,m K;;angnm )
where we denoted @, () = p,,t+0,,, ().

If we use trigonometrical transformation of mentioned solutions (39) and define four
more variables like:

A, @) =R (1)cosd,(1); B, (1) =—R; ()sing; (1) ,i=1,2 (45)

and integrate the system of equations (44), using the obtained solutions we can rewrite
the solutions in the following final forms:

Ran (t) == amt Sin (Dan (t) 5

‘cos®,, () (44)
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_ () bt A SN
T;l)nm (t) - KZlnme l [A(Ol)nm Cos plmnt + B(Ol)nm sm plnmt] +

[CARES - in B
+K 5 m€ [4(02)0m €OS D2t + B(g2ym SN D3, 1]+

21nm

2 2
) t f;l)nm(T)Kéb)'tm_~f(2)nm(T)K;1?)1Wl SMW(T_{) . A

+K21nmJ.0 - e IEEORNG sin p,,,,(t—1) |dt+

plnm (KZIanZan _KZanKZInm)
1 1
ko [ Kéz)nmf(l),,m (T)_Kéllm.f(Z)nm (v) 8, (1-t) o d

K[| = D) @ p0 sin p,,, (1—1) |dt

Ponm (KZanKZInm _KZanKZInm)

2 () B A P
7;2))1»1 (t) - K22nme l [A"(Ol)nm cos plmnt + B(Ol)nm sm plnmt] +

@) ot 5 5
+K22nme [A"(OZ)nm cos p2nmt + B(Oz)nm s pant] +

t fil)nm (T)Kgr)mz - f(Z)nm (T)Kgr)tm 8y (1)

(1) J‘ . A _
+K5, |3 (k0 kO _ g0 K@ e sin p,,,, (1—1) |dt+ (46)
plnm 20nm > 22mm — X 22mm > 21nm
(1) (1)
o) t fil)nm (T)KZan - f(2)nm (T)K21nm § (t—t) . A
+K5, e sinp, (t—t)|dt
"ol K(l) K(Z) _K(Z) K(l) nm
pan 22nm "> 21nm 22nm "> 21nm

The solutions (46) are the main analytical result for time functions of forced transver-
sal vibrations of visco-elastically connected double circular plates system, so the solu-
tions for middle surface points displacements in functions of 7, ¢ and ¢ are in forms (15)
where the space coordinate eigen amplitude functions W,(r, @), i = 1,2 are in forms (13).
From the analytical solutions (46), we can conclude that for one mn -family mode
n,m=1234,.0, to one eigen amplitude function corresponds two circular damped
frequencies and corresponding two-frequency time functions T.(f), i=1,2,
n,m=1234,. .0, in the case of free oscillations of the system, and that for forced
oscillations in those functions contain terms corresponding to different combinations
(sums and differences) between frequencies of forced external excitations and eigen
circular damped frequencies.

Choosing for external excitation periodic forces, we can rewrite the functions
Jiyum(®) = h(p)cos€t, i = 1,2 in the following forms:

2

EOI)EI)(rs(p) W(l)nm (r,@)rdrdo

0
Sy (O = ey cos it = hy,, cos it

.[ j [W(l)nm (l", (P)]z I’di’d(p
00

O —

and
2n

_[ ~(02)ﬁ;2)(r5 0) W(1)nm (r,@)rdrd¢
0

i

ﬁZ)nm (t) =

o 08 Q,t = hyy) COSQ,t .

[ [ tWap (o)) rdrd
00
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where g,(r,0,t) = F,, F,) (r ¢)cosQ.t are known specific area distributed external transver-

sal excitations along the upper plate upper contour surface as well as the lower plate lower
contour surface.

In the special observed cases of homogeneous double plate system with equal plate
mass distributions and thicknesses, and considering external excitation only in the upper
plate we obtained the following solutions:

, 2 2 : [ .2 2
T;l)nm (t) = [A(OI)nm COS( (’Onm —da )t + B(Ol)nm Sln( 0‘)nm —a )t] +
+e ] A(Oz)nm cos(ya’ + ok, —482 )t + By, sin(yJa’ + a2, — 487 )] -

j [cos Qtsin[(yo?, —a)-(t1—1)]ldt+
\/ -

+ j’[ﬂ” cos(Q,7)sin[(y/a® + w2, —48%)-(t—1)]]dt

2a* + o, —452 0
7’;2)nm (t) = [A(OI)nm COS( V (’Oim - a2 )t + B(Ol)nm Sin( \/ mim - az )t] -

—28i 2 2
- A g2ym €08( a+w., —48 )t + B gy, SNy @ to), —487)t]-

j [cos(Q,t)sin[(yJo2, —a®)-(t—1)]}dT— (47)
\/ -

- fiy _.'t[em(1 " cos(Q,t)sin[(yJa® + ., —48*)-(t—1)]ldt

2)a* +of, —48* 7

8. NUMERICAL RESULTS

For numerical experiment and analysis, we take into consideration a homogeneous
double plate system containing two equal circular plates with radius a = 1{m] and graded
from steel material. By using Maple and the possibilities of visualizing these numerical
results, we present them as space surfaces of the plate middle surface during the time, and
also as time-history diagrams of the plate middle surface points displacements. On the
basis of numerical results, series of characteristic middle surface forms of coupled plates
during the time are presented in the Figs. 4, 5 and 6.

In Fig. 4. characteristic transversal displacements of the middle surface points of
lower and upper plates are presented in function of 7, ¢ and ¢, in three different time mo-
ments for:

a) one eigen amplitude function form of oscillations (n = 1, m = 0);

b) two eigen amplitude function forms of oscillations (7 =0, m =1 summed with
forms forn=1,m=1) and

c) three eigen amplitude function forms of oscillations (7 =0, m =1 summed with
forms forn=1,m=1landn=2,m=1)
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In Fig. 5. the characteristic transversal displacements of the middle surface points on
characteristic diameters for lower and upper plates in function of 7 for ¢, = const at character-
istic forms along time ¢, three eigen amplitude function forms of oscillations (n=0,m =1
summed with forms for n=1,m=1 and n=2, m=1) are presented for: three different
values of the external excitation frequency, when external distributed force is applied to

upper plate a) Q ~ @, =0}, —a® ;b) Qxd,, =0, —a* and¢) Q~ o, =0, —d’

In Fig. 6. characteristic transversal displacements of the middle surface points are pre-
sented:

6.1: on the series of characteristics diameters and cycles in function of », ¢ for
@; = const and r = const, at characteristic forms along time ¢/

6.2: on the series of characteristics diameters in function of 7, for ¢; = const at characteris-
tic forms along time ¢, for lower and upper plates three eigen amplitude function forms of
oscillations (n=0,m =1 summed with forms for n=1,m=1 and n=2,m=1) for: three
different values of the external excitation frequency, when external distributed force is applied

to upper plate a) Q = &,, = yJo?, —a® ;b) Q= @, =0, —a* andc) Q= d,, =+/0}, —a’ .

ol

02
01
0.
01
02
b) T e rs IR ’

¢)

Fig. 4. Characteristic transversal displacements of the middle surface points of lower
and upper plates in function of 7, @ and ¢, in three different time moments, for:
a) one eigen amplitude function form of oscillations (n = 1, m = 0); b) two eigen
amplitude function forms of oscillations (n = 0, m = 1 summed with forms for
n=1,m=1) and c) three eigen amplitude function forms of oscillations
(n=0, m=1 summed with forms forn=1,m=1andn=2,m=1)
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N o b)

Fig. 5. Characteristic transversal displacements of the middle surface points on charac-
teristic diameters for lower and upper plates in function of » for ¢; = const at
characteristic forms along time ¢, three eigen amplitude function forms of
oscillations (n =0, m = 1 summed with forms forn=1,m=1andn=2,m=1)
for: three different values of the external excitation frequency, when external
distributed force is applied to upper plate

a) Q= a, =\]03121_a2 3b) Q= &, =03 —a* andc) Q~a, =\j(’)§1_a2

Fig. 6.2.

Fig. 6. Characteristic transversal displacements of the middle surface points: 6.1: on the series
of characteristic diameters and cycles in function of #, ¢ for ¢; = const and r = const, at
characteristic forms along time 7; 6.2: on the series of characteristics diameters in
function of r, for ¢; = const at characteristic forms along time ¢, for lower and upper
plates three eigen amplitude function forms of oscillations (n =0, m = 1 summed with
forms for n=1,m=1 and n=2,m=1) for: three different values of the external
excitation frequency, when external distributed force is applied to upper plate

a) Q~a, =\]03121_a2 3b) Q~a, =Vm§1_az and¢) Q =~ a,, =\]03§1_az
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9. CONCLUDING REMARKS

The analytical solutions of system coupled partial differential equations in every of
nm- family of corresponding dynamical free (unperturbed) processes are obtained by us-
ing method of Bernoulli's particular integral and Lagrange's method of constants varia-
tions for solution of forced transversal oscillations.

From the obtained ordinary differential equations and corresponding analytical solu-
tions for time functions corresponding to one eigen amplitude function mode we can con-
clude that they are uncoupled from other eigen amplitude time functions.

From the analytical solutions for the case of pure elastic layer between plates, we can con-
clude that for one mn-family mode n, m =1,2,3,4,...00, to one eigen amplitude function corre-
spond two circular frequencies and corresponding two-frequency time functions 7i;,(?),
i=12,n,m=1234,.00., in the case of free oscillations of the system, and that for forced
oscillations these functions contain terms corresponding to different combinations (sums and
differences) between frequencies of forced external excitations and eigen circular frequencies.

We can see that integral part, i.e. particular analytical solutions of coupled partial
differential equations, of derived solutions correspond to the coupled forced and free
middle surface vibrations regimes, and describe multi-frequency vibrations with frequen-
cies which are different combinations (sums and differences) between frequencies of
forced external excitations and eigen circular damped frequencies (see solutions (46)).
These analytical solutions can be used for analyses of possible regimes of resonances or
phenomena of dynamical absorption. By using Maple program, the visualizations of the
characteristic forms of the plate middle surfaces through time are presented.

The obtained analytical and numerical result is very valuable for university teaching
process in the area of structural system elastodynamics as well as of hybrid deformable
body system vibrations.
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TRANSVERZALNE OSCILACIJE NEKONZERVATIVNOG
SISTEMA DVE KRUZNE PLOCE

Katica (Stevanovi¢) Hedrih, Julijana Simonovi¢

Interes proucavanja iscilacija spregnutih ploca , kao kvalitativno novih sistema, poslednjih

godina eksponencijalno raste narocito radi izazova teorijskog proucavanja takvih sistema. Kao
uvod dat je pregled rezultata proucavanja prvog autora iz oblasti transverzalnih oscilacija
razlicitih sistema dveju ploca. (pogledati ref-ce. [2-7]).

Osnovnovni rezultat naseg doprinosa je analiticko reSenje sistema spregnutih homogenih i

nehomopgenih parcijalnih diferencijalnih jednacina koje opisuju slobodne i prinudne oscilacije
sistema dve kruzne ploce povezane elasticnim ili visko-elasticnim slojem [I1]. Ova reSenja su
dobijena Bernoulli-jevom metodom partikularnih integrala kao i Lagrange-ovom metodom
varijacije konstanata. Prikazanano je nekoliko slika numerickog eksperimenta sa slobodnim i
prinudnim oscilacijam sistema kruznih ploca.

Dobijeni analiticki i numericki rezultati su veoma korisni u procesu univerzitetske nastave iz

oblasti elastodinamike strukturnih sistema kao i oscilacija hibridnih sistema deformabilnih tela.

Kljucne rei:  spregnuti podsistemi, spregnute dinamike, kruzne ploce, hibridni, visefrekventni,

prinudne oscilacije, Lagrange-ova metoda, analiticko resenje, numericki
eksperiment



